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We present a new example of a finite-dimensional noncommutative manifold,

namely, the noncommutative cylinder. It is obtained by isospectral deformation of

the canonical triple associated with the Euclidean cylinder. We discuss Connes’
character formula for the cylinder. In the second part, we discuss noncommutative
Lorentzian manifolds. Here, the definition of spectral triples involves Krein spaces

and operators on Krein spaces. A central role is played by the admissible funda-
mental symmetries on the Krein space of square integrable sections of a spin
bundle over a Lorentzian manifold. Finally, we discuss isospectral deformation of

the Lorentzian cylinder and determine all admissible fundamental symmetries of
the noncommutative cylinder. @004 American Institute of Physics.
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[. INTRODUCTION

Strict deformation quantizatién® provides a powerful mathematical tool to describe the
notion of quantization in physics. The central object here is a famil\Cbfalgebras{A4;},
parametrized by some real numbeer Recall that aC* -algebra.A is a norm-closed:-algebra
where the norm satisfies

la*al=llal? (acA).

In physics, the commutative algebra of functions on a phase space describes a classical theory. We
denote this algebra byly. A quantum mechanical theory at valtieof Planck’s constant, on the

other hand, is described by a noncommutative algebra of operators on a Hilbert space, denoted by
A (h#0). As we will see, the family{.4;} is a strict deformation quantization if it satisfies
certain axioms.

A good example is the noncommutative torus. It is obtained via deformation quantization of
the algebra of functions on the tori.1* The noncommutative tori play a role in string theory
and Matrix) theory?

In this article, we will discuss a third example: the noncommutative cylinder. It is defined
along the same lines by deformation quantization of the cylinder. In string theory, the cylinder is
quite a natural object. There, space—time is a manifold of dimension higher than four. This
dimension follows from certain consistency conditions of the théseg Polchinski, Ref.)6For
example, the superstring can only be defined in a ten-dimensional backgrount%ady is
usually toroidally compactified t&*x T® in order for the theory to make sense. This means that
six dimensions are rolled up to the 6-torli§. As Seiberg and Witten argued in Ref. 7, the
effective action of open strings in the presence of a constant magnetic field in the background is
described by making space-time noncommutative. In order to describe this noncommutative
background, one needs to quantize theneralizeyl cylinder R*x T6,
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Another motivation to quantize the cylinder comes from an idea of Kamani. In Ref. 8, he
studied the worldsheet of a superstring in a background as described before, as a noncommutative
geometry. In this case, one quantizes the worldsheet, which is an ordinary cytinder

Apart from such physical arguments, the quantization of the cylinder is also interesting from
a mathematical point of view. It turns out that t8&-algebras occurring in the quantization of the
plane and of the torus are rather different. As the cylinder in some sense lies in between the plane
and the torus, it will be interesting to study t& -algebras occurring in its quantization. Further-
more, the noncommutative cylinder provides another example in the scarce list of finite-
dimensional noncommutative geometries.

Having obtained the deformation quantization of the cylinder, it is interesting to consider its
K-theory. This requires the K-theory @* -algebras, which turns out to be the right noncommu-
tative analogue of topological K-theory. In fact, for t6& -algebraC(X) of continuous functions
on a compact Hausdorff spagewe have that

Kn(C(X))=K"(X).

The main results in topological K-theory, like Bott periodicity and homotopy invariance, lift to the
K-theory of C*-algebras which has the additional powerful feature of stabflity.

It is interesting to study the interplay between K-theory and deformation quantization. We say
that K-theory isrigid under a given deformation whé€(.A4;) is independent of.'! For example,
both Bott periodicity? and a far-reaching generalization of it, the Baum—Connes conjecture in
E-theory®® can be seen as examples of such rigitfitifor the three examples just mentioned, i.e.,
Euclidean space, the torus, and the cylinder, rigidity of K-theory turns out to hold. However, in
general this is not the case. Ldg=Co(T* M) and.A; = By(L%(M)) for al #>0. Then for general
M, clearly

7 ifn=0
Kn(AO):Kn(T*M)iKn(Ah): 0 ifn=1

The Gel'fand—Naimark theorem assures us that we can obtain all topological notions of a locally
compact Hausdorff space from tl -algebra of continuous functions on it. However, in order to
describe the full geometry of a spin manifold, we need more data. It turns out that the right
algebraic description of a spin manifold is given by a real spectral triple satisfying Connes’ seven
axioms.

Definition 1:A spectral triple(.4,H,D) is given by a unital involutive algebra of operatots
on a Hilbert spacé{ and a self-adjoint operat® =D* on H such that

(1) The resolvent —\) ! is compact for all\ ¢ sp(D),
(2) The commutator§D,a]:=Da—aD are bounded for ang e A.

For the formulation of the seven axioms that defingpin geometryon A, we refer to Refs.
15-17. A complete reconstruction of the spin structure on a spin manhifolitom the spin
geometry ovelC”(M) can be found in Ref. 18.

Spectral triples provide a powerful tool in describing noncommutative geometries but, at least
in this definition, it relies heavily on two conditions, namely:

(1) 1e A,
(2) D is self-adjoint.

In (commutative spin geometry, this is equivalent to the condition tlats a compact Riemann-
ian spin manifold® In physics, however, it is natural to work in a setting where this is not the
case. This is illustrated by simple examples. Consider a Minkowski spaceMimg&* with an
indefinite metricy=(—1,1,1,1). The Dirac operator dv is neither self-adjoint nor elliptic, and
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M is noncompact. Other examples come from string theory. Consider the worldsheet of a string
RXT, embedded in a compactified backgrouiftk T®. Both the worldsheet and the background
have a semi-Riemannian metric, so that both conditions are unfulfilled.

Thus, in order to describe such physical models in noncommutative geometry, i.e., using a
spectral triple, we need to adjust its definition. If t8&-algebra is nonunital, it is sufficient to
replace condition 1 in the definition of a spectral triple by

(1') The operatom(D—X\) ! is compact for anyae A; \ & sp(D).

However, in Lorentzian geometry, the Dirac operdiois not self-adjoint, so that this condition
must be dropped. It turns out that the operddois a Krein-self-adjoint operator in a Krein space
H.

Noncompact Lorentzian manifolds are central objects in physics and, therefore, we will dis-
cuss here the adjustifications mentioned in the definition of spectral triples. It will turn out that this
can be done in a natural way, which allows for a definition of isospectral deformation, similar to
what has been done by Connes and LdR@ur key example of a noncommutative noncompact
Lorentzian manifold will be the noncommutative cylinder, which is defined by isospectral defor-
mation of the Lorentzian cylinder.

In Sec. Il, we discuss deformation quantization of Euclidean space, the torus, and the cylinder.
We obtain the family ofC* -algebras as a family of crossed product algebras and discuss their
K-theory. We provide new evidence for the idea that K-theory is rigid under deformation quanti-
zation by describing the K-theory of the noncommutative cylinder.

In Sec. lll, still working in the Euclidean setting, we consider Connes’ trace theorem for
noncompact manifolds. We construct spectral triples for algebras without a unit and discuss
Connes’ character formula in the case of the cylinder. It turns out that it is possible to generalize
this theorem to noncompact manifolds. Then we obtain the noncommutative cylinder as a spectral
triple, via isospectral deformation of the canonical triple of the cylinder, similar to what is done by
Connes and Land® We attempt to construct a spin geometry over the noncommutative cylinder,
where Connes’ seven axioms are adapted to nonunital algebras as in Ref. 20.

We adjust the definition of the spectral triple to semi-Riemannian spin gecthitrgec. 1V,
in particular to Lorentzian spin geometry. This involves Krein spaces, and we give a short intro-
duction to the theory of these spaces and operators acting in them. Since the Dirac operator is not
self-adjoint, we work with the associated operaigr, which is self-adjoint. It plays a central role
in the formulation of the integral in terms of a Dixmier trace.

Finally, we consider the noncommutative Lorentzian cylinder, obtained by isospectral defor-
mation of the semi-Riemannian spectral triple that describes the Lorentzian cylinder. The set of
admissible fundamental symmetries for the noncommutative cylinder is shown to be exactly the
set of fundamental symmetries coming from spacelike reflections in spinor space.

Il. DEFORMATION QUANTIZATION AND K-THEORY
A. Old examples

We start with a brief recapitulation of the definition of strict deformation quantization. Sub-
sequently, we review the strict deformation quantization of Euclidean space and of the torus, both
due to Rieffef?*22

Definition 2:Let M be a Poisson manifold with brackit} and let.A be a dense-subalgebra
of Co(M). A strict deformation quantizatiowf M in the direction of{,}, consists of an open
intervall CR with 0 as an accumulation point, together with, for eédchl, an associative product
*,, an involution*#, and aC*-norm|| ||, (for *, and*#) on A, which for42=0 are the original
pointwise product, complex conjugation involution, and supremum norm, such that

(1) The family{A;}; ., forms a continuous field o* -algebras ovel. Here A; denotes the
C*-completion of A with respect td| |; .

(2) For everyf,ge A,

lim|(f*,g—g*,f)/ih—{f,g}|=0 (Dirac’s condition.
h—0
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1. Weyl quantization

We consider even-dimensional Euclidean sp&28. Let S(R?") denote the commutative
algebra of Schwartz functions dit" under pointwise multiplication. This pointwise product is
deformed to the Moyal star product, which reads, in Fourier space, fof: ay,

(¢*ht/f)(p,q)=fRZHd”p’d”q’qb(p’,q’)t/f(p—p’,q—q’)e*ih(q"p*p"q). (1)

The involution we use o(R?") is defined byd* (p,q) = ¢(—p,—q), which is independent of
h. We let 7, denote the left regular representation &(fR?") on L?(R?") via *,, i.e., for ¢
e S(R2M and ¥ e L2(IR2"),

()W i=px ;W

We define a nornff ||, on S(R?") as the operator norm for this representation. The completion of
S(R?") with respect to this norm is €* -algebra, denoted bB%“. By rewriting formula(l) in
terms of partial Fourier transforms, one can show the following.

Proposition 3: The C—algebraRi” is isomorphic to the crossed product algebra

Co(R") X 5R",

where R" acts onR" by translation x—x+#y (x,yeR"), so that it acts on G(R") by the
pullback of this action

Theorem 4: For 2 +#0, the C"-algebral%%” is isomorphic toBy(L2(R"), the C*-algebra of
compact operators ond(R").

For a proof of this, we refer to Refs. 3 and 22.

It is now immediate that th€* -algebrasR%“ (h#0) are simple, and are all isomorphic to
each other. Furthermore, we can conclude that Euclidean dp#ckas rigid K-theory under
quantization, i.e., for alk one has

KO(R2M =Ko(R" =7,
KY(R?=K,(R;")=0.

2. Noncommutative tori

Let TY be thed-dimensional torus, and létbe a real skew-symmetritx d matrix. Instead of
deforming the pointwise product in the space of smooth function§%mwe deform the product
in its Fourier spaceS(ZY). For# e R, the star product reads

(¢p* ) (n)= 2 S(m) g(n—m)e2minemn) @

me 74

Here ¢ is the skew bilinear form defined b§(m,n):=%; , 6;m;n,.

We set¢* (n):=¢(—n), which is independent of. We let S(Z%) act onL?(Z% by left
multiplication via* , . The completion ofS(Z%) with respect to the operator notf|, , equipped
with this star product is theoncommutative toryslenoted byﬂ‘ga. For fixed 6, the family{Tga}
provides a strict deformation quantization®f.! Whend=2, the skew-symmetric matri&is just
determined by a real number, denotedégs well. It turns out that the noncommutative toﬁ‘iﬁ
is isomorphic to the crossed product algeG(d’) X 7, wherea(f)(t):=f(t+ 0) Furthermore, it
is simple if and only ifé is irrational. If #+ 6’, both irrational with 6< 6, 8’ <3, then’][“zsé’][‘;, 16
It came as a surprise that the K- groups’]lﬂfdo not depend ord.

Proposition 5: The torud has rigid K-theory under quantization, i.e., for all one has
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d—1
KO(TY=Ko(TS,)=7%" ",
1,7d d 20-1
KAT) =Ky (T =2 .

B. Deformation quantization of cylinders

We consider the cylinder in a generalized form. Thed)-dimensional cylinder €9 is

defined as
C:=RM X T, (€)
In the casen=d=1 we obtainC?:=Rx S!, which is of course the familiar two-dimensional
cylinder.
Let A be a Poisson structure 6t < T9, Forj=1,...n+d, let o7 denote the vector field on

R"x T9 corresponding to differentiation in th¢h dlrectlon We can erte the Poisson structure as

A=—a"12 00y Doy (4

i<j

The factorr— ! has been included for later convenience. Hgreas a real skew-symmetric matrix.
For later use, we define a skew bilinear fofon R"x 79,

o(1,k)=2 6;lik; (I,ke R"xz9). (5)
]

Let A denote the Lebesgue measureRShx T9. The Fourier transforni of a Schwartz function
fe S(R"XTY) is given by

%(k)=J d\ (x)e 27K Xf(x). (6)
RN Td
Fori=1,...n we havek; e R, fori=n+1,... n+d we havek; e Z. In fact, the Fourier transform
mapsS(R"x T% isomorphically toS(R"x 7).

To integrate oveR™ and sum oveP? in the productR”x 79, we introduce the measugeon

R"x 79, defined as the product of Lebesgue measur&dand the counting measure @f.
For functions in Fourier space, the Poisson bracket is given by

{¢,¢}<k>=4wfR (D22 01D (k=1 uk—1)

=4wf du(D () (k—1)6(1 k), ()
R"x 74

wherek,| e R"xZ% and 6 is the bilinear form defined in Ed5).
We define a bicharacter, on R"x 79 by

O,ﬁ(l’k):errriﬁﬂ(l,k), (8)

where# e R, and introduce a star produej, on S(R"x Z9) by

<¢*h¢><k>=fRnxzddMu>¢<I>¢<k—l>aﬁ<l,k>. (©)
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We define an involution orS(R"XZ%) by ¢* (k):=¢(—k), independent ofi. We represent
S(R"x 7% on L?(R"x 7%) by star product multiplication, and define thencommutative cylinder
as the completion ofS(R"x7%) in the operator nornj| ||, equipped with product,. This
C*-algebra is denoted bg{";¥ .

We could equally well define the noncommutative cylinder as(toenpletion of the algebra
S(R"XT9) with product, involution, and norm obtained by pulling back the produgt
involution* and norm|| ||; through the inverse Fourier transform. Even though this makes the
differences with the ordinary cylinder more clear, we will continue in Fourier space to avoid
expressions involving many derivatives.

Theorem 6: For fixed 6, the family {C{;¥} provides a strict deformation quantization of
R"x T9 in the direction off , }.

Proof: We verify Dirac’s condition

(*np— g+ )i —{ ¢, 4}[—0 ash—0, (10
where g, e S(R"X Z9). We define

Aj=(d* b=y D) ih —{ b, .
With formulas(7) and(9), this reads

An(k)= ‘Rnxzdd,u(l)d)(l)df(k—l)((tfﬁ(l K) = o (k)i =4 o(1,K)).

Similar to Rieffel in Ref. 1, we can estimate the expression ingidso that

8al=aM [ dulg) D12
R"X 7

for some constantl. This last expression is jugbroportional to the convolution product of two
functions¢ and s where

d(K)=|k|Z| p(k)],  B(k) =]k g(k)].

As the L!-norm dominates the norfn|;, we have

Al =tM[ =,

It follows that||A,|;—0 asA—0.
Continuity of the field{C{%®} follows from Corollary 5.6 in Ref. 28or Lemma 1 in Ref. 2
in combination with Proposition 7 below. O

C. Properties of noncommutative cylinders

When one observes the major differences betwigghandT¢,, one is led to the questions

whether the noncommutative cylinders are simple and whether they are all isomorphic. For this,
we connect with the theory of crossed product algebras. At the end, we discuss the K-theory of
noncommutative cylinders.

We take the nhoncommutative cylinder foe=d, and denote it bﬁ%d. We letl=(x,n) and
k=(y,m), wherex,ye R andn,meZ% and choose the following skew bilinear form &
x 74,

1 d
e(l,k):zlzl yini—miXi. (11)
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We want to rewrite the star produ(@) in terms of partial Fourier transforms, defined by
d(x, )=, (x,nemt (teT9), (12)
nezd

which is a function orR4Xx T, The star product oS(R4XT9) then reads

(d* ) (x,t)= fRddyéﬁ(y,Hﬁ(y—x))¢<x—y.t+ﬁy). (13)

as can be easily verified. We introduce an actpof RY on TY defined bygB,(t)=t+#%x, and
write

(¢* ) (x,1)= JRddyc’My,ﬂyfx(t))&x(x—y,ﬁy(t)). (14

This formulation of the star product in terms of an actjpof RY on T goes back to Rieffel. As

in the examples in his pap&rwe relate this to crossed product algebras. For more details on the
theory of these algebras, we refer to Pedefédret C(T9) x,RY denote the crossed product
algebra for the-dependent actior8,,. Then S(RY,C*(T%)) is a denset-subalgebra of this
crossed product algebra. Define a n@ES(RYx T9) — S(RY,C*(T9)) by

Q) (X, 1) = h(X, Bx(1))- (15

Note thatS(RYx T9) is a dense-subalgebra onld. Clearly, Q is an isomorphism, in that
QU* ) (X, 1) =(* 1) (X, Bx(1))
= ﬁ W QAN DQUN (XY, B2y(1) = Q(d)* Q). (16)

Extension of the mag® to C,?ld yields the following.

Proposition 7: The noncommutative cylindeidqﬁaﬁO) is isomorphic to the crossed product
C(T9 xR,

This allows us to use known results on crossed product algebras.

Theorem 8: The C*-algebra G is isomorphic toBy(L%(T9))® C* (29).

Proof: We note thatC(T%) x,R%=C(T%) %, R for #,4’ #0. In particular,

C(T9 x4, R9=C(T9) xRY
for 4+ 0. Corollary 2.8 of Greef? completes the proof. O
With the isomorphisnC* (2%)=C(T9), we have the following.
Corollary 9: The noncommutative cyIinderi‘t(h#O) are nonsimple €-algebras
It is well known that anyC* -algebraA is Morita equivalent to its stabilization
AsizBo(H)@)A

for some Hilbert spac@. In particular,By(L?(T%))® C(TY) is Morita equivalent taC(T9). Since
Morita-equivalentC* -algebras have isomorphic K-groups, we have the following.
Corollary 10: For the noncommutative cyIindelﬁﬁ:one has for alli #0,

d-1
Ko(C})=Ky(CF)=727"".

In order to compare this with the K-groups of the original cylind&xT¢ we need the
following Lemma.
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Lemma 11: For the cylindeR?x T¢ the K-groups are
KO(RIX T9) = KL(RIx T =72""",
Proof: For the K-groups ofl® we note that
Ko(C(T,A)) =K (C(T,A))=Ko(A) &K1 (A)
for any C* -algebraA (cf. Exercise 10.1 in Ref. 20Since
Co(RIX T =C(T,Co(RIXTI"1Y),
this yields by induction
Ko(Co(RIXT)) =K y(Co(RIX T))=72"",

Here, one usek (Co(RY)) &K (Co(RY))=7Z. An alternative proof can be constructed using Bott
periodicity.
Proposition 12: The cylindeR9Xx T¢ has rigid K-theory under quantization, i.e., for alone
has
2d71

KO(RIX T =Ko(C2H=72" ",

2d-1

KYRIX T =K, (C2H=72" ",
Note that these groups are the same as the K-groups of the noncommutati\f@gt,grus

[lI. NONCOMMUTATIVE MANIFOLDS AND ISOSPECTRAL DEFORMATION

The description of a manifold in terms of spectral data is provided by the thed¢yoytles
(also called spectral triplesleveloped by Connes. This generalization has been very successful in
describing noncommutative manifolds, as shown by examples like the noncommutativé torus
and the noncommutative 4—sph6§ 191t also admits generalizations to noncompact manifolds,
or, in other words, to nonunital algebras.

A. Connes’ trace theorem

An important result here is that Connes’ trace theorem generalizes to noncompact mafifolds.
Connes’ trace theorefh?®relates the Wodzicki residue of an elliptic pseudodifferential operator to
the Dixmier trace of this operator. It allows one to compute the integral of any function on a
compact Riemannian manifold in terms of an operatorial formula. See for example Ref. 16 for a
complete treatment and proof of the theorem.

Proposition 13: Let f be an integrable function on ardimensional Riemannian manifold,M
then

n(2m)"
() (fA-"2),
n

JMf(x)\/de= q

whereA is the Laplacian on M
The fact that a manifold/ is not compact translates into the fact that @fe-algebraCy(M)
is not unital. So, in order to describe a Riemannian manifold which is only locally compact by a
spectral triple, we need a generalization of the definition as given in Ref. 13.
Definition 14:A spectral triple (4,7,D) is given by an involutive algebra of operatodsin
a Hilbert spaceH and a self-adjoint operat@® =D* in H such that

(1) a(D—\)"tis compact for anyae A; A esp(D),
(2) The commutator§D,a]:=Da—aD are bounded for ang e A.
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The triple is said to bevenif there is aZ, grading of H, namely, an operatgy on H with x*
=+ y and y?=1, such that

xD+Dyx=0,
xa—ayxy=0 forallae A. (17)

If such a grading does not exist, the triple is said toode, and we sejy=1.

This was already pointed out by Connes in 198&f. 27. If A is unital this yields the
familiar definition, because then conditi¢h) implies that 1,(D—\) ! is compact.

As a special case, we have the Dirac geome@§(M), L3(M,S), D) whereM is a spin
manifold andD the Dirac operator for a spin bundg&-M. Here,CJ(M) denotes the algebra of
smooth continuous functions ol “vanishing at infinity.” For generalM this means forf
e Co(M) that for all >0, there exists a compact submaniféddof M such thatf (x) <e for all
xe M/K. Note that the principal symbat(A) of the Laplacian, coincides withr(D?).

Definition 15: A spectral triple (4,7,D) is said to bep™-summable(p>0), if a|D|~P
e £17) for anyae A for some dense subalgebteC A.

For ap®-summable spectral triple4,,D), thenoncommutative integralf a e A is defined

by

n(2m)" .
a::mﬂ— Trwa| D| . (18)
n

If A=Cg(M), the*-subalgebraA consists of integrable functions with respect to the measure
associated to the Riemannian metric on M.

B. Connes’ character formula for the cylinder

Another result in noncommutative geometry is Connes’ character formula. It provides a link
between Hochschild and cyclic cohomology in that it gives a representation of the Hochschild
class of the Chern character, i.e., a cyclic cocycle. It turns out that the Hochschild cocycle is much
easier to handle than the Chern character. Here, we prove the character formula for the cylinder.
As we saw in the previous section, the geometry of thgl)-dimensional cylinder can be de-
scribed by the triple

A:=CZ(R"XT9),

Hi=L2(R"x T¢) @ (21",

D:=D.

For convenience we have restrictgdto functions with compact support, so that all functions in
A are integrable.
The Dirac operator on the cylinder is defined By=y?d, where the gamma-matrices satisfy
{3, y?}=26%". Using the spectral theorem for self-adjoint operators we defiresign(D),
where signk)=+1(—1) for x=0 (x<0). The couple H,F), together with a representatian
of A in H, defines a Fredholm module ovdr. In the casen+d is even, there is grading operator
on H defined byy:=i""4y--y"*4 which makes F,F) an even Fredholm module. Before we
continue, we state some theory on universal differential graded algebras for nonunital algebras,
which will be needed later.

1. Universal forms on nonunital algebras

The way to describe the graded differential algebra for nonunital algebras is very similar to the
way K-theory is defined for nonunital algebras. Both rely on the notion of unitization. For the
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theory of universal graded differential algebras for algebras with unit, we refer to Refs. 16, 28, and
29. A comprehensive introduction is found in Chap. 4 of Ref. 30. The approach we take here is
based on Refs. 29 and 31.

Let A be an algebra. Its unitization is defined by A:=.A&C. The quotient map isr: A

—C with A=ker(w). Since 1= A, we can construct the graded universal differential alg€hra
following standard literature. The relation between the differential algebras is similar to K-theory,

i.e., QA=CaOA. Let 5 be the corresponding derivation. By Proposition 3.2 of Ref. 29 we can
extends uniquely to a mapr, :QA—QC by

Ty (A968y " 68y) = magS(7ay)  + 8(may). (19
Immediately, this yieldsr, (Q"A)={0} for n>0. Forn=0, we haver, (a+\1)=\. Of course,
QC=C.

Similar to what is done in the definition of K-theory for nonunital algebras, we define the
graded universal differential algebfaA of the nonunital algebrad as a kernel

QA:=ker(m, :QA—QC). (20)

From the above observations it is clear tfHtA=Q"A for n>0. Forn=0, we haveQ°A=C
®0°A, which yieldsQ°A= A.

2. The Chern character

Given a Fredholm moduleH,F,o) over A, we will construct a representation 64, for
A=CZ(R"xT9). This will use the fact that the map

d:a—i[F,o(a)]

is a derivation on4, which commutes with the convolution. We can uniquely extentb a

representation of the unitizatiod. The couple #,F) is a Fredholm module over, since
obviously[F,a]=[F,a] where we have suppressed the representaticarsd . We extends to
the universal differential algebi@.A by

T Q*A-B(H),
’éogél' b %k'ﬁ’éoik[F ,él]' ° [F !’ék] :éodal' ° 'dak .

From Ref. 16 we take the following lemma, generalized to the nonunital case.
Lemma 16: Let/Dbe the (Euclidean) Dirac operator on the cylind&"xT% and F
=sign(@). Then[F,o(a)] e LY(H), where g=n-+d+1.
Besides the Schatten ideald (), we define the conditional trace claé%(H) by
LI(H):={ac B(H):a+FaFe L(H)}. (22)
For elements inC (), we define the conditional trace by
Trc(a):=3Tr(a+FaF). (22

Definition 17: The Chern character of the Fredholm modufé, ) is the cyclic (+d)
cocycle

0 D)(Fg,ay,...8n4q) = Tre(Boday - -dan.q)  (aje.A)

(with 3, instead ofa, if n+d is even).
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Note that since & =i[F,a;] e £9(H), the above expression is indeeddr (), using Hdd-
ers inequality. The following lemma brings us back frofnto A.
Lemma 18:

+d) = _ +d
D (Eg,a0,... 804 0) =T D(@g,a1,... 804 4).

Proof: This follows immediately by writing oua+ FaF for a=3ayda;---da, 4.

O

Thus, although the Chern character is defined as a cyelicd)-cocycle onA, it is essen-
tially a cyclic (n+d)-cocycle onA.
Theorem 19: For all ao,al,...,an+deCf(R”de), one has

Tf:n+d)(aolalv---,an+d)=Cn+dj o qBodgran - Udgran +q »

R"XT

for some constant,G 4 and wheredyg is the de Rham differential

The proof of this theorem is really analogous to the casB"ofwhich was proved by Langmann
in Ref. 32.

3. Connes’ character formula

It was already mentioned in Ref. 16 that Connes’ character formula holds for nhoncompact
manifolds. Specifically, we can construct a Hochschitd-@d)-cocycle, which agrees with the
Chern character(F””) on Hochschild G+d)-cycles to obtain Connes’ character formula for the
cylinder. In this simple case, this follows directly from Proposition 13 and Theorem 19, if we
define a Hochschildr(+d)-cocycle by

wS(EO!all"'1an+d):=Trw(a0[D!al]' “[Dvan-%—d:”Dlinid)

(with x3, instead ofa, in the even cage This expression makes sense by the summability
properties of the spectral triple. Similar to the Chern character, we can répjdnea,.
Theorem 20: For all ao,al,...,arwdeCZ(R”XT"), we have

(n+d)
E

wS(aO!al!"'ian+d):T (aOIalr"'!ar'H—d)-

C. Isospectral deformation of the cylinder

In Secs. IIB and IIC, we constructed the noncommutative cylinder as the family of
C*-algebrasC{",¥, # e (0,1]. Here C{%% was defined as the completion S{R"XT%) with
respect to the norrh ||, , equipped with product, . Note that we here choose the more natural
Fourier transform instead @(R"x Z%). We now want to describe the geometry of the noncom-
mutative cylinder using the theory of spectral triples developed in the previous sections. The
approach we take involves isospectral deformatieee the following of the (Euclidean Dirac
geometry of the cylindeR"x T¢.

Deformation quantization provides a natural technique to obtain a noncommutative analogue
of a function algebra. Starting from the Dirac geomet@/(M),H,D) of a compact spin mani-
fold M, the simplest noncommutative manifold is the tripld;(7,D), where 4, is obtained
from C*(M) along the lines of deformation quantization. This recipe for noncommutative mani-
folds is called isospectral deformation, sirffldeandD are unchanged. The only thing that changes
is the algebra and the way it acts on the Hilbert space.

The Dirac geometry of the cylinder is given bZ{(R"XT%), H, D), where H=L2(R"
de)®CZ[(n+d)/2]. However, in order to represent the deformed algebra on the same Hilbert space,
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we have to restrict taS(R"XT9)CCg(R"xTY). Let C{%¥ denote the algebras(R"xT%)
equipped with product ;. Note the difference with the noncommutative cylindéf‘éd) as a
C*-algebra which is the completion 6% .

We want to construct a spin geometry on the noncommutative cylinder. Recall that a noncom-
mutative spin geometry is a real spectral triple fulfilling Connes’ seven axiothsvas shown in
Refs. 16 and 33, that when the algebda= C*(M) on a compact spin manifol1, the spin
structure, metric, and Dirac operator can be recovered from these seven axioms. However, in our
case, we need a modification of these conditions. Clearly, Btix T%) and¢ (% are nonuni-
tal. Hence, the conditions for a spin geometry on the noncommutative cylinder have to be modi-
fied. Such a definition of a noncommutative noncompact spin geometry has been proposed in Ref.
20.

Let us start by completing the set of ingredients for a spin geometry on the noncommutative
cylinder. The basic element is the spectral tripté(®) ,,0). A lengthy computation shows that
m,(f)(D—\) ! is compact. Both the grading operatpiand the charge conjugation opera®r
are inherited from the commutative case.

Regularity, finiteness, and reality follow directly from the commutative case, since we are
considering an isospectral deformation. However, the classical dimension cannot be obtained
directly from the spectrum ob, since the latter is continuous. Following Ref. 20, it can be
extracted from the leading term of the distributional kerne|f,* so that it follows from the
commutative case, i.e., the classical dimension-sd. The first order axiom is fulfilled since

[D,f]e S(R"XTY) if feS(R"*XTY and

Cm(F)C™ =y, f=m(f )y

For the orientation, we need a Hochschittd{d)-cycle ¢ that satisfiesrp(c) = x. However,
C %d is Morita equivalent taC*(T9) (see the Appendixso that with Loday/

HH(C2Y) =HH(C*(T%)=Hgr(T9). (23

Hence, in the case=d, mp(c)=0 for any Z-cycle.

Poincareduality is satisfied in the case=d and the special form of described before. Since
we are considering an isospectral deformationR8i T9, Poincareduality follows from the
commutative case. Indeed, we have

K.(CF)=K'(RIXTY)

as proved before. Since the pairing in Poincdweality involves only the K-groups of the algebra
and the Dirac operatdd, the claim follows.

The real spectral triplea,%d, H, D,C,x) satisfies almost all conditions for a spin geometry
on C?Ld. Only the orientation class does not exist for the dimension prescribed by the Dirac
operator. This illustrates ag&fhthe need for an adjustment of the orientation axiom.

IV. NONCOMMUTATIVE LORENTZIAN MANIFOLDS AND ISOSPECTRAL DEFORMATION

We saw in the previous sections that spectral triples provide a powerful noncommutative
description of Riemannian geometry, which allows for generalizations to noncompact manifolds.
However, in physics it is more natural to consider Lorentzian manifolds, and more generally
semi-Riemannian manifolds. In fact, this is closely related to noncompactness, as illustrated by our
key example: the cylinder. In string theory, one thinks of the cyliriélT as the worldsheet of
a string, where the noncompact direction represents the time-axis. In order to give meaning to
notions such as time, a causal structure is needed and, therefore, an indefinite metric.
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Following Strohmaief! we start by setting up a general theory of Lorentzian manifolds in
terms of spectral triples. Then we return to thi@rentzian cylinder and study its isospectral
deformation. For an introduction to semi-Riemannian and Lorentzian geometry, we refer to Refs.
35 and 36.

The description of a Lorentzian manifold in terms of spectral data requires a more general
approach than that of Riemannian manifolds. This is enforced by the fact that the Lorentzian Dirac
operator is no longer a self-adjoint operator on the Hilbert space of square integrable sections of
the spin bundle. Rather it is Krein-self-adjoint on the Krein space of square integrable sections.
Furthermore, the signature of the Lorentzian metric implies nonellipticity of the Dirac operator as
a pseudodifferential operator acting on smooth sections. Before we go into details on this, we
summarize some definitions concerning Krein spaces. For a more comprehensive overview we
refer to Ref. 37 or to the lecture notes by Dritschel and Rovnyak, Ref. 38.

LetV be a nondegenerate indefinite inner product space. It is acddledmposablé there are
subspace¥ , V' with V=V~ @V* such that the inner product (-) is negative definite o~
and positive definite ol ™. The inner product then defines a norm on these subspaadgs.dhd
V™' are complete in these norms, th®his called aKrein space To every decompositiol/
=V~ @V", we can associate an operaf: —id@id, called afundamental symmetryhis op-
erator defines a positive definite inner product\oiy (-,-);:=(-,J-) which makesV a Hilbert
space.

Example 21:Consider flat Minkowski spac&/=R", with inner product defined byx(y)=
—XoYo+X1Y1+  +Xn_1Yn_1. We haveV=R®R""! andJ=diag(-1,1,..,1). Clearly,(x,y);
=2,X;y; is positive definite.

A. Lorentzian spin geometry

Our starting point will be am-dimensional spin manifoldM, equipped with a Lorentzian
metricg, i.e., a metric with signaturen(—1,1). Spinors on this space—time are smooth sections of
the spin bundle&s— M. In the following, we denote by* the curved gamma-matrices, whereas
y2 are the flat one® The flat gamma matrix® plays a special role in that it defines an operator
J:=iy° satisfyingJ?=1. In fact, this operator is a fundamental symmetry of the spa¢s!,S) of
square integrable sections of the spin bundle. The spadd,S) is a Krein space endowed with
the indefinite inner product

(,) = fMEJ w033y (%) Vg,

1. Operators in Krein spaces

In what follows we will make a clear distinction between self-adjoint operators and Krein-
self-adjoint operators ift.

The Krein adjointAl*! of a densely defined operatéron a Krein spacét is defined with
respect to the indefinite inner product, () on H. One shows thaAl*1=JA*J and thatA is
Krein-self-adjoint if and only ifAJ (or JA) is self-adjoint. See Ref. 21 for more details. According
to Proposition 4.1 therein, we can formally write the square of a Krein-self-adjoint opéyatsr

(A):=3(AA* + A* A). (24
The J-dependency of this operator appears in the conjugatidiiollows that the operatork) ; is

self-adjoint and commutes with Hence, it is Krein-self-adjoint by the above remarks.

2. Spacelike reflections and fundamental symmetries

Spacelike reflections make it possible to introduce a positive definite metric on a Lorentzian
manifold (or, more generally, on a semi-Riemannian manifoltle give some of the basic notions
and refer to Ref. 21 for a more detailed description.
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Definition 22: Let (M,g) be a semi-Riemannian manifold. gpacelike reflection ris an
automorphism of the vector bundleM, such that

@ g(r..r)=9(..),
(2) r2=id,
(3) g'(.,.)=9g(.,r.) is a positive definite metric omM.

This map induces a splitting afM in a direct sumF,®F,, such that
r(X,kl@kz):(X,_kl@ k2)

The metricg' is called theRiemannian metric associated to r

If M is a semi-Riemannian spin manifold, we can associate an opelatora spacelike
reflectionr. Let eg,eq, ... ,e¢ be a local oriented orthonormal frame fér,. We defineJ,
=&+ Dy(eg) y(e;) - y(er_1). In the case of a Lorentzian manifold, we halye=iy°, which is
a fundamental symmetry of the Krein spdc&M,S) as noted before.

3. The Dirac operator

We define the Dirac operator for a spin bun@e>M in local coordinates by
- S_ S
D:=y vV, = yaegvﬂ (25

acting on smooth sectior3(S). Here, VS is the lift of the Levi-Civita connection to the spin
bundle. Its principal symbak(ID) satisfies the relation

a(D)(£)*=9(£,6). (26)

This shows that the Dirac operator on a Lorentzian manifold is a nonelliptic pseudodifferential
operator that is not self-adjoint. However, from the fact ttdaD is self-adjoint, it follows that
D=iD is Krein-self-adjoint.

As ellipticity was an important property of the Dirac operator on a Riemannian manifold, we
define an elliptic self-adjoint operatdr; using results of Sec. IVA2:

Ay=((D)y+ 1) (27)

Ellipticity of this operator follows from considering its principal symbol:

o(A5)(§)=Vg'(£,9), (28)

where g" is the Riemannian metric associated go Furthermore,A; is a pseudodifferential
operator of order 1. This motivates the following definition.

Definition 23:An n*-summable semi-Riemannian spectral trifld,7/,D) is given by an
involutive algebra of operatord in a Krein spaceH, such thata* =al*1, and by a Krein-self-
adjoint operatoD =D!*1 in H such that

(1) The commutator§D,a]:=Da—aD are bounded for ang e A,
(2) The operatomA; " is in £, for all ae A.

Similar to Definition 14, the triple is called even if there is a grading openator 7 that satisfies
the relations stated there with the only adjustification that ndtw= =+ y.

Of course, the triple €5(M),L%(M,S),D), whereD=iD, is a semi-Riemannian spectral
triple, called thecanonical tripleassociated to the Lorentzian spin manifédd If the dimension
n of M is even, there is &,-grading on the Hilbert space given ly=i"25% --4"~* so that the
canonical triple is even. If the dimension & is odd, the canonical triple is odd. Since the
self-adjoint operaton\ ; associated t® is an elliptic pseudodifferential operator of order 1 as
noted before, we have the following. Compare with Proposition 13.
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Proposition 24: Let f be an integrable function on ardimensional Lorentzian manifold M
then

n(2m)" .
JMf(X)\/HdXZWQ—nTrw(fAJ ).

For the canonical triple, the fundamental symmetries of the fdynfor some spacelike
reflectionr play an important role. The analogue of such fundamental symmetries in the general
case is given by the admissible fundamental symmetries as were defined in Ref. 21. Therein, it is
proved that the admissible fundamental symmetries of the canonical triple are indeed exactly those
of the formJ, .

B. Hochschild cocylces

We associate a Hochschifdcocycle to the canonical tripleCGG (M), L?(M,S), D) as fol-
lows:

¥5(80,a1,....80) = Tr,(ag[ D,a ] [D,an]| Ay ™). (29

Another cocycle can be constructed using the following result.
Theorem 25:Let(Cqy (M), L2(M,S), D) be the semi-Riemannian canonical triple as defined
before. Ther(Cy(M), L3(M,S), A;) is an n"-summable spectral triple.
Proof. The only nontrival condition to prove is the boundednessiof f] for any f€Cg(M).
SinceAj is a pseudodifferential operator of order[1\;,f] is of order 0, hence it is bounded.
O
We define the following Hochschild-cocyle onCg(M):

l/’x‘](aovali e 1an) :Trw(aO[AJial] T [AJian]|AJ| _n)' (30)

Obviously the two Hochschild cocycles do not coincide. We illustrate this by the following
example.

Example 26:Let M be a compact two-dimensional manifold, equipped with a Minkowski
metric. We evaluate the two 2-cocycles using symbol calculus:

Trw(f[AJ,g][AJ,h]IAJI’”)=Cf f dgli* (dh)
M
in contrast to
Trw(f[D,g][D,h]lAJI‘“)=C’J f dgUdh
M

for some integration constan® C’. Note the apperance of a Polyakov type function ¢ in
this special case.

C. Isospectral deformation of the Lorentzian cylinder

With the theory of semi-Riemannian spectral triples developed in the previous sections in our
hands, we are now in a position to describe the geometry of the cylinder equipped with a semi-
Riemannian metric. In this section, we will discuss the semi-Riemannian spectral triple that de-
scribes the cylinder equipped with a Minkowski metric. Then we discuss isospectral deformation
in this case, similar to what has been done before in the Euclidean setting. Finally, we show that
the set of admissible fundamental symmetries of the noncommutative cylinder coincides with the
set of fundamental symmetries coming from spacelike reflections in spinor space.

The cylinder can be described by the following semi-Riemannian spectral triple:
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A:=Cg(R"XT9),

Zun+dya

H:=LA(R"XTH&C
D:=iD.

HereD = y%9,, where the gamma-matrices satify?, 1°} = 2 ?° for the flat(Minkowski) metric
n=(-11,..,1).

In order to obtain a noncommutative manifold, we perform isospectral deformation of the
Lorentzian cylinder, along the same lines as we did before for the Euclidean cylinder. We restrict
to S(R"XTY) in order to represent the deformed algeﬁtﬁgd) on the Hilbert spacé-.

Theorem 27: The triple (C{%¥, H, D) is a semi-Riemannian spectral triple, which is an
isospectral deformation qu(R”de), H, D).

One could very well imitate the construction of the Riemannian spin geometﬁ]i%no
obtain a Lorentzian spin geometry on the noncommutative cylinder. However, it turns out that in
order to obtain for example the Lorentzian distance function from a canonical triple, one needs a
different approach®

An admissible fundamental symmetyfor the triple (S(R"x T9), H, D) is also admissible
for the noncommutative cylinder. Indee(c‘l,{‘ed is invariant under conjugation with. Invariance
of w(Qc{%Y) follows from the following lemma.

Lemma 28: For the semi-Riemannian spectral trigid;¥), H, D) we have

Sl(n+d)/2]

m( @) =1 2 Ay vy @ecly? wleC

Proof: Recall the theory of universal forms on nonunital algebras described before. Since
[D,a]=iy(da) still holds, we have fom; eC{%?,

m(@gday ++68p) =7(8o) 7(,,81) +m(d,, Ap) y(AXT) - y(dXp),

which is of the required form. Fqp=0 we haver(Q°C{®)=c{"? . O

In Sec. IVA, we saw that the set of admissible fundamental symmetries of the semi-
Riemannian canonical triple coincides with the set of fundamental symmetries coming from space-
like reflections inC2" ", Strohmaie?* showed that this statement also holds for noncommuta-
tive tori with trivial center. For the noncommutative cylinder, we restrict to the class described in
Sec. IIC, wheren=d. There, we proved the following isomorphism @f -algebras:

21=Bo(LA(T%) @ C(T9). (31)
The appearance of the set of compact operators in the tensor product plays a central role in the
following result. It turns out to hold in a slightly more general setting, i.e., in the case of a
semi-Riemannian Dirac operator.

Theorem 29: The set of admissible fundamental symmetries of the noncommutative semi-
Riemannian cyIinde(Cde, ‘H, D) coincides with the set

{J;:r is a spacelike reflection oﬁzd}.
Proof: Letr be a spacelike reflection 67", It follows from Lemma 28 thad, is admissible.
For the proof of the converse statement, supposeltisman admissible fundamental symmetry of

(A, H, D), where we take4==(32d. SinceJ commutes with all elements id, we have

Je A'®End (2,
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where A’ is the commutant afd in B(L2(R4%x T9)). Since the opposite algehrf, which acts on
H from the right, is a dense subalgebra4f, we have for its unitization, with formul@0.82 in
Ref. 16,

A°={Te(A°)": TeDom"8}={TeA': TeDom"s},

where Donfé is the smooth domain of the derivatioh=[A;,.]. Here we used the fact that

A’=2'". SinceJd is smooth,Je Dom"5, and it follows thatJ e;l°®End(C2d). Note that the
construction in Ref. 16 relies on finitely generated projective modules so that it does not directly
apply to nonunital algebras.

Since(QP.A) is invariant under conjugation with, we have

[Jm(QrA)J, A°]=[7(QLA), A°]=0.

In particular, for any@y(v) e m(Q*A), we haved[Jy(v)J,A°]=0 so thatly(v)J has entries in
the center ofA°. SinceC(A)=C(C§d)=O, as can be seen from formu(@0), we infer that
C(A)=C. Hence,Jy(v)J must be an element of Er‘id?(d), so thatdy(v)J= —y(rv) for some

endomorphisnr of 2", One checks the conditions of Definition 22 to conclude thas a
spacelike reflection. Hence there exidtssuch thatJy(v)J=J,y(v)J,. Define the operatoa

:=JJ,. It commutes with ally(v), so thatae A°. SinceJ,eEnd(Czd), [a,J,]=0. One shows
thata?=al*la=aal*!=1 and that

<§,a§>3r=(§,3ra§)=(§,J§)>0, (gEH)

We conclude thaa=1 andJ=J,. O
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APPENDIX: MORITA EQUIVALENCE OF €2 AND S(Z%

Theorem 30: The Frechet algebras:c,?ld and S(Z%) are Morita equivalent via the Frhet
bimoduleS(RY), i.e.,

S(RY® gz S(RY =27,
S(RY) @TcgdS(Rd)ES(zd).

Here ® , denotes the completion of the tensor product over aRe¢ algebrad in the projective
tensor product topology

For notational convenience, we restrict to the cdsel. Recall thaC? is the Frehet algebra
S(RXT) equipped with the following product:

(F*G)(x,t)= JRdy F(y,)G(x—y,t—m(y)),

wherem:R—R/Z=T is the natural projection. We equip it with the following submultiplicative
seminormgt!
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pa,g,y(F):f dtJ dx( L+ [x]) ¥ aE7F (x,b)].
T R

The algebraS(7) is equipped with the usual convolution product and the corresponding submul-
tiplicative seminorms

q“(a)=§/(1+|n|>“la<n>|.

Proof: The moduleS(R) is a Fr'@hethL—S(Z) bimodule in the following sense. First of all,
it consists of differentiable functions dh with the topology given by the seminorms#,

yaﬁ(f)::f dx(1+|x|) | a2 (x)]. (A1)
R
The left and right actions af? and S(7) are defined by

F (0= fRdy F(x—y, m(00)(Y), (A2)

f'a(x)=2 a(n)f(x+n). (A3)

One checks that these actions are continuous and Ee®)-f=F-(G-f), f-(a*b)=(f-a)
-b. Furthermore, compatibility of both actiond; (f )-a=F-(f-a) is easily checked. We write

ciS(R)S(Z) :
We will endowS(R) also with the structure of S(Z)—C,% bimodule:

f-F(x)= ‘de Fly—x,m(y)f(y), (A4)

a-f(x)zz a(n)f(x—n). (A5)

Again, this module satisfies the right properties and we vgg)eS(R)Cz.

Recall that an essential Fafeet A-modulesX satisfiesA- XC X densely*?
Lemma 31: The Frehet bimodule:@gS(R)s(Z) and S(Z)S(R)Ci are essential

Proof: Since the algebr&(7) is unital for the convolution product, there is nothing to prove
there. The algebrd? has an approximate identife, }, . » defined by

N
eA(x,t)==—e*“2.

J

We havee,-f—f andf-e,—f for f e S(R). ]
We proceed by defining bilinear maps,

$:S(R)X S(R)—C?2,
&(f,g><x,t)=; f(t—n)g(t—x—n), (A6)

U S(R)XS(R)—S8(7),
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Y(f,g)(n)= fRdxf(x)g(x—n). (A7)

One checks that the mags andy are bounded bilinear module maps. They are balanced since
one easily computes

$(f-a,9)=¢(f,a-g),

Y(f-F.9)=u(f,F-9). (A8)
Therefore, we can extendl and ¢ to the tensor product:
$:S(R)® 55 S(R)—CF,
¥:8(R)®28(R)—S(%). (A9)
Note that the map§> andTp satisfy the following properties:
$(f,9)-h="-%(g,h),

Y(f,9)-h=1-9(g,h). (A10)

Lemma 32: The module morphismisand ¢ are surjective
Proof: Let F e C; . DefineH e S(R) ® s, S(R) by

H(X,y)=f(x)F(x—y,m(x)),

wheref e S(R) satisfies>,f(t—n)=1 for allte[0,1). Theng(H)=F. For surjectivity ofi it is
enough to construct a functidre S(R) with (fef)=1gy . Clearly, this holds for a functioh
with supd € (0,1) andfdx|f(x)|?=1. O
Lemma 33: The module morphisrpsand ¢ are injective
Proof: Let 3;é(f;,9;)=0. Then

?ﬁ(f,g)-Z fi®S(Z)gi:2 '&(f,g)~fi®smgi=2 f'a(g,fi)®5(Z)gi

=> f®5(x)l~/f(g'fi)'gi:f®5(x)9'Ei (f;,0)=0, (Al11)

using formula(A10) twice. HenceF - 2f;® g g;=0 for all F eci. Sincecz has an approxi-

mate identity it follows that;f;® s,g;=0. SinceS(Z) is unital, we find similarly injectivity

of 4. [l
This completes the proof of the theorem.
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