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ON THE p-ADIC PRO-ETALE COHOMOLOGY
OF DRINFELD SYMMETRIC SPACES

GUIDO BOSCO

ABSTRACT. Via the relative fundamental exact sequence of p-adic Hodge theory, we determine the
geometric p-adic pro-étale cohomology of the Drinfeld symmetric spaces defined over a p-adic field,
thus giving an alternative proof of a theorem of Colmez—Dospinescu—Niziol. Along the way, we
describe, in terms of differential forms, the geometric pro-étale cohomology of the positive de Rham
period sheaf on any connected, paracompact, smooth rigid-analytic variety over a p-adic field, and
we do it with coefficients. A key new ingredient is the condensed mathematics recently developed
by Clausen—Scholze.
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1. INTRODUCTION

Let p be a fixed prime number. Let K be a finite extension of Q,, and let Ok denote its ring of

integers. Let K be a fixed algebraic closure of K. Let us denote by C' := K the completion of K,
O¢ its ring of integers, and ¥k := Gal(K /K) the absolute Galois group of K.

1.1. History and motivation. In this article, using perfectoid methods, we study the geometric
p-adic pro-étale cohomology of the Drinfeld upper half-spaces defined over K (a non-archimedean
variant of the Poincaré upper half-spaces),’ whose interest lies in the understanding of the p-adic
local Langlands program.

The p-adic local Langlands correspondence for GL2(Q)), envisioned by Breuil, and established
in full generality by Colmez, [Coll0], is given by a covariant exact functor IT +— V(II) from the
category of admissible unitary Q,)-Banach representations of GL2(Q)), which are residually of finite
length and admitting a central character, towards the category of finite-dimensional continuous
Qp-representations of 9g,. As shown by Colmez-Dospinescu-Pagkunas, [CDP14, Theorem 1.1], the
functor II — V(II) induces a bijection between the isomorphism classes of absolutely irreducible
non-ordinary Qp-Banach representations of GL2(Q,) in the source, and the isomorphism classes of
2-dimensional absolutely irreducible continuous Q,-representations of 4g,. Moreover, by [CDP14,
Theorem 1.3|, such functor encodes the classical ¢-adic local Langlands correspondence for GL2(Q,),
for a prime number ¢ # p. The latter correspondence is known more generally for GL,,(K), for any
integer n > 1, thanks to the work of Harris—Taylor [HT01], Henniart [Hen00|, and, more recently,
Scholze [Sch13a]. The proof of Harris—Taylor, combined with [Fal02|, [Far08|, in particular shows
that, for the supercuspidal representations, such correspondence can be realized in the geometric
f-adic pro-étale cohomology of the Drinfeld tower, which is a tower of rigid-analytic étale Galois
coverings of the Drinfeld upper half-space.

1See Definition 3.1.
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On the other hand, very little is known about a p-adic local Langlands correspondence for
GL,,(K), beyond the case of GL2(Q,).” The story of the f-adic counterpart teaches us that one way
to understand better, and possibly generalize, the correspondence for GL2(Q)) might be to find a
geometric incarnation of it, but one difficulty is that the p-adic (pro-)étale cohomology of p-adic
rigid-analytic varieties is much more intricate than the ¢-adic one.

Despite these difficulties, recently Colmez—Dospinescu—Niziot, [CDN20al, were able to show that
the geometric p-adic étale cohomology of the Drinfeld tower over QQ, in dimension 1 realizes the
p-adic local Langlands correspondence for GL2(Q),), for the 2-dimensional de Rham representations
of ¢4g, of Hodge-Tate weight 0 and 1, whose associated Weil-Deligne representation is irreducible.
Moreover, their computation suggests that the geometric p-adic étale cohomology of the Drinfeld
tower over K in dimension 1 should encode a still hypothetical p-adic Langlands correspondence for
GL2(K), for a general K.

For the Drinfeld tower in higher dimension, all that we can say so far is for the level 0 of the
tower, i.e. for the Drinfeld upper half-space. In fact, Colmez—Dospinescu—Niziot, [CDN20b|, proved
the following surprising result, of which we propose an alternative proof that is amenable to several
generalizations.

1.2. Main result. Given an integer d > 1, let H% denote the Drinfeld upper half-space of dimension
d defined over K, and let HZ be its base change to C. Let G := GLgy1(K).

Theorem 1.1 (JCDN20b, Theorem 4.12|, Theorem 8.1). For all i > 0, there is a strictly ezact
sequence of G x Y -Fréchet spaces over Q,

0 — Qi_l(HdC,)/kerd N Héroét(HdC’ Qp(z)) — Spi(@p)* -0

where Sp;(Qp)* denotes the weak topological dual of the locally constant special representations of G
with coefficients in (@p.3

Remark 1.2. In [CDN20b] this result is deduced from a general comparison theorem, between the
geometric p-adic pro-étale cohomology and the Hyodo—Kato and de Rham cohomologies, for rigid-
analytic Stein spaces over K having a semistable weak formal model over O (e.g. ]HI%); in turn,
such comparison is obtained via the geometric syntomic cohomology of Fontaine-Messing. We recall
that Colmez—Dospinescu—Niziol also computed the rational and integral p-adic étale cohomology of
HZ, in [CDN20b] and [CDN19], respectively.

Moreover, recently, Orlik gave an alternative proof of Theorem 1.1, [Orl19],* which is based on
his strategy for describing global sections of certain G-equivariant vector bundles on H?{, [Orl08].

Remark 1.3. The relation between Theorem 1.1 and a hypothetical p-adic local Langlands corre-
spondence is still not so transparent, and it will not be explored in this paper.

Before summarizing the strategy we use to prove Theorem 1.1, we first recall its f-adic version
due to Schneider—Stuhler, for a prime number ¢ # p, and explain why the proof of the latter fails
in the p-adic setting.

2Al‘chough there are by now at least two candidates for a p-adic local Langlands correspondence for GL, (K):
Caraiani-Emerton—Gee—Geraghty—Paskunas—Shin constructed a functor from representations of ¥k to representations
of GL,(K), [CEGT16], and Scholze produced a functor going in the opposite direction, [Sch18].

3See Definition 3.11.

4However, in loc. cit. the cohomology groups H} s (HE, Qp(4)) are only determined as G x 9x-modules, and not
as topological G x ¥ -vector spaces over Q.
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Theorem 1.4 (Schneider—Stuhler, [SS91]). Let £ # p be a prime number. For all i > 0, there is an
isomorphism of G X Y -modules

Héroét(HdCUQE(i)) = sz(@€>*

Schneider—Stuhler computed the cohomology groups of H?{ for a general abelian sheaf cohomol-
ogy theory, defined on the category of smooth rigid-analytic varieties over K, satisfying a number of
axioms, the most restricting one being the homotopy invariance with respect to the 1-dimensional
open unit disk H%)K. These axioms are satisfied by the geometric pro-étale cohomology with coeffi-
cients in Qy, but the homotopy invariance with respect to D K fails with coefficients in Q,: in fact,

H! (]]3)(;, Qp) is an infinite-dimensional C-vector space (see [CN20b, Theorem 3| and [LB18a, §3]).

proét

Therefore, a different strategy is needed.

1.3. Overview of the strategy. To prove Theorem 1.1 we consider the sheaf-theoretic version of
the fundamental exact sequence of p-adic Hodge theory on the pro-étale site Hdc proét

0 — Qp — B, — Bqr/Bj — 0. (1.1)

Here, B:{R is the positive de Rham period sheaf, Bqr denotes the de Rham period sheaf, and B,
is defined as the Frobenius invariants B[1/t]#=! where B is the pro-étale sheaf-theoretic version of
the ring B of the analytic functions on the “punctured open unit disk” Spa(Ains, Aing) \ V (p[p°]),
introduced by Fargues—Fontaine in their work on the curve, and t is the Fontaine’s 27i (see §4).

Therefore, in order to determine the p-adic pro-étale cohomology of Hdc, we reduce to study the
pro-étale cohomology of Hdc with coefficients in IBS(‘;R, Bar and B..

Using Scholze’s Poincaré lemma for IB%(J{R (Proposition 6.10), we determine, in terms of differential
forms, the geometric pro-étale cohomology of the period sheaf IB%IR on any connected, paracompact,
smooth rigid-analytic variety over K (such as H%), as explained in more details in §1.4.

On the other hand, for the geometric pro-étale cohomology of the period sheaves Byg and B, we
show that they satisfy a slight variant of the above-mentioned axioms of Schneider—Stuhler, including
the homotopy invariance with respect to the 1-dimensional open unit disk HO)K (see Proposition
6.18, and Proposition 7.20, respectively). The proof of the latter axiom for the geometric pro-étale
cohomology of B, is essentially due to Le Bras (see Remark 1.5), and it is largely inspired by the
strategy used by Bhatt—Morrow—Scholze to relate their A s-cohomology theory with the g-de Rham
cohomology, [BMS18].

This will be enough to show Theorem 1.1. We refer the reader to [Bos23| for a more in-depth
study of the geometric pro-étale cohomology of B..

Remark 1.5. The fundamental exact sequence (1.1) has already been used by Le Bras to compute
the geometric p-adic pro-étale cohomology of the rigid-analytic affine space, and the open polydisk
of any dimension, [LB18a, §3|.

1.4. Relevance of the condensed and solid formalisms. In the search for a geometric incar-
nation of the hypothetical p-adic Langlands correspondence for G = GLg41(K), in Theorem 1.1 it
is crucial to describe the cohomology groups Héroét(Hdc, Qp (1)) as topological G x Y -vector spaces
over @, and not merely as G x ¥g-modules. We note also that, from a purely geometric point
of view, for many cohomology theories appearing in p-adic Hodge theory (such as the p-adic (pro-

)étale, de Rham, Hyodo—Kato, etc.), the cohomology groups of non-proper rigid-analytic varieties
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(e.g. H}l() are usually huge; therefore, it is important to exploit the topological structure that they
may carry in order to study them. But, in doing so, one quickly runs into topological issues, mainly
due to the fact that the category of topological abelian groups is not abelian.

In our case, one encounters an example of such a topological issue already at the start of the
strategy we have outlined. In fact, we consider the long exact cohomology sequence of QQ,-vector
spaces associated to the fundamental exact sequence (1.1) on Hcé',proét

T lel)roét(Hd 7(@,’0) - H;)roét(Hd ’Be) - Héroét(Hd ’BdR/BgR) — (1‘2)
and we want to endow these cohomology groups with a natural topology in such a way that all
the maps in (1.2) are continuous. One may try to work in the category of locally convex Qp-vector
spaces, and put a topology a la Cech on such cohomology groups, using the fact that the global
sections of a pro-étale period sheaf on an affinoid perfectoid space over Spa(C, O¢) carry a natural
topology (cf. §4), but a priori it is not clear whether, in this way, the boundary maps of the long
exact sequence (1.2) are continuous.”

As we explain below, since the pro-étale cohomology groups appearing in (1.2) have a natural
structure of condensed Q)-vector spaces, by their very definition, we found it convenient and fruitful
to work in the condensed mathematics framework, recently introduced by Clausen—Scholze, [CS19],
which is precisely designed to overcome the kind of topological issues we have described.

We denote by CondAb the category of condensed abelian groups,® which we identify with the
category of pro-étale sheaves of abelian groups on the geometric point Spa(C, O¢) = * (see Remark
2.9). Recall that CondAb is a nice abelian category, containing most topological abelian groups of
interest, [CS19, Proposition 1.7, Theorem 2.2]. Then, we give the following definition.

Definition 1.6. (Definition 2.7) Let f : X — Spa(C, O¢) be an analytic adic space, and let F be
a sheaf of abelian groups on X;;¢. We define the complex of D(CondAb)

RFP@(Xv 'F) = prroét «F
with i-th cohomology, for i > 0, the condensed pro-étale cohomology group H*

proét

(Xa ]:) = Rifproét*]:-

Remark 1.7. Note that the underlying abelian group H’

broét (X, F) (%) is the usual pro-étale coho-
(X, F).

mology group H*

proét

Coming back to (1.2), if we denote by f : H, — Spa(C, O¢) the structure morphism, now we can
simply apply the derived functor R fproet« to (1.1), and consider the associated long exact sequence
in cohomology, which will be an exact sequence of condensed Q,-vector spaces.

Let us now explain in more detail how we compare the geometric pro-étale cohomology with coef-
ficients in Bgqr and IB%:{R, with the de Rham cohomology, and the role that the solid formalism plays
in this. In the following, we denote by T' +— T the functor from topological groups/rings/K-vector
spaces/etc. to condensed groups/rings/ K-vector spaces/etc.” Moreover, we denote by Mod$"? the
category of condensed K-vector spaces, and by Mod?‘()lid the symmetric monoidal subcategory of
solid K-vector spaces, endowed with the solid tensor product ®% (see Appendix A).

5A classical solution to this particular issue is to work instead in an abelian envelope of the category of locally
convex Qp-vector spaces. Cf. [CDN20b, §2.1.1].

6See §1.6 for the set-theoretic conventions we adopt.

7Again, see §1.6 for the set-theoretic conventions.
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We will prove the following theorem, which extends results of Scholze [Sch13b, Theorem 7.11],
and Le Bras [LB18a, Proposition 3.17]. We refer the reader to Theorem 6.5 for a version with
coefficients of the statement below.

Theorem 1.8 (cf. Theorem 6.5). Let X be a smooth rigid-analytic variety® defined over K.
We define’ the de Rham cohomology of the base change of X to Bar as the complex ofD(Mod‘j?nd)

RF@(XBdR) = RP(X,% ®;( BdR)-
(i) We have a Yk -equivariant, compatible with filtrations, natural isomorphism in D(Mod32id)
REproet (Xc, Bar) =~ RUar (X By )-

(ii) Assume that X is connected and paracompact. Then, for each r € Z, we have a Y -equivariant
isomorphism. in D(Mod32id)

RTproet(Xc, Fil" Bar) ~ Fil" (RTar (X) @™ Bar)-
Here, RT4r(X) denotes the de Rham cohomology complex in D(Mod$™Y) (Definition 5.10).

Remark 1.9. The paracompact assumption (Definition 5.15) in Theorem 1.8 is not very restrictive,
in fact most of the rigid-analytic varieties over K that arise in nature are paracompact. Examples
include any separated rigid-analytic variety over K of dimension 1, the rigid analytification of a
separated scheme of finite type over K, a Stein space over K (e.g. Hf(), an admissible open of a
quasi-compact and quasi-separated rigid-analytic variety over K (see Examples 5.18).

Let us briefly describe how we prove Theorem 1.8: we show part (i) using Scholze’s Poincaré
lemma (Proposition 6.10); then, part (ii) follows from part (i) and the following base change result,
recalling that Fil! Byg = t/ BCTR for j € Z and B(‘IR is a K-Fréchet algebra.

Theorem 1.10 (Theorem 5.20). Let X be a connected, paracompact, rigid-analytic variety defined
over K. Let F* be a bounded below complex of sheaves of topological K-vector spaces whose terms
are coherent Ox -modules. Let A be a K-Fréchet algebra, regarded as a condensed K -algebra. Then,
we have a natural isomorphism in D(Mod52id)

RI(X,F*) @%™ A = RT(X, F* @% A). (1.3)

The proof of Theorem 1.10 is based on results of Clausen—Scholze on the category of nuclear
K -vector spaces (see §A.6), which allow us to reduce the statement to the case when X is affinoid.

Remark 1.11. Under the hypotheses of Theorem 1.10, by the flatness of K-Fréchet spaces with
respect to the solid tensor product ®% (a result due to Clausen-Scholze), taking cohomology in
(1.3) we have the following isomorphism in Mod52id (Corollary 5.21)

H'(X,F*) % A= H'(X,F* &% A)

for all i € Z. We note that such a statement is characteristic of the condensed mathematics realm:
in fact, its naive analogue in the category of locally convex K-vector spaces, with the completed
projective tensor product replacing the solid tensor product, is trivially false, due to the fact that the
cohomology group H'(X, F*) can be a non-Hausdorff locally convex K-vector space (see Remark

SAll rigid-analytic varieties will be assumed to be quasi-separated.
9See Definition 5.5 for the relevant notation.
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5.22). This is just an instance of the fact that the solid formalism works very well also for “non-
Hausdorff objects” (more precisely, for non-quasi-separated condensed sets).

As a consequence of Theorem 1.8, in some special cases we can give a particularly nice description
of the geometric pro-étale cohomology with coefficients in Bgg/ IB%CTR, appearing in the fundamental
exact sequence (1.1), including in cases where the de Rham cohomology groups are otherwise patho-
logical as topological vector spaces. The following result explains in particular how, for a smooth
rigid-analytic variety X over K, the (non-)degeneration at the first page of the Hodge-de Rham
spectral sequence is reflected in its geometric p-adic pro-étale cohomology.

Corollary 1.12 (Corollary 6.17). Let X be a smooth rigid-analytic variety over K. Let i > 0.
(1) If X is proper, we have a Y -equivariant isomorphism in Modi?hd

H! ose(Xc, Bar/BlR) = (Hig(X) ®k Bar)/ Fil°.

proét
(i) If X is an affinoid space, we have the following Yk -equivariant exact sequence in Mod??hd

0 — Hijg(X) ®% Bar/t 'Big — H}woer (X0, Bar/Blg) — (X)/kerd @% C(—i— 1) — 0.

proét
Remark 1.13. Let us shortly comment on the statement and the proof of Corollary 1.12.

(i) If X is proper, the proof uses crucially the degeneration at the first page of the Hodge-de Rham
spectral sequence, [Sch13b, Corollary 1.8]. In this case, the de Rham cohomology groups are
finite-dimensional K-vector spaces, therefore it not a surprise that Hjy (X) = Hjp (X) (Lemma

5.11), and Corollary 1.12(i) can be stated in classical topological terms.

(ii) If X is an affinoid space, the proof relies on Tate’s acyclicity theorem (Lemma 5.6(1)), using
which one can show that there is a ¥x-equivariant exact sequence in Modﬁghd

0 — Hin(X) &% t Bl — H. (X, Blg) — Q(X)"" &% C(—i) — 0, (1.4)

proét

Note that Hig(X) = Qi(X)*/dQi~1(X), but, in general, Hi,(X) # Q1(X)%=0/di~1(X)
(since the latter displayed quotient can be non-Hausdorff, see Remark 5.14).

(iii) If X is a Stein space, using Kiehl’s acyclicity theorem (Lemma 5.9), one can prove that the exact
sequence (1.4) also holds for such X. In this case, we have Hig(X) = Q/(X)%=0/d0~1(X)
(Lemma 5.13), and, a posteriori, the exact sequence (1.4) can be restated in the category of
topological K-vector spaces with the completed projective tensor product replacing the solid
tensor product (see Remark 6.16). On the contrary, in the affinoid case, it seems hard to get
such a clean statement as the one of Corollary 1.12(ii) in the usual topological setting. This
kind of issue is classically avoided replacing affinoid spaces with dagger affinoid spaces (cf.
[CDN20b], [CN20a]); however, the point we want to make here is that, in our setting, there is
no need for this.

Let us also mention that Heuer has recently observed in [Heu20, Remark 5.9] that, for X a smooth
Stein space over K, the exact sequence (1.4) might be used to describe the “exotic line bundles”
appearing when passing from the analytic site to the pro-étale site of X¢.

As a final note, we want to add that, since at the time this article was written the work of
Clausen—Scholze was fairly recent, we had to put a particular accent on comparing topological
spaces to condensed sets. However, it should be noted that the main results and proofs of this
paper could be entirely formulated in the condensed language.
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1.5. Leitfaden of the paper. We have organized the paper as follows. In §2, we discuss several
ways of endowing an abelian sheaf cohomology group with a structure of condensed abelian group,
and we explain the relations between them. In §3, we redefine in the condensed setting, and slightly
modify (in order to include the geometric pro-étale cohomology of Bgr and B.), the cohomology
theories for which Schneider—Stuhler computed the cohomology groups of the Drinfeld upper half-
spaces in [SS91]; then, we outline the computation of loc. cit. highlighting the main points where,
due to our modifications, an additional argument is needed. In §4, after having recalled the def-
initions and the basic results we use on the pro-étale period sheaves, we study, using the solid
formalism, a Cartan—Leray spectral sequence for the cohomology of such pro-étale sheaves, and we
give a proof of the relative fundamental exact sequences of p-adic Hodge theory, via the relative
Fargues—Fontaine curves. In §5, we prove Theorem 1.10; the latter will be then used in §6 to show
Theorem 1.8. In §6, we also prove that the geometric pro-étale cohomology of Bggr satisfies the
axioms of Schneider—Stuhler (3.4). In §7, we show that the geometric pro-étale cohomology of B,
satisfies the axioms of Schneider—Stuhler (3.4). Finally, in §8, we gather the results of the previous
sections and prove Theorem 1.1.

We end with two appendices. Appendix A is devoted to the condensed functional analysis over
non-archimedean local fields, developed by Clausen—Scholze. In appendix B, we recall the definition
of condensed group cohomology, and, using the solid formalism, we relate it to Koszul complexes in
some cases of particular interest to us.

1.6. Notation and conventions. '’ Fix a prime number p. Unless otherwise specified, we will
denote by (K,|-|) a complete discretely valued non-archimedean extension of Q,, with perfect
residue field k, ring of integers Ok, and fixed uniformizer w € O

We fix an algebraic closure K of K. We will denote C := K the completion of K, O¢ its ring of
integers, and ¥k := Gal(K/K) the absolute Galois group of K.

Throughout the paper, all Huber rings and pairs will be assumed to be complete.

To avoid set-theoretic issues, we fix an uncountable cardinal £ as in [Sch21, Lemma 4.1]: x is a
strong limit cardinal; the cofinality of x is uncountable; for all cardinals A < k, there is a strong
limit cardinal k) < & such that the cofinality of k) is greater than \.'!

We say that an analytic adic space X is k-small if the cardinality of the underlying topological
space |X]| is less than k, and for all open affinoid subspaces Spa(R, Rt) C X, the ring R has
cardinality less than . In this paper, all the analytic adic spaces will be assumed to be k-small.

We say that a profinite set is k-small if it has cardinality less than k. We denote by *,_pro¢t the site
of k-small profinite sets, with coverings given by finite families of jointly surjective maps. Recall that
the category of k-condensed sets/groups/rings/etc. is defined as the category of sheaves on *,_ prost
with values in sets/groups/rings/etc., [CS19, Definition 2.1|, and it is equivalent to the category of
contravariant functors from s-small extremally disconnected sets to sets/groups/rings/etc. taking
finite disjoint unions to finite products, [CS19, Proposition 2.7].

Unless explicitly stated otherwise, all condensed sets will be k-condensed sets (and often the
prefix “k” is tacit). We will denote by CondSet the category of k-condensed sets, and by CondAb

10This notation, and these conventions, are adopted throughout the paper, except for Appendix A and Appendix
B. See §A.1.
HThere exists an arbitrary large such cardinal k.
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the category of k-condensed abelian groups. We denote by Solid C CondAb the full subcategory of
k-solid abelian groups (see Theorem A.8, Notation A.9, and Remark A.10).

All condensed rings will be k-condensed commutative unital rings. Given a (k-)condensed ring
A, we denote by Mod%™ the category of A-modules in CondAb. We write Hom 4(—, —) for the
internal Hom in the category Modffnd (and in the case A = Z, we often omit the subscript Z).

Given a condensed group G, and a G-module M in CondAb, the condensed group cohomology of
G with coefficients in M will be denoted by

RTcona (G, M) := RHomy(Z, M) € D(CondAb)
where Z is endowed with the trivial G-action (see Appendix B).

We denote by T' — T the functor from the category of topological spaces/groups/rings/etc. to the
category of k-condensed sets/groups/rings/etc., where T is defined via sending a k-small profinite
set S to the set/group/ring/etc. of the continuous functions €°(S,T).
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2. CONDENSED COHOMOLOGY GROUPS

In this section, we endow the cohomology groups of a pro-étale abelian sheaf on an analytic adic
space defined over Z, with a structure of condensed abelian group. Then, we discuss several other
situations in which a cohomology group has a natural condensed structure.

2.1. The pro-étale topology.

Notation 2.1. Let s be a cut-off cardinal as in §1.6, and let Perf, denote the category of x-small
perfectoid spaces of characteristic p. In the following, all diamonds are assumed to live as pro-étale
sheaves on Perf,, [Sch21, Definition 11.1].

Given a diamond Y, we denote by Yy its étale site, and by Yprost its (bounded by &) quasi-pro-
étale site, [Sch21, Definition 14.1].

We begin by recollecting some generalities on the pro-étale topology that will be used throughout
the paper. The following class of perfectoid spaces will serve as a convenient basis for the quasi-
pro-étale site.

Definition 2.2 ([MW20, Definition 1.1]). A w-contractible space Y is a w-strictly local perfectoid
space ([Sch21, Definition 7.17]) such that the set of its connected components 7y(Y") is an extremally
disconnected profinite set.

We recall that a w-contractible space is in particular a strictly totally disconnected perfectoid
space, [Sch21, Definition 7.15, Proposition 7.16]. The key result about w-contractible spaces is the
following.

Lemma 2.3 ([MW20, Lemma 1.2]). Let Y be a diamond.

(1) The w-contractible spaces in Yqproet form a basis of the site Yoprost-

(i) Every w-contractible space U € Yyprost i quasi-pro-étale weakly contractible, i.e. any pro-étale
cover of Y admits a section. In particular, for any such U and any sheaf of abelian groups F
on Yprost we have Hé U, F)=0 fori>D0.

Corollary 2.4. Let Y be a diamond. The topos Y Droct 0 locally weakly contractible (|BS15, Defi-

proét (

nition 3.2.1]), and hence replete.

Proof. The first assertion follows from Lemma 2.3, and then the second one follows from [BS15,
Proposition 3.2.3, (1)]. O

An important feature of the category underlying the site Yqpro¢t is that it is “tensored over x-small
profinite sets”, as we now recall.

Remark 2.5. Let Y be a diamond. Given a x-small profinite set S, by abuse of notation we also
denote by S the functor on Perf, sending a perfectoid space Z to the continuous functions ¢°(|Z|, 9);
this defines a pro-étale sheaf on Perf,. Then, we observe that Y x S € Ypro¢t. In fact, writing
S = @ie I S; as a cofiltered limit of finite sets S; along a r-small index category I,'? and recalling
[Sch21, Definition 10.1|, we have
Y x 8§ =1lim(Y x8;) =lim [ Y € Yoprost-
el i€l g,€8;

125uch a presentation of S exists by the proof of [Sta20, Tag 08ZY].



ON THE p-ADIC PRO-ETALE COHOMOLOGY OF DRINFELD SYMMETRIC SPACES 11
In general, denoting Sy :=Y x S, for any Y’ € Yyproet, we have Y/ Xy Sy € Yoproet-
Next, we restrict our attention to the category of analytic adic spaces defined over Z,,.

Recall that there is a natural functor X — X< from the category of analytic adic spaces defined
over Spa(Zy, Zy) to the category of locally spatial diamonds, satisfying |X| = | X | and Xy =2 X<>
(see [Sch21, Definition 15.5, Lemma 15.6]). We can then give the following definitions.

Definition 2.6. Let X be an analytic adic space defined over Spa(Zy, Z,). We denote by

I 2
Xproet T quroét

its pro-étale site."

Recalling §1.6, in what follows, we denote by *, pro¢r the site of k-small profinite sets, with
coverings given by finite families of jointly surjective maps. Moreover, we denote by CondSet the
category of k-condensed sets, and by CondAb the category of x-condensed abelian groups.

Definition 2.7. Let X be an analytic adic space defined over Spa(Z,,Zy,). We denote by
Jeond : Xproét — *g-proét

the natural morphism of sites defined by sending S € *,_progt to X OxSe Xproét-
Given F a sheaf of abelian groups on Xp0¢, we define the complex of D(CondAb)

RTUproet (X, F) == Rfeond « F

with i-th cohomology, for i > 0, the condensed pro-étale cohomology group Hgmet (X, F) = R feond «F
an object of CondAb.

Remark 2.8. Note that the condensed pro-étale cohomology groups are an enrichment of the usual
cohomology groups, in fact, for i > 0, we have H! . (X, F)(x) = H. _, (X,F) as abelian groups.

proét proét

Remark 2.9. In the case X is an analytic adic space over Spa(C, O¢), then Definition 2.7 agrees
with Definition 1.6. In fact, the category of sheaves of sets on the site Spa(C, O¢)pro¢t is equivalent
to the category of k-condensed sets. For this, we first note that the topos associated to the site
Spa(C, O¢)prost 1s equivalent to the topos associated to the subsite Spa(C, Oc)proet, consisting of
the affinoid pro-étale maps in Spa(C, O¢)prost, [Sch21, Definition 7.8, (i)]. We recall that a map
U — Spa(C”, Oc» ), from a perfectoid space U to the tilt of Spa(C, O¢), is an affinoid pro-étale map
if and only if U = Spa(Cb, Oc») x S for some k-small profinite set S. Then, the functor sending
U € Spa(C,0¢)* . to the underlying topological space |U| induces an equivalence of categories

between the category underlying Spa(C, (’)C)pmet and the category of x-small profinite sets. Now,

proét

the claim easily follows unraveling the definition of the covering families of Spa(C, (’)C)pmet

I3Note that the definition of pro-étale site that we adopt is different from the one given in [Sch13b] (cf. [BS15,
Remark 4.1.11]). However, the results on Xyt of loc. cit. that we will need still hold with this definition.
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2.2. Condensed structure a la Cech. In this paper, we will have to deal with sheaves of topo-
logical abelian groups/rings/etc. on analytic adic spaces (e.g. the structure sheaf). In some cases,
it is reasonable to equip the cohomology groups of such sheaves with a condensed structure a la
Cech, using the fact that their local sections have a natural topology, and then to ask how this
compares with Definition 2.7. This is explained in the following remarks, that we will use to define
a structure of condensed abelian group on the geometric cohomology of the pro-étale period sheaves,
in §4 (checking its agreement with Definition 2.7), and on the cohomology of coherent sheaves on
rigid-analytic varieties, in §5.

We start with some reminders on the category CondAb that we will use throughout the paper.

Theorem 2.10 (|CS19, Theorem 2.2|). The category of k-condensed abelian groups CondAb is an
abelian category which satisfies the Grothendieck’s axioms (AB3), (AB3*), (AB4), (AB4*), (AB5)
and (ABG), and it is generated by a set of compact projective objects.*”

Remark 2.11. In particular, we deduce from Theorem 2.10 that, for any small site C, the category
of sheaves on C with values in CondAb has enough injectives.!”

Then, given M a complex in the bounded below derived category D (Shvongan(C)) of sheaves
on C with values in CondAb, for any object V' € C we can define the sheaf cohomology complex

RT'(V, M) € D(CondAb)

by taking an injective resolution of M.'® For i € Z, we denote by H'(V, M) its i-th cohomology,
which is an object of CondAb.

Remark 2.12. Let C be a small site with a basis B. Let F be a sheaf of topological abelian groups
on B. Since the functor T — T from topological abelian groups to CondAb preserves limits, the
presheaf given by

B — CondAb : U — F(U)

is a sheaf. We denote by F the associated sheaf on C with values in CondAb, and, for V € C, we
consider the sheaf cohomology complex RI'(V,F) € D(CondAb), defined following Remark 2.11.
By Verdier’s hypercovering theorem, [DHI04, Theorem 8.6], we have that H*(V,F) has the usual
sheaf cohomology group as underlying abelian group, i.e.

H'(V,F)(x) = H'(V, F)

as abelian groups (here, F is regarded as a sheaf of abelian groups). Note that Verdier’s hypercov-
ering theorem, combined with Remark A.1, also shows that, if the basis B has cardinality less than
K, and, for all U € B, the topological space F(U) is T1 with cardinality less than «, then H*(V, F)
does not depend on our choice of the cardinal x. The previous discussion also holds replacing F
with a bounded below complex of such sheaves on C.

HMRecall also that, instead, the category of all condensed abelian groups ([CS19, Definition 2.11]) has a class, and
not a set, of compact projective generators.

L5)\ore precisely, it has functorial injective embeddings, [Sta20, Tag 0139, Tag 079H].

16 A1 alternative to “taking injective resolutions” would be to work with the oo-category of sheaves on C with
values in the derived co-category of condensed abelian groups D(CondAb). However, the theory of co-categories will
not play a crucial role in this paper.
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2.3. Comparison to the étale topology. In the rest of this section, we denote by X an analytic
adic space over Zj,, and we identify it with the associated diamond X 0,

We remark that Definition 2.7 takes advantage of Remark 2.5, which obviously fails for the
étale site Xg. In particular, by applying the pushforward functor along the natural morphism of
sites Xprost — X¢t one may lose “topological information”. However, for the comparison theorems
proven in this paper, we will need to pass from the pro-étale site to the étale site, still retaining
the information captured by profinite sets. Thus, to remedy to this issue, we give the following
definition, which will play a crucial role later on (see Corollary 6.12).

Definition 2.13. Let 7 € {proét,ét}. The site X, cong has underlying category the pairs (U, S)
with U € X; and S € *,_prost, and coverings given by the families of morphisms

{(Fivsy) : (U S3) = (U.9)} i syerns
with {f; : Uy — U}ier a covering of X, and {s; : S; — S} ey a covering of #,_proct-
Remark 2.14. Note that X .onq is indeed a site. There is a natural projection of sites
7t Xrcond — Xy
given by sending U € X, to the pair (U, *) € X; conqa. There is also a natural morphism of sites
o Xproet — X7 cond

defined by sending a pair (U, S) € X;cond to u(U) x S € Xproet, where u @ X7 — X104 denotes the
natural continuous functor.

Remark 2.15. We have an equivalence between the category of sheaves of sets on X cong and the
category of sheaves of k-condensed sets on X,

ShVSet (XT,cond) - ShVCondSet(XT) e fv (21)

where the sheaf FV is defined by assigning to U € X, the s-condensed set FY(U) : S — F(U,S).
A quasi-inverse of the functor (2.1) is given by sending a sheaf of x-condensed sets G on X, to
the sheaf of sets on X, cong defined by assigning to (U, S) € X; cond the set G(U)(S). Under this
equivalence, an abelian group object/ring object/etc. in Shvget(Xrcond), i.e. a sheaf on X cona
with values in abelian groups/rings/etc., corresponds to a sheaf on X, with values in x-condensed
abelian groups/rings/etc. Moreover, the functor (2.1) induces an equivalence of derived categories

D (Shvab(Xrcond)) — D (Shvondan(X7)) : F — F'.
Then, recalling Remark 2.11, we can give the following definition.
Definition 2.16. Given F € D% (Shvap(X; cond)) we define the complex of D(CondAb)
RTr cond (X, F) i= RT7(X, FY)
with i-th cohomology, for i € Z, denoted by ‘i,cond(X , F), an object of CondAb.

In the case 7 = proét, the latter definition gives us only a slightly alternative point of view on
Definition 2.7.
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Lemma 2.17. Let F be a sheaf of abelian groups on Xprosr. Let p i Xprost — Xproét,cona be the
natural morphism of sites. Then, for all i > 0, we have

H (X, F)=

proét

proet cond

as condensed abelian groups.'’

Proof. Let feond @ Xprost — *k-proét denote the morphism of sites of Definition 2.7. It suffices to
observe that the pushforward functor f.onqs« is given by the composition

PX,-)

ShVAb(Xproét) £, Shv ay, (Xproét,cond) LA ShVCondAb(Xproét) CondAb

and then use the associated Grothendieck spectral sequence. In fact, for any k-small extremally
disconnected set S, we have

(feond+ F)(8) = F(X x 8) = (1 F)(X, 8) =T (X, (11F)") (5)

and one readily checks that the restriction morphisms agree as well. O

3. SCHNEIDER—STUHLER’S THEOREM

In [SS91] Schneider—Stuhler computed the cohomology groups of the Drinfeld upper half-spaces
over K, for a general abelian sheaf cohomology theory that satisfies some natural axioms, the most
important one requiring the homotopy invariance with respect to the 1-dimensional open unit disk.
Examples of such cohomology theories include the de Rham cohomology and the étale cohomology
with coefficients in a finite ring whose order is prime to p. In this section, we slightly change the
axioms of Schneider—Stuhler, [SS91, §2|, in order to include the (condensed) geometric pro-étale
cohomology of the period sheaves Bgr and B..'® Then, we highlight the main points of the proof
of loc. cit. where, due to such changes, an additional argument is needed.

3.1. Drinfeld upper half-space. We start by recalling the following definition.

Definition 3.1. Let K be a finite extension of Q,. Let d > 1 be an integer. The Drinfeld upper
half-space over K of dimension d is defined by

=P\ |J H
HeH
where H := P((K+1)*) denotes the set of the K-rational hyperplanes in the rigid-analytic projective
space IP’;I(.

Remark 3.2. The Drinfeld upper half-space H?{ is an admissible open of the rigid-analytic projective
space P4, [SS91, §1, Proposition 1], in particular we can (and we do) regard it as a rigid-analytic
variety over K. Moreover, H% has an increasing admissible covering {Up, }nen defined as follows:
for a fixed uniformizer @ of O (see §1.6), and n € N, we set H,, := P((OF™)*/w") and

U =P\ |J N (3.1)

HeHn

170f course, we have H} et cona (X, RpsF) (%) = Hl o6 (X, F) as abelian groups.
18566 §4 for the definition of such pro-étale period sheaves.



ON THE p-ADIC PRO-ETALE COHOMOLOGY OF DRINFELD SYMMETRIC SPACES 15

where, for a hyperplane H € H, we denote by N, (H) the |w|"-neighbourhood of H."

We note that H% admits a natural action of the group GLg11(K) via homographies.

3.2. Schneider—Stuhler’s axioms. Next, we define a variant of the cohomology theories for which
Schneider—Stuhler were able to compute the cohomology groups of the Drinfeld upper half-space.
Using that the category of k-condensed abelian groups CondAb is an abelian category satisfying
the same Grothendieck’s axioms of the category of abelian groups, and it is generated by a set
of compact projective objects, we will also be able to deal with cohomology theories defined by a
complex of sheaves with values in CondAb (see Remark 2.11).

Notation and conventions 3.3. Let RigSmj denote the category of quasi-separated smooth
rigid-analytic varieties over K, endowed with a fixed Grothendieck topology 7 that is finer than the
analytic topology.”’ We denote by DZ°(RigSmy) the derived category of complexes of sheaves on
RigSmyp, concentrated in non-negative degrees, with values in CondAb.

We fix a complex F € D=%(RigSmy ), and we denote by

H® := H*(—,F) : RigSmy — CondAb

the sheaf cohomology with coefficients in F defined on RigSmy. Moreover, given X € RigSm-, and
U C X an open subvariety, we denote by H*(X,U) := H*(X,U;F) the relative sheaf cohomology
of the pair (X,U) with coefficients in F.*!

Definition 3.4. Let A be a condensed ring. The sheaf cohomology theory H®* = H®(—, F) satisfies
the azioms of Schneider—Stuhler (relative to A) if takes values in the category of A-modules in
CondAb

H*® : RigSmy — Mod$™d
and the following conditions are satisfied.

(1) The homotopy invariance with respect to the 1-dimensional open unit disk ﬁ)K over K,

i.e. for any affinoid space X € RigSmy-, the natural projection X x HO)K — X induces an
isomorphism in cohomology

H*(X) = H*(X x Dg).
(2) There is a morphism in D" (RigSmy)
U:FeyF—F
called cup product, that is associative and commutative with unit e : Z — F.
19Namely7 chosen a unimodular representative £ € ((’)?‘1)* among the linear forms defining H, the subset N, (H)
of P% is defined by identifying the conjugate points over K of the set {z € P*(C) : |€n(2)| < ||}, where we use
unimodular coordinates to represent a point of P4(C). See also [SS91, §1, (C)].
20For example, 7 can be the analytic, étale, or pro-étale topology.

21We recall that the relative sheaf cohomology of the pair (X, U) with coefficients in F is the derived functor of
the “sections of F on X vanishing on U” functor. It can be thought as the “cohomology with support in X \ U”.
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(3) There exists a non-archimedean local field F' such that A is a condensed F-algebra.?> More-
over, we have®

A ifi=0

H =
(xxc) {0 ifi>0.

(4) We have that Hi(]P’}l() = 0 for 7 odd, or i > 2d. Moreover, there exists a morphism in
D=Z(RigSmy), called cycle class map,!

c:Gp|-1]—=F

satisfying the following condition: if n € H 2(IF’%) denotes the image of the canonical line
bundle O(1) € HY(P%, G,,) under the map H*(P%,G,,) — H?(P%) induced by c, then, for
all 0 <17 < d, the map

Fr()un': A= H'(xx) — H*(PY) (3:2)

is an isomorphism, where f : IP’% — % is the structure morphism, and n® :=nU---Un is
the ¢ times repeated cup product of 7.

In Schneider—Stuhler’s paper, [SS91, §2|, axiom (3) requires A to be a (discrete) Artinian ring:
this is the main condition we have changed. In loc. cit. this axiom guarantees the vanishing of
R! lgl in some cases of particular interest. In our case, such vanishing will follow from Lemma 3.5
below.

In the following, we let F' be a non-archimedean local field. We say that V & Mod%’nd is finite-
dimensional if there exists an integer m > 0, and an isomorphism V =2 F®™ of condensed F-vector
spaces.

Lemma 3.5 (cf. Lemma A.37). Let {V,} be a countable inverse system of finite-dimensional
condensed F-vector spaces. Let A be a condensed F-algebra. Then, the inverse system {V, @ A}
is Mittag-Leffler.”” In particular, R linn(Vn ®@p A) =0, for all 7 > 0.

Proof. By [Gro61, §13.1.2] any countable inverse system of finite-dimensional F-vector spaces is
Mittag-Leffler; we deduce from Lemma A.33 that {V,,} is Mittag-Leffler, and then that {V,, ® p A}
is Mittag-Leffler too. Equivalently, for every extremally disconnected set S, the inverse system
{(V,, ®F A)(S)} is Mittag-Leffler, hence, by |Gro61, Proposition 13.2.2] combined with [Sch13b,
Lemma 3.18], we have that R/ lim (V, ®p A) =0, for all j > 0. O

3.3. Tits buildings. Before stating Schneider—Stuhler’s result, [SS91, §3, Theorem 1], let us recall
the following definition.

22The non-archimedean local field F is regarded as a condensed ring.

23Here, * i denotes the rigid-analytic point Spa(K).

24Here, Gy, denotes the multiplicative group sheaf, regarded as a sheaf of discrete condensed abelian groups.

25Here, and in the following, we adopt Grothendieck’s definition of the Mittag-Leffler condition, [Gro61, §13.1],
which we now recall. Let C be an abelian category satisfying (AB3*). We say that an inverse system (A,, fi;) of
objects in C, indexed by a directed set I, is Mittag-Leffler if, for each ¢ € I, there exists j > ¢ such that for all k£ > j
we have fi;(A;) = fir(Ak).
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Definition 3.6. Let d > 1 be an integer. For 1 < i < d, we denote by 7'.(i) the topological Tits
i-building of GLg41(K), i.e. the simplicial profinite set defined by

7}(i) = {flags Wp C--- C Wj in (Kd'H)* 1 <dimg W, <i forall 0 <r <j}
endowed with its natural profinite topology, with face/degeneracy maps given by omitting/doubling

one vector subspace in a flag.?’

Theorem 3.7. Let K be a finite extension of Q,. Let A be a condensed ring, and let H® : RigSmy —
Modi{’nd be a cohomology theory that satisfies the axioms of Schneider—Stuhler (3.4). Let d > 1 be an

integer, and G = GLg441(K). Then, for all i > 0, there exists a natural isomorphism of G-modules
in Mod5™d

A ifi=0
H'(H%) = { Hom(H'(|TV),2),4) if1<i<d
0 ifi>d

where H denotes the reduced cohomology, |T.(i)] denotes the geometric realization of the topological
Tits i-building of G, and Hi_1(|7:(l)|,Z) is regarded as a discrete condensed abelian group.

Proof. By axiom (4), considering the relative cohomology exact sequence
- — H(PY) — H(HE) — HTY (P HE) — HTY(PY) — - (3.3)
we can reduce to compute H'(P% H%). Given n € N, we begin by studying H!(P%, U,), with U,
as in (3.1). Note that we can write
Un= () Un(H)
HeHn,
where U, (H) :=P% \ N,(H) is an open polydisk in the affine space P% \ H. Then, we can reduce
to study the strongly convergent spectral sequence®”
Bl = &y H (P4, U (Ho) U---UU,(H)) = H7I(PL,U,). (3.4)
(Ho,...,.H;)eH
We first compute Hi(]P’%, Un(Ho) U ---UU,(Hj)). Given hyperplanes Hy,...,H; € H,, we denote
by rk(Ho, ..., H;) the rank of the following Ox-module (i.e. its minimal number of generators
over Ok ): S0 _o(Ox /@) lm, C (OF™)* /w", where £y, € (O%™)* is a unimodular representative
among the linear forms defining H,.
Then, one checks that, given Hy,..., H; € Hy, for m = rk(Ho, ..., H;) — 1, there exists a locally
trivial fibration U, (Ho) U - -- U Uyp(H;) — P, whose fibers are open polydisks of dimension d —m
(see |SS91, §1, Lemma 5, Proposition 6]). Using this observation, and considering the relative

26\We warn the reader that a topological Tits building differs from a Bruhat-Tits building. See also the discussion
before [SS91, §3, Lemma 3.
27By the proof of [SS91, §2, Proposition 6, Lemma 7] and the discussion afterwards, for a sheaf cohomology theory

H® : RigSm, — Mod%™, given X € RigSm,., and Uy, ..., Un a finite number of open subvarieties of X, if we set
U:=U;N---NUpy, then, there exists a strongly convergent spectral sequence
ED* = P HEXU,u-Uul._)= H"XU).

1<ig,nnyi_p<m
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cohomology sequence associated to the pair (P4, U, (Ho) U---UU,(H;)), by axioms (1) and (4), we
have that
A if i even and 21k(Ho,...,H;) <i<2d

0 otherwise

H (P, Uy(Ho) U -+ UU,(Hj)) = {

(see [SS91, §3, Lemma 1]). Then, the first page of spectral sequence (3.4) can be rewritten as

_]77/ —
Ely= @D A (3.5)
(Ho,...,Hj)GH%Jrl
rk(Ho,...,H;)<i/2
if i € [2,2d] is even, and E| gnz) = 0 otherwise. Next, to have a cleaner picture of the differentials of

(3.5), we introduce, for 1 < k < d, the simplicial set Y.(n’k) defined by

Y'Y = {(Ho,..., Hj) € Hi*' :xk(H,... Hj) < k}
with face/degeneracy maps given by omitting/doubling one hyperplane in a tuple. In addition, we
denote by IC(Y.("’k), A) the chain complex on Y.(n’k) with coefficients in A. Then, the terms and the
differentials of the first page of the spectral sequence (3.4) identify with

Eyfy = K5, 4)

if 7 € [2,2d] is even, and fi) = 0 otherwise. Passing to the second page of the spectral sequence,

—jji nyi/2
Byl = H(v™"?, 4)

if i € [2,2d] is even, and E;gnz) = 0 otherwise. At this point, to compute Hi(P‘;(,Hf{), we want to

take the inverse limit of (3.4) over n € N. For this, we will need the following observations.

Remark 3.8. Let F' be a non-archimedean local field as in axiom (3), i.e. such that A is a condensed
F-algebra. Clearly, the functor — ® p A is exact on finite-dimensional condensed F-vector spaces.
One deduces the following points.

(i) Note that the complex K(Y.(n’k), A) can be written as IC(Y.(n’k), A) = IC(Y.(n’k), F)®p A, where

the terms of IC(Y.(n’k), F) are finite-dimensional condensed F-vector spaces. Then, we have

that H; (Y.(n’k), A) = Hj(Y.(n’k)7 F)®p A, where Hj(Y.(n’k), F) is finite-dimensional.
(ii) From the spectral sequence (3.4) it follows that H' (P4, U,) = W, @p A, with W,, a finite-
dimensional condensed F-vector space.

Now, we note that we have a morphism of spectral sequences

Ez_,g;:ﬂ) = H'"7 (P}, Unt1)

| |

B,y = H7(P%,Uy)

where the left arrow is induced by the map of simplicial sets Y.(nH’k) — Y.(n’k), and the right arrow
is induced by the inclusion U, C U,+1. Therefore, for varying n € N, we obtain an inverse system
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of spectral sequences; by Remark 3.8(i), and Lemma 3.5, passing to the limit, we get the following
spectral sequence

By = lim H' (P, Uy) (3.6)
n
where EQ_]Z = lim Hj(Y.(n’i/z), A) if i € [2,2d] is even, and EQ_JZ = 0 otherwise. Moreover, by (the
proof of) [SS91, §2, Proposition 4], for all i > 0, we have the following natural exact sequence
0 — R'lim H' (P, U,) — H'(P%, Hf) — lim H' (P}, Uy,) — 0.
n n
Hence, by Remark 3.8(ii), and Lemma 3.5, we have that
lim H (P, Uy) = H' (P, Hf).

n

In conclusion, the spectral sequence (3.6) can be rewritten as
g {0 e

} — HJ (P4 HE). (3.7)

Next, we study the second page F, % of the obtained spectral sequence (3.7). For this, we introduce,
for 1 < k < d, the simplicial profinite set Y.(k) defined by

v = {(Ho, ..., Hy) € W+ dimye (ZZZO Kiy,) <k}

endowed with the topology induced from the natural profinite one on H/*!, and with face/degeneracy
maps given by omitting/doubling one hyperplane in a tuple.?®
The definition above is motivated by the following result.

Lemma 3.9.

(i) For each i >0, and 1 <k < d, there is a natural isomorphism of abelian groups”’
(Y, 2) = 5TV, 2).
(i) We have Hi(|7'.(k)\,Z) =0 fori#0,k—1, and*

LO(P((K41)*),Z) if k=1

HO .(k') 7)) =
(1771, 2) Z if k> 1.

(iii) For each j >0, we have a natural isomorphism in Mod$™?

lim H;(YS"", 4) = Hom (17 (|77, 2), A)

n

where Hj(|7:(k)|, Z) is regarded as discrete condensed abelian group.

28 Note that Y, = lim YR Cin fact, for (Ho, . .., Hy) € HtY, we have dimg (Y27_, Kfp,) < k if and only if
rk(Zi:O(OK/w")ZHT) <k forallneN.

29Here, | — | denotes the geometric realization.

30Here, LC(—,Z) denotes the locally constant functions with values in Z.
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Proof. Part (i) is [SS91, §3, Proposition 5|, and part (ii) is [SS91, §3, Proposition 6, (iii)]. For part
(iii), we adapt the argument of [SS91, §3, Proposition 6, (i)]. Given a field F' as in axiom (3), by
the universal coefficient theorem we have, for each n € N, a natural exact sequence in Mod%?nd

0 — Ext' (H (Y, 2), F) — H;(Y"Y, F) — Hom(H (Y™™, 2), F) — 0. (3.8)

We recall that H’ (Y.(n’k), Z) is a finite module in Mod$™, in particular Hj(Y.(n’k),Z) ®z Fis a
finite-dimensional condensed F-vector space, for all j > 0. We deduce that the left term of (3.8)
vanishes, and thus we have an isomorphism

H;(Y\"™ | F) = Hom(H’ (V"M 7), F). (3.9)

Then, recalling Remark 3.8, applying the functor — @ A to (3.9), and passing to the inverse limit
over n € N, we have

. N ~ . ; o

lim H; (vS""), A) = Hom(lim B/ (v\"", z), A) (3.10)

n

where we used that Hom(Hj(Y.(n’k),Z), F)or A= Hom(Hj(Y.(n’k),Z),A), which can be checked
taking a finite presentation of the module H7 (Y.(n’k),Z) in Mod%’nd. Now, for all j > 0, we have
lim | HI (Y.(”’k), Z) = Hj(]Y.(k)], Z) (see the proof of [SS91, §3, Lemma 2]), therefore, the statement
of part (iii) follows from (3.10) and part (i). O

Now, we come back to the spectral sequence (3.7). In view of Lemma 3.9, it can we rewritten as

gt~ [ Bom((T|2), 4) itief224n22, je {0t — 11\ _ gyl g
0 otherwise
We note that on the second page of the spectral sequence above there are no differentials between
the non-zero terms E,”" with j = i/2 — 1. In conclusion, this spectral sequence degenerates and
computes H!(P%,H4%). Then, Theorem 3.7 follows from the exact sequence (3.3) (see [SS91, §3,

Lemma 7| for the details); the G-equivariance of the isomorphism in the statement is a consequence
of the remarks after [SS91, §3, Theorem 1]. O

3.4. Generalized Steinberg representations. As we will recall, it is possible to give a clearer
representation-theoretic interpretation to the result of Theorem 3.7. In fact, the cohomology of the
geometric realization of the topological Tits buildings of GLg441(K) is related with a generalization
of the Steinberg representations. See also [CDN20b, §5.2].

Notation 3.10. Let d > 1 be an integer, and G = GLg1(K). Let e,... e}, be the canonical

basis of (K9t1)*. Let A := {1,...,d} and I C A a subset. We denote by P; the corresponding
parabolic subgroup of G, i.e. the stabilizer in G of the flag 77 defined by W; € --- C W;, € W;,,
where A\ I ={ig <--- <i,} and W;, := Z?;lkﬂ Ke}. Moreover, we denote X1 := G/P.
Definition 3.11. Let M be an abelian group, and let I C A. The locally constant special repre-
sentations of G (associated to I) with coefficients in M are defined by

LC(X , M)
> jeavt LO(X oy, M)

where LC(—, M) denotes the locally constant functions with values in M.

Spr(M) :=
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For 0 < i < d, we denote
Sp;(M) := Sp{l,...,d—i}(M)
and for i > d, we set Sp;(M) = 0.

Remark 3.12. We have that Sp;(M) is a smooth G-module. Moreover, we observe that there is a
natural isomorphism Sp;(M) = Sp;(Z) @z M.

Remark 3.13. For I = (), we have that Sp;(M) is the locally constant Steinberg representation of
G with coefficients in M.

Proposition 3.14. For all 1 < i < d, we have a natural isomorphism
HH(T3,2) = Spy(2)
where H denotes the reduced cohomology.
Proof. See [SS91, §4, Lemma 1] and [CDN20b, Proposition 5.6]. O

Theorem 3.15. Let K be a finite extension of Q,. Let A be a condensed ring, and let H® :
RigSm;, — Modffnd be a cohomology theory that satisfies the axioms of Schneider—Stuhler (3.4).
Then, for all i > 0, there exists a natural isomorphism of G-modules in Modffnd

H'(HY) = Hom(Sp;(Z), A)
where Sp;(Z) is regarded as a discrete condensed abelian group.
Proof. This is a consequence of Theorem 3.7 combined with Proposition 3.14. O

Remark 3.16. In the case A = F' is a non-archimedean local field, we can describe in classical
topological terms the internal dual Hom(Sp;(Z), F) that appears in Theorem 3.15 (here, we maintain
Notation 3.10).

First, we observe that we can endow Sp;(F) with a natural structure of topological F-vector
space (see also [CDN20b, §5.2.2]). In fact, the quotient space X; = G/Pr is a profinite set; more
precisely, we can write X; = liinn Xp,1 as a countable inverse limit of finite sets X, 7, along surjective
transition maps. Since each LC(X,, j, F') is a finite-dimensional F-vector space, it has a natural
topology coming from the topology on F. We equip LC(X;, F) = lim | LC(X,, 1, F) with the
direct limit topology,”’ and Sp;(F) with the induced quotient topology. Note that we can write
Sp;(F) = hLQn V., as a countable direct limit of finite-dimensional topological F-vector spaces V,,
along (closed) immersions; then, by Example A.36, we have Sp;(F') = lim V;,. We deduce that the
internal dual Hom(Sp;(Z), F') identifies with

Homp (Sp; (F), F) = lim Homp (Vy, F) = lim Homeont, 7 (Vi F) = Homeont, 7 (Spr(F), F)

n n

where the dual space Sp;(F)* := Homeont, 7 (Sp7(F'), F') is endowed with the weak topology. We
observe that Sp;(F')* is an F-Fréchet space, being a countable inverse limit of finite-dimensional
topological F-vector spaces.

31Recall that, given {W,} a countable direct system of locally compact Hausdorff topological K-vector spaces,
whose transitions maps are immersions, then, the F-vector space hi>nn W, endowed with the direct limit topology,
is a topological F-vector space (see e.g. [HSTHO1, Theorem 4.1]).
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4. PRO-ETALE PERIOD SHEAVES

In this section, first we recall definitions and basic results on the pro-étale period sheaves, and
we check that the condensed pro-étale cohomology groups (Definition 2.7) of the period sheaves are
compatible with the “standard topology” on the relative period rings. Then, in §4.2, we study, in
the condensed setting, a Cartan—Leray type spectral sequence for the cohomology of such pro-étale
sheaves. Lastly, in §4.3, via the relative Fargues—Fontaine curves, we provide a geometric proof of
the relative fundamental exact sequences of p-adic Hodge theory.

4.1. Preliminaries. We start with the following definition.

Definition 4.1. Let X be an analytic adic space over Spa(Z,, Zp).32 We define the integral proét-
structure sheaf O} and the proét-structure sheaf Ox as the sheaves on X,¢; satisfying respectively

Ox(Y) = Of,(Y%),  Ox(Y):= Oys(YY)
for all perfectoid spaces Y € X041

We note that, thanks to [Sch21, Theorem 8.7], @} and O x are indeed sheaves.
Remark 4.2 (Comparison with [Sch13b]). Let X be an analytic adic space over Spa(Qy,Z,) that
is either locally noetherian or perfectoid. Let v : X046t — X¢ be the natural morphism of sites.
As in [Sch13b], one can define the following sheaves on Xpo4: the sheaves (’)} = 1/*(’)}2t and

Ox = v*Ox,,, the completed integral structure sheaf (;)\;r( = mn O;/p”, and the completed structure

sheaf Ox = @}[1 /p]. Under the current assumptions on X, thanks to [MW20, Lemma 2.7], the
latter two sheaves can be respectively identified with the ones of Definition 4.1.

Following Scholze, [Sch13b, §6], we are ready to define the de Rham pro-étale period sheaves,
that are the sheaf-theoretic version of the classical de Rham period rings of Fontaine.

Definition 4.3. Let X be an analytic adic space over Spa(Qp,Z,). The following are defined to be
sheaves on X4t

(i) The tilted integral proét-structure sheaf (/9\32“ = liﬂltp (/’)\} /p, where the inverse limit is taken
along the Frobenius map .
(ii) The sheaves A = W(Og;r) and Biyr = Aje[1/p]. We have a morphism of pro-étale sheaves
0 : Ajr — (’)} that extends to 6 : By, — Ox.
(iii) We define the positive de Rham sheaf Bl = lim Bing/ (ker )", with filtration given by
Fil" BY; = (ker 6)"BZ;.
(iv) Let ¢ be a generator of Fil' BJ;.** We define the de Rham sheaf Bar = B [1/], with filtration
Fil' Bar = ez tIFiI" B,
Now, we recall the definition of the pro-étale sheaf-theoretic version of the ring B introduced by

Fargues and Fontaine in their work on the fundamental curve of p-adic Hodge theory, [FF18, §1.6].
See also [LLB18a, §8].

In the following, we denote by v(—) the valuation on O, defined as follows: for x € Opy, we
define v(z) as the p-adic valuation of 2 € O¢

32We remind the reader that all the analytic adic spaces are assumed to be s-small (see §1.6).
33Such a generator exists locally on Xproet, it is a non-zero-divisor and unique up to unit, by [Sch13b, Lemma 6.3].
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Definition 4.4. Let X an analytic adic space over Spa(C,O¢). Let I = [s,7] be an interval of
(0, 00) with rational endpoints, and let «, 8 € O, with valuation v(«) = 1/r and v(5) = 1/s. We
define the following sheaves on Xpq¢t

Aing,1 = At [[]Oa’ [?] , A =lim Ay /p", B = Af[l/p].
Moreover, we define the sheaf on Xq¢t
B= lim B;
P—
1C(0,00)

where I runs over all the compact intervals of (0, c0) with rational endpoints.

Remark 4.5. Let I = [s,r] be an interval of (0, 00) with rational endpoints. The Frobenius ¢ on
A induces an isomorphism

@218[:>181/p

where I/p := [s/p,r/p] (cf. [FF18, §1.6]). In particular, the Frobenius ¢ extends to an automor-
phism of B.

Next, we recall that, on the affinoid perfectoid spaces over Spa(C, O¢), the period sheaves defined
above are given by the expected relative period rings.

Let (R, Rt) be an affinoid perfectoid algebra over (C, O¢), and let (R, R°*) be its tilt.>* We de-
fine Ajpr(R, RT) = W(R’) endowed with the inverse limit topology, Bins(R, RT) = Aue(R, RT)[1/p]
with the direct limit topology, and B (R, RT) = im _ Bine(R, R")/(ker )" with the inverse
limit topology. Given & € Ay = Aie(C,O¢) a generator of the kernel of 8 : Apy — Oc,” we
set Bqr(R, R") = Bl (R, RT)[1/¢] and endow it with the direct limit topology. Moreover, for
I C (0,00) a compact interval with rational endpoints, in a similar fashion we define Ay, (R, RT),
Ar(R,RT), By(R,R"), B(R,R") and endow them with the topologies induced by the one on
Ainf(Rv RJr)

Remark 4.6. Recall that the topology defined above gives to IBSIR(R, R™) astructure of Q)-Fréchet al-
gebra. Moreover, for I C (0, 00) a compact interval with rational endpoints, we have that B; (R, RT)
is a Q,-Banach algebra, and B(R, RT) is a Q,-Fréchet algebra (see [FF18, §1.6]).

Proposition 4.7. Let Z = Spa(R, R") be an affinoid perfectoid space over Spa(C,O¢).

(i) We have @\}(Z) = R* and @bZJr(Z) = R**. Moreover, H ost(Z, (5";) (resp. H! o5 (Z, (5}))
is almost zero, for all i > 0, with respect to the almost setting defined by the ring Oc (resp.
Ocv ) and its ideal of topologically nilpotent elements.

(ii) For A € {Ais, Aint1, A1}, we have A(Z) = A(R,R"), and H'

proét(Z: A) 1s almost zero, for
all i > 0, with respect to the almost setting defined by the ring Ams and its ideal ([p"]/P" )p>1.
(iii) For B € {B}s,Bar,Br,B,B;[1/t],B[1/t]} we have B(Z) = B(R,R"), and H (Z,B) van-

proét
ishes for all ¢ > 0.

34Here, R™ is endowed with the p-adic topology, and R*t = liLanxp R™ with the induced inverse limit topology.

35We recall that such an element ¢ generates also the kernel of 6 : Ains(R, RY) — R and it is a non-zero-divisor
in Aine(R, R") (see [Sch13b, Lemma 6.3]).



24 GUIDO BOSCO

Proof. Part (i) is [Sch13b, Lemma 4.10, Lemma 5.10| (see also [Sch21, Proposition 8.8] for a more
general statement). The other statements are a corollary. The statement for A = Ay and B €
{IB%:{R,IB%dR} is proven in [Sch13b, Theorem 6.5]. The statement for A € {Ai ¢, A7} and B = By
follows from (the proof of) [LB18a, Proposition 8.3]. In order to deduce the statement for B = B,
we reduce to the previous case, using [Sch13b, Lemma 3.18]|, together with Lemma 4.8 below. The
statement for B € {B[1/t], B[1/t]} follows from the latter two cases using that | Z| is quasi-compact
and quasi-separated. ]

We used the following lemma.

Lemma 4.8 ([LB18b, Lemma 3.5|). Let Z = Spa(R,R") be an affinoid perfectoid space over
Spa(C, O¢). Then, for all j > 0, we have
R/ limB(Z) =0
I
where I runs over all the compact intervals of (0,00) with rational endpoints.

Proof. For any compact intervals I C J C (0,00) with rational endpoints, the natural map
By(R",R) — B;(R", R) is a morphism of Q,-Banach spaces with dense image. Then, the state-
ment follows from the topological Mittag-Leffler lemma [Gro61, Remarques 13.2.4] applied to the
countable inverse system {B;(R", R)};. O

Therefore, given X an analytic adic space over Spa(C, O¢) and F any of the sheaves on X4t
of Proposition 4.7, denoting by B the basis of X.¢ consisting of the affinoid perfectoid spaces
U € Xproét, one has that the values of F on B have a natural structure of topological abelian
groups. Hence, following Remark 2.12, we associate to F a sheaf F on X, with values in
CondAb such that, for U € B, we have F(U) = F(U).*® The following result shows that the

condensed cohomology groups H! . (X, F) agree with the ones of Definition 2.7.

proét
Corollary 4.9 ([Sch13b, Corollary 6.6]). Let X be an analytic adic space over Spa(C,O¢). Let F
be any of the pro-étale sheaves on X of Proposition 4.7. For any U € X6 affinoid perfectoid, and
S profinite set, we have

F(U x 8) =€°(S, F(U)).
In particular, for all i > 0, we have

Hém(X7‘F) - HIZ')roét(Xv £) (41)
as condensed abelian groups.®’
Proof. We note that for any profinite set S = @12 S; written as a cofiltered limit of finite sets .S,
and any discrete topological space T', we have

€°(S,T) = lim€°(S;, T)

(see e.g. [IMW20, Lemma 3.16]). We deduce that, for any n > 1, we have
O™ (U x 8)/p" =€°(S,07(U)/p").
Then, the statement follows from Proposition 4.7 with the help of Lemma A.35. O

36More precisely, Remark 2.12 applies to the big pro-étale site, [Sch21, Definition 8.1, (i)].
37In the case F = B of Proposition 4.7(iii), we have that 4.1 also holds as condensed Q,-vector spaces.
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Example 4.10. By Corollary 4.9, the pro-étale period sheaf B on Spa(C, Oc¢)prost agrees with the
condensed Qp-algebra B, where B = B(C,O¢) is Fargues-Fontaine’s period ring regarded as a
Qp-Fréchet algebra.

4.2. Cartan—Leray spectral sequence. In this subsection, using the solid formalism and the
results of Appendix B on condensed group cohomology, we show that for the pro-étale cohomology
groups of the period sheaves we have a Cartan—Leray spectral sequence.

We start with the following definition.

Definition 4.11. Let G be a profinite group. We say that a map f : X — X of analytic adic spaces
over Zy is a pro-étale G-torsor if the associated map of diamonds f ¢ is endowed with an action of
G on X© over X© such that quasi-pro-étale locally on X< there is a G-equivariant isomorphism of
diamonds X9 = X¢ x G.?% In this case, we call G the Galois group of f.

Proposition 4.12. Let G be a profinite group. Let X—>Xbea pro-étale G-torsor of analytic adic
spaces over Spa(C, O¢). Let F be any of the period sheaves on Xprosr of Proposition 4.7. Then, we
have a Cartan—Leray spectral sequence

By = Hl (G H, (X, F) = H'J (X, F).

proét proét

In particular, zf)N( is affinoid perfectoid and F is any of the period sheaves of Proposition 4.7(iii),
we have an isomorphism in D(CondAb)

er(GwF()?)) = RFPM(Xa -7:)~
Proof. Consider the Cech—to—cohomology spectral sequence

By = H? (X0, F) = H_ % (X, F) (4.2)
where, for i > 1, )N(Z denotes the i-fold fibre product of X over X. We note that )2@ ~ X x Gi!
regarded as diamonds. '

We claim that for any analytic adic space Y over Spa(C, O¢) and any profinite set S (like G*~1),
we have a natural isomorphism in D(CondAb)

RFpLét(Y X S, ]:) ~ R@(Z[S],RFPL&(Y, .7'—)) (4.3)

We note that RI' 04 (Y, F) € D(Solid): in fact, using (4.1), it suffices to observe that the sheaf F
takes values in Solid, and to recall that the subcategory Solid C CondAb is stable under all limits
and colimits. Then, by [CS19, Corollary 6.1, (iv)], we have a natural isomorphism in D(CondAb)

RHom(Z[S]®, RT proi (Y, F)) = RHom(Z[S], RT proct (Y, F)). (4.4)

Now, assuming first Y qecgs, by [Sch21, Lemma 7.18] we can pick a simplicial proét-hypercover
Ue. — Y such that all U, are strictly totally disconnected perfectoid spaces. By pro-étale descent
we have

RFPLét(K f) R lim RFproet(Un,F)

[n]eA

38Here, G is regarded as a pro-étale sheaf on Perf, via the functor sending a perfectoid space Z to the continuous
functions €°(|Z|, G).
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where A denotes the simplicial category. Hence, using that RHom(Z[S], —) commutes with derived
limits, we can reduce to showing (4.3) with Y a strictly totally disconnected perfectoid space over
Spa(C, O¢). In the latter case, we have the following natural identifications

RTproet (Y x S, F) = F(Y x S) = €°(S, F(Y)) = Hom(Z[S], F(Y)). (4.5)

Here, for the first identification in (4.5) we used Corollary 4.9 and the fact that, for any profinite
set S’ we have ngoét(y x S' F) =0 for all i > 0: to show this, using the same reduction steps
in the proof of Proposition 4.7 and the references therein, together with [MW20, Proposition 2.13]
and [Zav22, Lemma C.3.6], we can reduce to checking that HZ (Y x S',O%/p) = 0 for all i > 0,
which holds true observing that Y x S’ is a strictly totally disconnected perfectoid space (see e.g.
[Sch21, Lemma 7.19]) in particular any of its étale covers splits; for the latter identification in (4.5)
we used that, for any profinite set S’, €°(S", €°(S, F(Y))) =2 €°(S' xS, F(Y)). Then, in the case Y’
is a strictly totally disconnected perfectoid space over Spa(C,O¢), (4.3) holds true observing that,
by the isomorphism (4.4), using that Z[S]" is an internally projective object in Solid (Proposition
A.12), the right-hand side of (4.3) identifies with Hom(Z[S]", F(Y)) = Hom(Z[S], F(Y)).

Combining (4.3) and (4.4), and using again that, for any profinite set S, Z[S]|"
projective object in Solid, we have that

is an internally

H (X, F) = Hom(Z[G' '), H] o (X, F)).
Then, the statement follows from the spectral sequence (4.2) and Proposition B.2(i). O

4.3. Relative fundamental exact sequences via the Fargues—Fontaine curve. In this sub-
section, we state the relative fundamental exact sequences of rational p-adic Hodge theory, and we
provide a geometric proof via the relative Fargues—Fontaine curves.

Notation 4.13. Let S = Spa(R, R") be an affinoid perfectoid space over F,. We denote
Yer,s := Spa(W(RY), W(R")) \ V(plp))-

We recall that Ypp g defines an analytic adic space over Q,, |[F'S21, Proposition II.1.1]. The p-
th power Frobenius on R' induces an automorphism ¢ of Ypp g whose action is free and totally
discontinuous, [F'S21, Proposition I1.1.16]. The Fargues—Fontaine curve relative to S (and Q) will
be denoted by

FFs := Yp.5/¢". (4.6)
For S an affinoid perfectoid space over F),, and I = [s,r] C (0, 00) an interval with rational endpoints,
we define the open subset

Yers, = {lpl” < |[p’]l < Ip|*} C Yers. (4.7)

We note that Ypp g7 is an affinoid space, as it is a rational open subset of Spa(W (R*1), W(R™)).
We denote by Bun(FFg) the category of vector bundles on FFg. Let Q, := W (F,)[1/p], and let
o be the automorphism of @p induced by the p-th power Frobenius on Fp. We denote by Isoch

the category of isocrystals over Fp, i.e. the category of pairs (V,¢) with V a finite-dimensional
Qp-vector space and ¢ a o-semilinear automorphism of V. Recall that we have a natural exact
®-functor

Isocg — Bun(FFg), (V,p)— EV, ).
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For n € Z, we denote Opp(n) := £(Qp, p~"0).

We fix a compatible system (1,ep,€,2,...) of p-th power roots of unity in O¢, which defines an

element € € O"C. We denote by [g] € Ainf = Ajns(C, O¢) its Teichmiiller lift, and ¢ = log[e] € B =
B(C,Oc).

The following lemma will be repeatedly used in the sequel.

Lemma 4.14. Let S* be an affinoid perfectoid space over Spa(C,Oc¢), and let S = (S)¢. Let
I =Is,r] C (0,00) be an interval with rational endpoints. Then, we have

Br(5%) = O(Yrrsp),  B(SF) = O(Ypr,s).
Proof. The statement follows from Proposition 4.7(iii). O
Proposition 4.15. Let S be an affinoid perfectoid space over F, with an untilt St over C. We

denote g : St < FFg the natural closed immersion. For i > 1, we have a short exact sequence of
sheaves on FFg

0 — OFpg 5 Oprg (i) — vz, (B (5%)/ Fil') — 0 (4.8)
where Fil' BT, (S%) = 'BX; (S%).
Proof. For i = 1, the exact sequence (4.8) follows from [FS21, Proposition I1.2.3|. The general case

follows by induction on i > 1, considering the following commutative diagram (cf. the proof of
[Col02, Proposition 8.22]):

0 —— Orry —2— Oppg(i) —— tgr, (Bir(SH)/Fil') —— 0

-t -1

~ v

0 —— Oprs — Oppg(i+ 1) —— 10, (Bl (S%)/Fil'*Y) —— 0

hg

15t (O(S%) —— 151, (BlR(5%)/ Fil'")

2
<

o <
o

0

The following fundamental exact sequences summarize the relevant relations between the various
rational period sheaves.

Proposition 4.16. Let X an analytic adic space over Spa(C,O¢). Let i > 0 be an integer. We
have the following exact sequences of sheaves on Xprogt

0B B2 LB 0 (4.9)



28 GUIDO BOSCO

0 — Qp(i) — B* — B,/ Fil' B}, — 0. (4.10)

Proof. By Lemma 2.3(i) it suffices to prove the stated exact sequences over S for any S € Xprost
w-contractible affinoid perfectoid space. In the following, we fix such an S.

For the exact sequence (4.9), we consider the vector bundle Oppg (i) over the Fargues-Fontaine
curve FFg. We have

. i1
RI(FFg, Orrg (i) = [HO(YFRSv OYFF,S) R HO(YFF,Sv OYFF,S)]' (4.11)

Then, we want to show that H'(FFg, Opp4(i)) = 0. For i > 0, this is [FS21, Proposition 11.2.5(i)].
For i = 0, by [FS21, Proposition 11.2.5(ii)|, we have an isomorphism

RT 06t (S, Qp) = RT(FFg, Opry) (4.12)
and, using Lemma 2.3(ii), we have
le)roét(sa @P) =0 (413)
as desired.

Next, we show the exact sequence (4.10). The case ¢ = 0 follows recalling that by (4.11) we
have H*(FFg, Oppg) = HO(YFF,S,OYFF’S)‘PZI. In the case i > 1, we use Proposition 4.15: taking
cohomology of the short exact sequence (4.8) of sheaves on FFg, and using again (4.12) combined
with (4.13), we obtain the desired statement. O

Remark 4.17. By [LB18a, Proposition 7.8] the vanishing (4.13) also holds true for S = Spa(R, R°)®
for any sympathetic C-algebra R.

Corollary 4.18. Let X be an analytic adic space over Spa(C,O¢). We have the following exact
sequences of sheaves on Xprost

0— B. — B[1/1] %> B[1/t] — 0 (4.14)

0— Q, —B. — Bar/Blz — 0 (4.15)
where B, := B[1/t]*=1.

Proof. For i > 0, multiplying (locally) by ¢~ the exact sequence (4.10), we obtain the exact sequence
0—Qp— (t'B)¥~' — Fil " Bar/Blz — 0 (4.16)
where we used that ¢(t) = pt. Then, the exact sequence (4.15) follows taking the filtered colimit
over ¢ > 0 of the exact sequences (4.16). Similarly, for ¢ > 0, from the exact sequence (4.9), we

obtain the exact sequence
0— (t7'B)*~! - ¢t7'B B — 0 (4.17)
and (4.14) follows taking the filtered colimit over ¢ > 0 of (4.17). O

Remark 4.19. Let us keep the hypotheses of Proposition 4.16. Then, proceeding as in the proof of
(4.9), using the presentation of the Fargues-Fontaine curves FFg as the quotient of Ypp S,[1,p] Via
the identification ¢ : Ypp g1,1] & YFF,s,[p,p), We also have the following exact sequence of sheaves on
X

proét

0—BEE — By L By — 0. (4.18)
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Using such presentation of the Fargues—Fontaine curves, we can similarly deduce exact sequences
of sheaves analogous to (4.10), (4.14), and (4.15).

5. SOLID BASE CHANGE FOR COHERENT COHOMOLOGY

In this section, for X a rigid-analytic variety over K, we endow the cohomology groups of a
coherent Ox-module over X with a structure of condensed K-vector space. Then, in the category of
condensed K-vector spaces, we prove a base change result for the coherent cohomology of connected,
paracompact, rigid-analytic varieties defined over K.

Following §1.6, all of our rigid-analytic varieties will be assumed to be x-small. Moreover, we
introduce the following convention and notation.

Convention 5.1. All rigid-analytic varieties will be assumed to be quasi-separated.

Notation 5.2. We denote by Mod‘j?“d the category of k-condensed K-vector spaces, and by
Mod32lid  Mod$2"? the symmetric monoidal subcategory of s-solid K-vector spaces, endowed
with the tensor product @% (and often the prefix “x” is tacit). See §A.3 and Proposition A.29.%

5.1. Coherent cohomology in the condensed world. In the following, for a rigid-analytic
variety X over K, we denote by X,, its analytic site, and by Xy its étale site.

As we will need to compute coherent cohomology both on the analytic site and the étale site, we
start by recalling the following definition.

Definition 5.3. Let X be a rigid-analytic variety defined over K, and let F be a coherent Ox-
module over X. We denote by F¢; the associated Ox,,-module over X, given by sending an affinoid
étale f: U — X to the sections I'(U, f*F @0, Ov).

By [dJvdP96, Proposition 3.2.2|, Fg is indeed a sheaf on X.

Remark 5.4. In the situation of Definition 5.3, both F and Fg are naturally sheaves of topological
K-vector spaces. More precisely, the values of F (resp. Fg) on an admissible open affinoid U C X
(resp. on an affinoid étale U — X) have a natural structure of K-Banach space: in fact, F(U) is a
finite module over the K-Banach algebra Oy (U).

Then, following §2.2, we now study the coherent cohomology of rigid-analytic varieties from the
point of view of condensed mathematics.

Definition 5.5. Let X be a rigid-analytic variety defined over K. Let F,, be a coherent Ox, -
module over X,,, and let F¢ denote the associated Ox,,-module over X¢;. Let 7 € {an, ét}, and
let B?ff denote the basis for the site X, consisting of all U € X, which are affinoid.

(i) We denote by F; the presheaf on X, with values in Mod$2"?, extending the presheaf

(B2)°P — Mode™ : U — F.(U).

39Gee also Remark A.1 and Remark A.10 on set-theoretic bounds.
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(ii) Given A € Mods2i? flat,” we denote by Fr ®Y A the presheaf on X, with values in Mod§end,
extending the following presheaf*!

(B&Y°P — Mod$e™ : U — Fp (U) @% A.

The next result shows that the presheaves defined above are indeed sheaves, and translates in
our setting some classical results on coherent cohomology.

Lemma 5.6. Let X be a rigid-analytic variety defined over K. Let F,n be a coherent Ox, -module
over Xan, and let Fg, denote the associated Oy, -module over Xg;.
(i) The presheaf Fr is a sheaf on X, with values in Mod$2M . Moreover, if X is an affinoid space,
then we have that H.(X,F;) =0 for all i > 0.
(ii) For A € Mod2d flat, the presheaf Fr@% A is a sheaf on X, with values in Mod 2. Moreover,
if X is an affinoid space, then we have that Hi(X,&@% A) =0 for alli > 0.
Proof. First, we recall that, by Proposition A.31 (combined with Remark A.62), for any K-Banach
space V, we have V € Modﬁ?hd. Then, from Remark 5.4 we deduce that 7, and F; @Y% A take
values in Mod52", since the abelian subcategory Mod2i ¢ Mod$e™ is stable under all limits and
colimits, Proposition A.5(i).
For part (i), it suffices to show the exactness of the Cech complex

0= F(U) = [[ W) — [] 7 Ui xuUj) — -+ (5.1)
i€l i,j€1

for any U € B and U = {U; — U}icr a finite covering of U in Bf. By Tate’s acyclicity theorem,
and [dJvdP96, Proposition 3.2.5], the Cech cohomology H'(U, F,) vanishes for all i > 0. Therefore,
recalling Remark 5.4, the statement follows from Lemma A.33.

For part (ii), we observe that, since A is a flat solid K-vector space, the complex (5.1) remains
acyclic after applying the functor — ®% A (and then we use that — ®% A commutes with finite
products). O

Remark 5.7. We keep the notation of Definition 5.5.

(i) By Remark 2.12, for all i > 0, we have H:(X, F;)(x) = HL(X,F;) as K-vector spaces, and
the condensed cohomology group H:(X,F;) does not depend on our choice of the cardinal
(here, we use Remark A.62, and the fact that X is assumed to be k-small).

(ii) We note that the sheaf cohomology complex RI';(X,F;) € D(Mod$2™?) lies in D(Mod32id).
Equivalently, by Proposition A.5(i), HL(X,F;) lies in Mod32id for all . This is true by
Verdier’s hypercovering theorem, recalling that the subcategory Modﬁghd C Modﬁ?nd is stable
under all limits and colimits.

(iii) Let A be a solid K-algebra. By Proposition A.29 (and Remark A.10), we can endow the

condensed ring A with an analytic ring structure (A, Z)a such that Modid .= Moda?%). is

the category of A-modules in Modﬁ?hd. Then, assuming that A is flat as a solid K-vector
space, the argument of point (ii) shows that, since the sheaf F; ®@¥% A (recall Lemma 5.6(ii))
has values in Mod%", the complex RI'(X,F, @% A) € D(Mod$2") lies in D(Mods!d).

408ee Definition A.15.
4“IWe warn the reader that it might not be true, in general, that for all V € X, we have (F, @% A)(V) =
Fr (V) ®% A, since the tensor product ®% does not commute with all limits.
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The present remark also holds replacing F with a bounded below complex of such sheaves on X.

In the condensed setting, we also have a version of Kiehl’s acyclicity theorem for Stein spaces.
First, let us recall the following definition.

Definition 5.8. A rigid-analytic variety X over K is called a Stein space if it has an increasing
admissible affinoid covering {U;} en such that U; € Uj4q, i.e. the inclusion U; C Ujy factors over
the adic compactification of Uj, for every j € N. We call {U;} en a Stein covering of X.

Lemma 5.9. Let X be a Stein space over K, and let F be a coherent Ox-module over X. Then,
HY(X,F)=0 for alli> 0.

Proof. By Lemma 5.6(i), choosing a countable admissible affinoid covering U of X, we have that
HY(X,F)= H'U,F). Then, the statement follows from Kiehl’s acyclicity theorem, [Kie67b, Satz
2.4],* and Lemma A.33 (recalling that a countable product of K-Fréchet spaces is a K-Fréchet
space). O

Next, we give some examples by defining a structure of condensed K-vector space on the de
Rham cohomology groups.
Let X be a smooth rigid-analytic variety over K. Denote by Q% the de Rham complex of X,
given by
Definition 5.10. We define the complex of D(Mod$2"d)
RIUgr(X) := RI'(X, Q%)
whose i-th cohomology, for i > 0, is the condensed de Rham cohomology group H(LR(X).

Now, we want to compare the definition above with some other natural ways of putting a structure
of topological K-vector space on the de Rham cohomology groups. Let us start observing that if
H}r(X) is a finite-dimensional K-vector space, then it has a natural topology coming from the
topology on K.

Lemma 5.11. Let X be a smooth proper rigid-analytic variety. Then, for all i > 0, we have
Hig(X) = Hin(X).

Proof. Since H'y(X) is a finite-dimensional K-vector space, [Kie67a], and any K-linear map be-
tween finite-dimensional K-vector spaces is continuous, we have that it is isomorphic, as a topological
K-vector space, to the Cech hypercohomology H* (U, Q%) of a finite admissible affinoid covering U of
X, endowed with the natural quotient topology. By Lemma 5.6(i), we have Hip (X) = H'(U, Q%) =

H (U, 2% ), where in the last step we used Lemma A .33. O

Remark 5.12. If X is a smooth Stein space, then the global sections Q(X), i > 0, have a natural
structure of K-Fréchet spaces: in fact, given a Stein covering {U;}jen of X, each space Q'(Uj) is
K-Banach, therefore the spaces Q(X) = h&lj. Q'(U;) endowed with the inverse limit topology are K-

Fréchet, and such structure does not depend on the choice of {U;} en. By [GK04, Corollary 3.2|, all

“2Note that loc. cit. is stated for any quasi-Stein space (see [Kie67b, Definition 2.3]), and in particular it holds
for Stein spaces (Definition 5.8).
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the differentials d : Q°~1(X) — Q/(X) have closed image, hence, endowing Q*(X)%=0 C Q¥(X) with
the subspace topology, and H’p (X) = Q'(X )4=0/dQ—1(X) with the induced quotient topology, we
obtain a K-Fréchet space structure on the latter.

Lemma 5.13. Let X be a smooth Stein space over K. Then, for all i > 0, we have
Hip(X) = Q'(X)=0/d" " (X).

Proof. First note that, by definition, for all i > 0, we have Q% (X) = limyy ¢ gasr QUU) = Q1(X), with
the structure of K-Fréchet space on Q(X) as in Remark 5.12.

Then, by Lemma 5.9, we have that Hig(X) = Qi(X)d:O/infl(X) and the statement follows
from Lemma A.33.%3 - S O

Remark 5.14. Let X be a smooth affinoid over K. Then, by Lemma 5.6(i), for all @ > 0, we have
that Héj(X) = Qi(X)dZO/infl(X). But, in general, Héj(X) # QH(X)?=0/dQi=1(X): in fact,
the subspace dQ"1(X) C Q/(X)?Y can be non-closed,** and then we can refer to Example A.34.

Indeed, the quotient topology on the de Rham cohomology groups is not the “correct” one in this
case (cf. Remark 5.22).

5.2. Paracompact rigid-analytic varieties. Before stating and proving the main result of this
section, namely Theorem 5.20, we first need to recall the notion of paracompact rigid-analytic
variety, and give some examples.

Definition 5.15. A (quasi-separated)’’ rigid-analytic variety X over K is paracompact if it admits
an admissible locally finite affinoid covering, i.e. there exists an admissible covering {U;}ier of X
by affinoid subspaces such that for each index ¢ € I the intersection U; N U; is non-empty for at
most finitely many indices j € 1.

Remark 5.16.

(i) A paracompact rigid-analytic variety over K is taut, [Hub96, Definition 5.1.2, Lemma 5.1.3|,
and it is the admissible disjoint union of connected paracompact rigid-analytic varieties of
countable type, i.e. having a countable admissible affinoid covering, [dJvdP96, Lemma 2.5.7].

(ii) Conversely, given X a taut rigid-analytic variety over K that is of countable type, then X is
paracompact. In order to see this, recall that there is an equivalence between the category of
Hausdorff strictly K-analytic Berkovich spaces and the category of taut rigid-analytic varieties
over K, [Hub96, Proposition 8.3.1|, and, under such equivalence, Hausdorff, paracompact’®
strictly K-analytic Berkovich spaces correspond to paracompact rigid-analytic varieties over
K, [Ber93, Theorem 1.6.1]. Now, if X Berk corresponds to X under such equivalence, then
XBerk js a locally compact Hausdorff topological space that is a countable union of compact
subspaces; we deduce that XP¥ is paracompact, and so X is a paracompact rigid-analytic
variety.

43Note that dQ2' 1 (X) = Q' 1(X)/Q1(X)9=° = d*~(X), where in the first step we used Lemma A.33, and in
the second one we used the open mapping theorem for K-Fréchet spaces.

4oy example, let D be the 1-dimensional closed unit disk over Q,, then, one can check that the subspace dO(D)
of Q' (D) is not closed.

45Recall Convention 5.1.

46Here, we mean paracompact as a topological space.
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(iii) Let us also recall that there are examples of (non-taut) separated rigid-analytic varieties over
K of countable type that are not paracompact, [LvdP95, Remarks 4.4].

Remark 5.17. Assume K /Q, finite. Any admissible open of a paracompact rigid-analytic variety X
over K is paracompact. In fact, the Hausdorff strictly K-analytic Berkovich space XB°™* associated
to X is metrizable, hence any of its subspaces is metrizable, in particular paracompact. In order
to see that XB°™* is metrizable, we recall that, since K has a countable dense subfield (namely, the
algebraic closure of the field of rational numbers Q in K), XB¥ is locally metrizable (see [CLOG,
§2]), and a Hausdorff, paracompact, topological space that is locally metrizable is metrizable.*”

Examples 5.18. A lot of interesting rigid-analytic varieties over K are paracompact. Here is a
list of examples: any separated rigid-analytic variety over K of dimension 1, [LvdP95]; the rigid
analytification of a separated scheme of finite type over K, [Bosl4, §8.4, Proposition 7|; a Stein
space over K; an admissible open of a quasi-compact (and quasi-separated) rigid-analytic variety
over K, if K/Q, is finite (by Remark 5.17).

Remark 5.19. Let X be a paracompact rigid-analytic variety over K, and let F a coherent Ox-
module F. If X has finite dimension n, by [dJvdP96, Corollary 2.5.10] and Lemma 5.6(i), we have
that H*(X,F) =0 for all i > n.

5.3. Solid base change. We are ready to state and prove the main result of this section.

Theorem 5.20. Let X be a connected, paracompact, rigid-analytic variety defined over K. Let
F* be a bounded below complex of sheaves of topological K-vector spaces whose terms are coherent
Ox-modules. Let A be a K-Fréchet algebra, regarded as a condensed K-algebra. Then, we have a
natural isomorphism in D(Mod$i?)

RT(X,F*) @™ A S RT(X, F* % A).
Proof. First of all, we note that, by Corollary A.65, A is flat as a solid K-vector space. Moreover,
the natural map RI'(X,F*) — RI'(X, F* @Y% A) induces a morphism

RI(X,F*) @%™ A — RT(X, F* o% A). (5.2)
in D(Mod$2"?). Tn fact, by Remark 5.7(iii), the complex RT'(X, F®* ®@% A) lies in D(Mod!d).

Now, we show that (5.2) is a quasi-isomorphism. We suppose first that X is affinoid, and consider
the hypercohomology spectral sequence
EY = HI(X,F % A) = H(X,F* % A).

By Lemma 5.6(ii), we have that Eij =0 for 7 > 0. Hence, the spectral sequence degenerates and
it gives the quasi-isomorphism

F*(X)®% A~ RI'X, F* % A). (5.3)
Since RI'(X, F*) = F*(X), recalling that A is a flat solid K-vector space, we have that
RT(X,F*) @ A= F*(X) @%" A = F*(X) o% A. (5.4)

Thus, putting together (5.3) and (5.4), we have shown that (5.2) is a quasi-isomorphism for X
affinoid. For X quasi-compact (and quasi-separated), we can reduce to the affinoid case by covering

47 We want to stress the importance of the assumptions on the base field K in this remark: it would not hold for
a base field with uncountable residue field, e.g. Q,((t)), (see [LvdP95, Proposition 4.3] for a counterexample).
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X by a finite number of admissible affinoid subspaces. In general, for X as in the statement,
by Remark 5.16(i), we can choose a quasi-compact admissible covering {U, }nen of X such that
U, C Uny1. By Corollary A.61 and Theorem A.43(i),"® each complex RI'(U,, F®) is representable
by a complex of nuclear K-vector spaces:' in fact, for V € B RI'(V, F®) is representable by a
complex of K-Banach spaces; for U a quasi-compact admissible open of X, which is the colimit of a
finite, full and complete subcategory {V;};er of BT we have that RI'(U, F*) = Rlimz RI'(V;, F°),
and the claim follows from the Bousfield-Kan formula for the derived limits.”” Then, by Corollary

A.67, we have
RT(X, F*) ®* A = Rlim (RT(Uy, F*) ®* A) ~ Rlim RT'(U,,, F* ®% A) = RI(X, F* @% A)
n n
which is what we wanted. (|
Corollary 5.21. Under the hypotheses of Theorem 5.20, we have the isomorphism in Modi?hd
H'(X,F*) @ A= H'(X, F* &% A)
for alli € Z.
Proof. We want to show that, for all i € Z, we have H(R['(X, F*) @4 A) = H' (X, F*) &% A.
Considering the spectral sequence
B} = HY(H'(X, F*) ©§" A) = H™(RD(X, F*) ©}" A).
it suffices to note that H* (X, F*) @%™ A is concentrated in degree 0, recalling that, by Corollary
A.65, A is a flat solid K-vector space. O

Remark 5.22. Let X be a smooth affinoid over K. We note that, taking for example F* = Q% and
A = K, Corollary 5.21 is trivially false, in general, if we work instead in the category of locally
convex K-vector spaces, with the completed projective tensor product @g,”" and put on HQR(X )
its natural locally convex quotient topology. In fact, H éR(X )@ x K is the Hausdorff completion of
Hip(X), by definition of ®, but Hiz(X) can be non-Hausdorff (cf. Remark 5.14).

6. PRO-ETALE COHOMOLOGY OF Bqr AND B

In this section, we study the geometric pro-étale cohomology of Fil"Bgqgr on any connected,
paracompact, smooth rigid-analytic variety defined over K. As a corollary, we also show that the
geometric pro-étale cohomology of Byr satisfies the axioms of Schneider—Stuhler (3.4).

Throughout this section, we maintain the notations and conventions of §4 and §5. In particular,
all rigid-analytic varieties will be assumed to be quasi-separated (Convention 5.1).

e apply Theorem A.43(i) for F' = Q, and A = K, using Corollary A.50.

49For U an admissible open of X we denote RI'(U, F*) := RI(U, F*|v).

50gee [BK72, Chapter XI|, or [CS20a, Appendix to Lecture VIII] for a more recent reference.
51gee Footnote 89 for a reminder about the definition of & K-
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6.1. The comparison with the de Rham cohomology. Let us begin by fixing the notation.

Notation 6.1. We denote B:{R = IB%:;R(C’, Oc¢), and we write Bqr = Bqr(C, O¢) for Fontaine’s field
of p-adic periods, which we equip with the filtration Fil" Bqr = tTB(;“R for r € Z, induced from the
filtration of Definition 4.3(iv). If the context is clear we omit the underscores from the notation of
the associated condensed rings.

Remark 6.2. Note that, by Lemma A.35 (and Example A.36), we have Bgr = h—H>1jeN t_de+R as

condensed K-vector spaces, and each ¢~/ B(;FR is a K-Fréchet space. In particular, we deduce that
Bgr is a quasi-separated condensed K-vector space, being a filtered colimit along injections of
quasi-separated condensed K-vector spaces (Remark A.21), and a flat solid K-vector space, being
a filtered colimit of K-Fréchet spaces (Corollary A.65).

Definition 6.3. Let X be a smooth rigid-analytic variety over K. Given a filtered Ox-module
with integrable connection (£, V,Fil®), [Sch13b, Definition 7.4], we denote by

RS =6 % 0o, Ok % Yewp, 02 Y.
its de Rham complex, which we equip with the filtration given by
Fil" dR = [Fil' € % Fil' ' £ @0, Ok > -+ S Fil'™ ™€ @0, O 5 -]
for r € Z.
(i) We define the complex of D(Modclgnd)
RT4r(X,€) := RT(X,dR%)

whose i-th cohomology, for ¢ > 0, is the condensed de Rham cohomology group H(Z‘LR(X, &) with

coefficients in &.
(ii) We define the complex of D(Modclgnd)

RU4r(Xpyy,E) := RT(X,dRS ®% Bar)
and we endow it with the filtration induced from the tensor product filtration.
Remark 6.4. By Remark 5.7, the complexes RT4r (X, €) and RT4r(Xp,p,E) lie in D(Mod32id).

We will prove the following theorem, which generalizes results of Scholze [Sch13b, Theorem 7.11],
and Le Bras |[LB18a, Proposition 3.17].

Theorem 6.5. Let X be a smooth rigid-analytic variety defined over K. Let . be a de Rham Q-
local system on Xprose, with associated filtered Ox-module with integrable connection (£,V,Fil®).
Denote Mgr = L ®q, Bar-

(i) We have a Yk -equivariant, compatible with filtrations, natural isomorphism in D(Modi?lid)
Rrp&ét(XCU MdR) = RF@(XBdR’ 8)

(ii) Assume that X is connected and paracompact. Then, for each r € Z, we have a Y -equivariant
isomorphism in D(Mod32id)

RT proct (X, Fil" Mar) ~ Fil"(RT4r (X, £) @%* Bar).
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In order to recall the notion of being de Rham for a Qp-local system on X4, we first need to
recall the definition of the pro-étale period sheaf OBgg, following [Sch16] and [DLILZ22, Definition
2.2.10).

In the following, we let X be a smooth analytic adic space over Spa(K, Ok).

Definition 6.6. Let v : X, — X¢ denote the natural morphism of sites. We define the following
sheaves on X o4t

(i) For m > 1, the sheaf of differentials Q' = v*Q¢ .

(i) We define the sheaf (’)IB%(TR as the sheafification of the presheaf that to Z¢ € Xproét, with
Z = Spa(Reo, RL) — X a map, from an affinoid perfectoid space Z, that can be written as
a cofiltered limit of étale maps Spa(R;, R:r) — X, i € I, along a k-small index category I,”
associates the following direct limit

tm i (R B o) s (Bocn BL)[1/p]) /(ker 6"
Here, ® denotes the p-adic completion of the tensor product, and
0+ (B @ (i) Aint (Roo, RL))[1/2] — Roo

is the tensor product of the maps R;r — Rjo and 6 : Ajr(Roo, RL) — RY. We define a
filtration on OB by setting Fil” OB, = (ker 6)"OB;.

(iii) Let ¢ be a generator of Fil! Bis. We define the sheaf OBggr as the completion of the sheaf
OB [1/t] with respect to the filtration defined by Fil" (OBJ;[1/t]) = =, t77 Fil' OB,
and we equip OBgr with the induced filtration.

Remark 6.7. As observed in [DLLZ22, Remark 2.2.11] the definition of OBqg given above corrects
the one of [Sch13b], [Sch16], as the latter is not complete with respect to the filtration.”® The fact
that OBy is complete with respect to its filtration will be crucial in the proof of Corollary 6.12.

Proposition 6.8 ([Sch13b, Theorem 7.6]). The functor from filtered Ox-modules with integrable
connection to BIR—local systems on Xprost

(£,V,Fil*) = Fil’(£ ®0, OBqr)¥ =" (6.1)
is fully faithful.

Definition 6.9. We say that a Qp,-local system L on X4 is de Rham if the IB%:{R—local system
L ®q, IB%ZILR is associated to a filtered module with integrable connection (€, V,Fil®), i.e. it lies in
the essential image of the functor (6.1).

One of the main ingredients that we will use to prove Theorem 6.5 is the following version of the
Poincaré lemma, due to Scholze.

Proposition 6.10 ([Sch13b, Corollary 6.13|, [DLLZ22, Corollary 2.4.2|). Let X be a smooth analytic
adic space over Spa(K, Ok) of dimension n. Then, we have an exact sequence of sheaves on Xprost

0 — Bi, — OBY, % OB, @0, 2% % -+ 2 OB, ®0, 2% — 0

52Recall that the set of all such Z9 € Xproet forms a basis of Xproat (see e.g. [MW20, Lemma 2.6]).
53We thank David Hansen for having brought this point to our attention.
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where V : OIBBIR — OB:{R Qo Q}X 1s the unique IBBIR-Zinear connection extending the differential
d: Ox — Q}X Moreover, we have an exact sequence as above replacing IEB(J{R with Bar and OIB%(J{R
with OBgr, and for r € Z we have compatible exact sequences of sheaves on Xprost

0 — Fil" Byg — Fil” OBgg > Fil' ! OBag ®0, Uk > -+ - Fil' " OBar ®0, V% — 0.
We will also need the following lemma.

Lemma 6.11. Let X = Spa(R, R™) be an affinoid adic space of finite type over Spa(K, Ok) with
an étale map

X — T% :=Spa(K(TE! ... T, O (T, ..., TEY))
that can be written as a composite of of finite étale maps and rational embeddings. Let S € *_progt -

Then, for any j € Z, we have
, , ¢ (S, RokC(j)) ifi=0

H? (X S,gr! OBgr) = ’
proet( c X o,8r dR) {0 ifi>0

where (j) denotes a Tate twist.””

Proof. This is [Sch13b, Proposition 6.16] in the case S = %. For the general case, it suffices to
slightly expand the argument of loc. cit. as follows. By twisting, we can suppose j = 0. Denote by

T = Spa(C(TF 77 ™), O (7L TEPT))

the affinoid perfectoid n-torus over C', and let )Z'C = Xc X1y, N’é = Spa(Roo, RL). We recall that

ﬁ'g — T is a pro-(finite étale) Z,(1)"-cover. Then, since a version of Proposition 4.7 and Corollary
4.9 holds true for the pro-étale sheaf gr’ OBgg, considering the Cartan-Leray spectral sequence
associated to the affinoid perfectoid Zy(1)"-cover X¢ x § — X x S, we have, for i > 0,

H ooo(Xe % S, gt° OBar) 22 Hion (21, g1° OBar (Xc % S)).

proét
We note that Xo xS = Spa(€°(S, Ro), €°(S, RY)). Now, the proof of loc. cit. shows that
H}Z)roét(X(; x S, gt® OBgr) = 0 if 4 > 0, and it is isomorphic to €°(S, R)@xC if i = 0.°” Then, we

obtain the statement observing that €°(S, R)&xC = €°(S, R2xC) (which follows from [PGS10,
Corollary 10.5.4]). O

In the following statement, we will keep using the notations introduced in §2 (in particular, see
Remark 2.15). Moreover, given X a rigid-analytic variety defined over K, F an Ox, -module over
X that is locally free of finite rank, and A a K-algebra such that A is a flat solid K-vector space,’®
in addition to Definition 5.5, by abuse of notation we will also denote by F ®% A the sheaf with
values in Modi?hd C Mod‘j?nd regarded on X¢ 4 via the equivalence of topoi””

Xog = lim Xpo . (6.2)
K'/K finite

548ee Footnote 89 for the definition of completed projective tensor product .

55Here, €°(S, R) is endowed with the sup-norm.

560ur main cases of interest will be A € {t" B /t"Big : —00o <m < n < oo}

57As observed in [LB18a, §3.2], this equivalence follows from Elkik’s approximation theorem, [Elk73]. Compare
with [LZ17, Lemma 2.5].
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Corollary 6.12. Let X be a smooth rigid-analytic variety over K. Let (£,V,Fil®) be a filtered
Ox -module with integrable connection, with associated IB%(J{R—local system

Mjl_R = Fﬂo(g Rox OBdR)VZO

and let Mgr = MZ{R[l/t]. Let us denote by X : Xproet/Xo = Xcprost — X ét,cond the natural
morphism of sites. Then, we have a natural quasi-isomorphism of complexes of sheaves on Xc ¢
with values in Mod$e™ which is compatible with filtrations

(RA\Mgr)Y ~ dR @% Bar (6.3)
where the right-hand side is endowed with the tensor product filtration.

Proof. We may assume that X is connected of dimension n. Then, from Proposition 6.10, we have
an exact sequence of sheaves on X¢ prost = Xproct/Xc

0 — Mar — € ®0y OBar — € ® Ok ®oy OBar — - - £ ® V% ®ox OBgr — 0
which remains exact after taking Fil". In particular, this induces a quasi-isomorphism between
(RA\:Mg4r)Y and the complex”®
PN% := R\, [€ @0y OBar — £ ® QY @0y OBag — -+ — € @ V% @0y OBar]"
which is compatible with the natural filtrations. Now, we construct a natural morphism
dR% ®% Bar — PN (6.4)

of filtered complexes of sheaves on X¢ ¢, which we claim to be a quasi-isomorphism. We note that
it suffices to exhibit a natural morphism Ox ®% Bqr — (AOBgr)Y of sheaves on X¢ ¢ (with values

in Mod%’nd) that is compatible with filtrations. Let S € *,_pro¢r be an extremally disconnected set,
let K'/K be a finite extension with residue field k', and let V' — Xg+ be an étale morphism with
V = Spa(R, R") affinoid. Moreover, let Vo = Spa(Rao, RL) — Vo be a map from an affinoid
perfectoid space, that can be written as a cofiltered limit of étale maps Spa(R;, R;F) — Ve, €1,
along a k-small index category I. We observe that

(Ox ®% Bar)(V)(S) = lim__ (R & 7/ Biy)(S)
=lim_ . ¢°(S, R® it BiR)
=lim ¢°(S,R)®xt I By
= (tim, ., ((€°(S, B @y i) [1/2]) /) [1/4]

where in the first step we used Remark 6.2 together with the fact that the tensor product ®%,
commutes with colimits, in the second one we used that filtered colimits of condensed K-vector
spaces can be computed pointwise on extremally disconnected sets, and Proposition A.G8, and,
finally, in the third step we used [PGS10, Corollary 10.5.4]. Therefore, recalling Definition 6.6, we
deduce that we have a natural map

(Ox &% Bar)(V)(S) — OBar(Ve x )

58PN stands for “Poincaré”.
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since Vo x S = Spa(€°(S, Roo), €°(S, RY)). Then, one checks that the latter map descends to a
natural map with target OBgr (Ve x ), and that it gives the desired morphism of sheaves.

Now, observing that the filtration on both dR§( ®% Bar and PN‘% is exhaustive and complete,” by
[BMS19, Lemma 5.2, (1)] it suffices to show that the natural morphism (6.4) is a quasi-isomorphism
on graded pieces, i.e. that, for all j € Z, the induced morphism

grf (AR ®% Bar) — g1’ PN%

is a quasi-isomorphism. Since the morphism (6.4) is also compatible with respect to the naive
filtration on both sides, it suffices to show that, for any Ox,,-module F over X¢; that is locally free
of finite rank, and for all j € Z, the natural morphism

F &% gr! Bag = RM\(V*F ®0, gr! OBar)" (6.5)
is a quasi-isomorphism of complexes of sheaves on X ¢;. Let us consider the commutative diagram

of morphisms of sites

A s
XCprost — XCét,cond — XCét

.| I

X proét > At

where 7 is the natural projection and €, €’ are the base change morphisms. Let v := e o, then, by
the projection formula, for all j € Z, we have®’

RM(V'F @0y g1/ OBRr) = 0*F @pr0, RA(gr! OBgR).

Now, note that we can check (6.5) locally on X¢¢. Since X is smooth, by [Sch13b, Lemma 5.2,
we can assume that X is affinoid and there exists an étale map X — T’% that can be written as a
composite of finite étale maps and rational embeddings. By Lemma 6.11 and Proposition A.68, we
have, for all j € Z, RA\.(gr! OB4r)Y = Ox @% C(j). By twisting we can assume j = 0, hence, it
remains to show that we have o

(V*F)Y @royy (Ox &% C) = F% C

as sheaves on XQét.Gl For this, we first observe that, by Proposition A.68, we have Ox ®%-C = Ox,,

and F ®% C = Fc. Then, let S € *,_pross be an extremally disconnected set, let K'/K be a finite

extension, let V' — Xk be an étale morphism with V' = Spa(R, R") affinoid, and let M be the

projective module of finite rank over R corresponding to Fr|y (endowed with its natural K’-Banach

space structure). Then,

(V" F) @0y Oxc) (Vo) (S) = lim  (Mr®r, (S, ROK/C)) = €°(S, MEx:C) = (Fc)(Vo)(S)
L/K' finite

59The filtration on dR% ®% Bar is complete since the filtration on Bgr has such property: in fact, in order to

prove the vanishing of the derived limit R lim Fil"(dR% ®% Bar), arguing degreewise ([Sta20, Tag 015E]), we can use
Corollary A.67, recalling that Bggr is ﬁltered by K-Fréchet spaces, which are nuclear K-vector spaces by Corollary
A.64.

GOHere, the sheaf V' F Qo grj OByr is regarded on Xprost/Xc = X prost, hence it should be read as the sheaf
e’ (l/*]‘— Koy gr’ OBdR).

61Note that, by Lemma A.33, for all j € Z, we have C(j) = th:i"R/thBIR = gr’ Byr.
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which is what we wanted. g
Before proving Theorem 6.5, we need another preliminary result (cf. [LZ17, Lemma 3.1]).

Lemma 6.13. Let X be an affinoid space defined over K, and let F be an Ox,, -module over X
that is locally free of finite rank. Then, for A € {thIR t”B('fR i —00 <m < n < oo} regarded in
Mod32d | we have

FX)Q% A ifi=0

H! (Xc, F% A) ={——*
a(Xo, @k A) {0 ifi> 0.

Proof. By twisting, it suffices to prove the statement for A € {Byg, B:{R, B;fR Jt 5> 1},
Let us start from A = BS{R/t = C. By Proposition A.68, we have F ®% C = F¢ as sheaves on
Xcét, and the result simply follows from the acyclicity of F¢ (cf. Lemma 5.6). In order to prove

the statement for A = B('IR Jt/, j > 1, we can proceed by induction on j, using the following exact

sequence®” of sheaves on Xcet

0— E@% C(j) —» E@% (Bip/t'™) — E&k (Bi/t') — 0.
For A = B:{R, observing that B(;FR = liLnjeN B:{R /t/, we deduce the statement from [Sch13b, Lemma
3.18].63 Finally, for A = Bygg, it suffices to recall that Bqr = hi%eN t=J B(]LR and use that, since
| X¢| is quasi-compact and quasi-separated, the cohomology commutes with direct limit of sheaves

on Xc g with values in CondAb. O

Proof of Theorem 6.5. The natural morphism of sites A : X¢ o6t — X 6t,cond factors as

XC,proét Lat XC,proét,cond - XC,ét,cond-
Then, by Lemma 2.17, we have
RT prost (X, Mar) =~ RT progt.cond (X s RpsMar) ~ Rl cond (X, RAMar) = Rl¢(Xc, (RAMar)Y).
Let € : Xcg — Xg be the base change morphism. By Corollary 6.12, Lemma 6.13, and Lemma

5.6(i1), we have a natural quasi-isomorphism which is compatible with filtrations

Rrpm(Xc, MdR) ~ RFét (X, RE*(R)\*MdR>') ~ RFét (X, dR‘;( ®;< BdR) ~ RPan(X, ng( ®;< BdR)-

This finishes the proof of part (i). For part (ii), we assume that X is connected and paracompact.
It remains to show that, for each r € Z, the natural morphism

Fil"(RC4r (X, €) ®%™ Bar) — RT(X, Fil" (AR @% Bar))

is a quasi-isomorphism. This follows from Theorem 5.20, observing that the complex ng( is
bounded (since X has finite dimension), and recalling that Fil/ Byg = t/ B(J{R for j € Z with Bd+R a
K-Fréchet algebra.

Let us make some comments on Theorem 6.5 and deduce some corollaries.

62The exactness of this sequence can be checked using the flatness of K-Banach spaces for the tensor product ®%,
Corollary A.61.

63We note that loc. cit. is stated for sheaves on a site with values in abelian groups, however it holds also for
sheaves with values in CondAb.
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Remark 6.14. Let X be a quasi-compact (and quasi-separated) smooth rigid-analytic variety defined
over K. Retaining the notation of Theorem 6.5, we have the following ¥k -equivariant isomorphism

in D(Mod$ed)

RT proct (X Myr) = c?éil\rln RT ot (X, Fil ™ MyRr)
~ colim Fil ™7/ (RT4r(X, ) @™ Bqr)
VIS 7

= RTgr(X, &) @ Bar
where in the first step we used that | X | is quasi-compact and quasi-separated, in the second one
Theorem 6.5(ii), and in the third step we used that ®%® commutes with colimits, together with the

fact that Mod?{’hd satisfies Grothendieck’s axiom (AB5). In particular, in this case, for all i > 0, we
have a ¥y -equivariant isomorphism in Mod32id

H} o (X, Mar) = Hjg(X,€) ®% Bar. (6.6)

proét

as it follows recalling that, by Remark 6.2, Byg is a flat solid K-vector space (see also the proof of
Corollary 5.21).

Remark 6.15. Let X be a smooth proper rigid-analytic variety over K. For any filtered Ox-module
with integrable connection (£,V,Fil®), by the finiteness of coherent cohomology of proper rigid-
analytic varieties, [Kie67al, the same argument of Lemma 5.11 shows that Hjp (X, &) = Hig(X,E).
Then, in this case, the right-hand side of (6.6) is given by HéR(X ,€) @K Bgr. Hence, the isomor-
phism (6.6) recovers [Sch13b, Theorem 7.11].

Remark 6.16. Let X be a smooth affinoid or Stein space over K. By Theorem 6.5(ii) for &€ = Ox,
recalling that K-Fréchet spaces are flat solid K-vector spaces (Corollary A.65), for i > 0, we have
that

Hiyoer (X0 Bg) = colim; (H'(X, %) & /Bl )

We note that H'(X, Q)Z(]) vanishes for i < j, moreover, H'(X, Q)Z(’) = Qi(X)dZO

5.6 and Lemma 5.9, respectively, we have H*(X, Q?) = Héj(X) for i > j. Therefore, we have the

and, by Lemma

following ¥x-equivariant exact sequence in Modi?hd

(Xo, Bf) — 9(X) " 0% C(=i) 0. (6.7)

0 — Hijg(X) &% t "' Bz — ngoét

In the case when X is a smooth Stein space, by Lemma 5.13, we have that Hip(X) = Hip(X),%

where H(X) is endowed with its natural structure of K-Fréchet space as in Remark 5.12. Then,
by Proposition A.68, the exact sequence (6.7) can be stated in classical topological terms, with the
completed projective tensor product replacing the solid tensor product.

Using Theorem 6.5, one can express the geometric pro-étale cohomology with coefficients in
IB%dR/IB%arR, appearing in the fundamental exact sequence of p-adic Hodge theory (4.15), in terms
of differential forms. In the following special cases, this takes a particularly nice form, which also

64 et us remark that we don’t know whether, in the smooth Stein case and with non-trivial coefficients, the
condensed de Rham cohomology group Hjg (X, £) comes from a topological K-vector space.
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illustrates how, for a smooth rigid-analytic variety X over K, the (non-)degeneration at the first page
of the Hodge-de Rham spectral sequence is reflected in its geometric p-adic pro-étale cohomology.
Corollary 6.17. Let X be a smooth rigid-analytic variety over K. Let i > 0.

(1) If X is proper, we have a Y -equivariant isomorphism in Modﬁghd
H} o6 Xo,Bar/BJy) = (Hir(X) ®k Bar)/ Fil” .
(ii) If X is an affinoid space, we have the following Y -equivariant exact sequence in Modstid

0 — Hijg(X) ®% Bar/t 'Bjr — Hf)met(Xc,IBdR /Bis) — QY(X)/kerd @ C(—i— 1) — 0.

Proof. Let f: X¢o — Spa(C, O¢) denote the structure morphism, and let us consider the long exact
sequence associated to the distinguished triangle R froét *IBBQ‘R — Rfproct «Bar — R fproct «BdRr /IB%(‘;R,
i.e.

T Hproet(XC7 B(Jir ) Hf)roet(XC?BdR) - Hproet (XC’ BdR/Bé{R) -

which gives the short exact sequence

i
0 — coker o — Hp o4

(X, Bar/Blg) — ker a1 — 0. (6.8)

If X is proper, recalling Remark 6.15, by the degeneration at the first page of the Hodge-de Rham
spectral sequence, [Sch13b, Corollary 1.8|, we have that ker a;; = 0, hence part (i).

If X is an affinoid space, by Remark 6.14 and Remark 6.16, we have the following commutative
diagram with exact rows

0 — Hip(X) &% Bl — H . (Xc,Blg) — (X)) &% O(~i) —— 0

proét
lai lﬁi

0 — H(LR(X) % 7B — HCLR(X) ®@% Bar — ng(X) ®% Bar/t" Bl — 0

where the top right arrow is given by the quotient by ¢~ ZHB:{R, and the morphism §; is given by

the natural projection Q¢(X )d:O — H!3(X) on the first factor and the inclusion on the second one.
By the snake lemma, we have

ker o = ker §; = dQ (X)) @% C(—i),

coker a; = coker f3; = HZ'LR(X) ®% BdR/t_iB(J{R
that, together with the short exact sequence (6.8), imply part (ii). O

From Theorem 6.5 we can also deduce the following result.

Proposition 6.18. The cohomology theories

cond
Bar

HSg : RigSmy ,,, — Mod§2", H;

proét

( C7BdR) : RigsmK,proét — Mod

satisfy the axioms of Schneider—Stuhler (3./).
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Proof. The condensed de Rham cohomology HJy is defined by the complex of sheaves 2° on the
site RigSmy ,,,. By Corollary 4.9, H;roét(—c,lﬂ%a) is defined by the complex of sheaves Re.e*Bgr
on the site RigSmy 4, where we denote by ¢ : RigSme 060 — RigSmp ¢ the base change
morphism.

We begin by proving axiom (1). Let X be a smooth affinoid space defined over K. For the

condensed de Rham cohomology, we need to show that the natural map

Q°*(X) — Q°(X x Dg)

is a quasi-isomorphism. From the knowledge of axiom (1) for the (classical) de Rham cohomology

(see the discussion after [SS91, §1, Lemma 2|), we know that Q®(X) = Q°(X x I[OJ)K) is a quasi-
isomorphism of complexes of K-Fréchet spaces; then, we can conclude using Lemma A.33. Now,

axiom (1) for Hj

over Q,, as a strictly increasing admissible union of closed disks {D;}en of radius in pY, we have

(—c,Bgr) follows observing that, writing the 1-dimensional open unit disk D

RFp@(XC X ]D)CHBdR) = R@j Rrp&ét(Xc X ]D)j,CHBdR)

~ Rlim (RT4r(X x Dj k) @ Bar) (6.9)
~ Rlim (RTqr(X x D, k) ®%* Bar) (6.10)
~ RTagr(X) ©%" Bar (6.11)

)

>~ RFpM(XCdeR) (6.12

where in (6.9) and (6.12) we used Remark 6.14, in (6.10) we used that, for each j € N, the morphism

RTUGRr(X x Djiq,x) = RLqr(X x Dj i) factors through RI'gr (X X IB)J-H,K), and in (6.11) we used
axiom (1) for the condensed de Rham cohomology.

Axioms (2) and (3) are satisfied. In order to verify axiom (4), we first need to construct the
respective cycle class maps for the cohomology theories in the statement; we observe that it suffices to
do this at the level of the complexes of abelian sheaves underlying the respective defining complexes
of sheaves (having values in condensed abelian groups), i.e. it suffices to define ¢i® : G,,[~1] — Q°
and cBar : G,,[~1] — Re.e*Bgr. The cycle class map ¢!® is defined on RigSmy ,,, by

AR G [-1] 2% 021 e, (6.13)
and the cycle class map cP® is defined on RigSm K pro¢t s the composite
cPar ; Gy [—1] — Rewe*Gp[—1] — Reye*Zp(1) — Rese*Bar (6.14)

where the first arrow is the adjunction morphism, and the middle arrow comes from the boundary
map of the Kummer exact sequence of sheaves on RigSmp ¢

0 — Zp(1) = lm Gy, — Gy, — 0. (6.15)

xp
Then, axiom (4) for the cohomology theory Hgy follows from the knowledge of the same axiom for
the (classical) de Rham cohomology, recalling that Hng(IP?() = H33(P%) by Lemma 5.11. For the

(—c,Bgr), we can reduce to the latter case, using the isomorphism (6.6)
dR

cohomology theory H ;

roét

for the projective space le(, if we check the compatibility of loc. cit. with the cycle class maps ¢
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and c¢Pa® | up to a sign. For this, we show more generally that, for any X € RigSmj, the quasi-
isomorphism (6.3) constructed in Corollary 6.12 (in the case of trivial coefficients) is compatible with
the cycle class maps, up to a sign. Since it suffices to do it locally on X, we can assume that there
exists an étale map X — T’ that can be written as a composite of finite étale maps and rational
embeddings. Then, recalling that (6.3) is induced by the quasi-isomorphism Bgr — 0% ®oy OBar
of complex of sheaves on X4, given by Proposition 6.10, we need to check that the following
diagram of complexes of sheaves on X4 is commutative, up to quasi-isomorphisms, and up to a
sign,

dl
O%[-1] o8 03 @0y OBar —— Q% ®oy OBar

1 o

[Zp(l) — liﬁlxp O§:| E— [BdR — OBdR] t

| |

Zp(1) Bar Bar

where the middle horizontal map sends an “element” z of @Xp O% to log(V/[U]) € OBgr, with

VeOyand U € @g? the respective “elements” defined by x. For this, it suffices to observe that
the right square of the diagram above is anticommutative, and the top left square is commutative:
in fact, using the Leibniz rule, and d[U] = 0, we have that V (log(V/[U])) = dlog(V).% O

7. PRO-ETALE COHOMOLOGY OF B,

In this section, we show that the pro-étale cohomology with coefficients in B, = B[1/t]#=!,
defined in §4, satisfies the axioms of Schneider—Stuhler (3.4). The crucial axiom to be proven is the
homotopy invariance with respect to the 1-dimensional open unit disk.

7.1. Décalage functor and Koszul complexes. We begin by recalling the construction of the
décalage functor, due to Deligne and Berthelot—Ogus, and defined more generally by Bhatt—Morrow—
Scholze on any ringed site (or topos), [BMS18, §6]. For our purposes, only the case of the ringed
site (%, prost; A), for £ a cut-off cardinal as in §1.6, and A a k-condensed ring, will be relevant.

Let A be a (k-)condensed ring, and let D(A) := D(Mod$™) denote the derived category of
A-modules in CondAb. Let f be a non-zero-divisor in A, i.e. a generator of a principal invertible
ideal sheaf of A; we denote by (f) = fA the invertible ideal sheaf of A it generates. We say that a
complex M*® of A-modules in CondAb is f-torsion-free if the map (f) ®4 M* — M? is injective for
all i € Z, and, in this case, we denote by fM? its image.

Definition 7.1. Let M*® be an f-torsion-free complex of A-modules in CondAb. We denote by
ng(M?*) the subcomplex of M*®[1/f] defined by

np(M®) = {x € f'M":de € fHMHY

65A similar argument appears in the proof of [Sch13c, Lemma 3.24].
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The endo-functor ny(—), defined on the category of f-torsion-free complexes of A-modules in
CondAb, induces an endo-functor on D(A) that kills f-torsion in cohomology. More precisely, the
following result holds true.

Lemma 7.2 (|[BMS18, Lemma 6.4|). Let M*® be an f-torsion-free complex of A-modules in CondAb.
Then, for all i € Z, there is a canonical isomorphism

H'(np(M*)) = (H'(M*)/H'(M*)[f]) @4 (f)

where H'(M®)[f] denotes the f-torsion of H'(M?®), and (f*) C A[1/f] denotes the invertible ideal
sheaf generated by f*.

Every complex of A-modules in CondAb is quasi-isomorphic to an f-torsion-free complex of A-
modules in CondAb, [BMS18, Lemma 6.1]. Then, from Lemma 7.2, one can deduce the following
key result.

Corollary 7.3 (|[BMS18, Corollary 6.5]). The functor n; from f-torsion-free complexes of A-
modules in CondAb to D(A) factors canonically over a functor
Lny : D(A) — D(4)

called the décalage functor, that satisfies H'(Lny(M)) = (H'(M)/H'(M)[f]) @ (f*) functorially in
M.
Remark 7.4. For any M € D(A), we have

Lup(M)[1/f] = M1/,
Remark 7.5. The décalage functor Lny is not exact (see [BMS18, Remark 6.6] for a counterexample).

Next, we check that the décalage functor preserves “solid complexes”, cf. [BMS18, Lemma 6.19].
In the following statement, given an analytic ring (A, M), we denote D(A, M) := D(Modaﬁ/{))

cond

the derived category of Mod(A,M).
Lemma 7.6. Let (A, M) be an analytic ring. If M € D(A, M), then LnsM € D(A, M).

Proof. By Proposition A.5(ii), we know that Ln;M € D(A,M) if and only if H'(Ln;M) €
Modanjlvt) for all 3. Then, the statement follows recalling that, by Corollary 7.3, we have a (non-
canonical) isomorphism H(Lns(M)) = H'(M)/H(M)[f], and observing that H*(M)[f] lies in

cond

Modanjlvl) since, by definition, it is the kernel of a morphism in Mod( A O

A favorable property of the décalage functor Lny is that, in some suitable cases, it simplifies
Koszul complexes, whose definition we now recall (translated in the condensed setting). See also
[BMS18, §7].

Definition 7.7. Let M be a condensed abelian group and let f; : M — M, i=1,...,n, ben
endomorphisms of M that commute with each other. We define the Koszul complex

n

fi
KOSM(fla ceey fn) =M ®Z[f1,...,fn} ®(Z[f17 s 7fn] - Z[flu s 7fn])
i=1
as a complex of condensed abelian groups that sits in non-negative cohomological degrees.

66See §A.1 for the notation, and Remark A.10 for the set-theoretic conventions.
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Lemma 7.8. Let A be a condensed ring and f, g1, ..., gm € A be non-zero-divisors, such that each g;
either divides f or is divisible by f. Let M*® be an f-torsion-free complex of A-modules in CondAb.

(1) If some g; divides f, then ng(M® @4 Kosa(g1,-..,9m)) is acyclic.
(i1) If f divides g; for all i, then
ng(M* ®aKosa(gr,- .., 9m)) = nyM® ®@aKosa(g1/ .-, gm/f).
Proof. See the proof of [BMS18, Lemma 7.9|. O

We will also need to relate Koszul complexes with condensed group cohomology. For this, we
refer the reader to Appendix B, in particular Proposition B.3.

7.2. Homotopy invariance with respect to the open disk. We are ready to prove that pro-
étale cohomology with coefficients in B, = B[1/t]¥=! satisfies the homotopy invariance with respect
to the 1-dimensional open unit disk.

We refer the reader to §4 for the definitions of the pro-étale period sheaves used here. In addition,
we introduce the following notation.
Notation 7.9. As in Notation 4.13, we fix a compatible system (1,&p,¢,2,...) of p-th power roots
of unity in Og, which defines an element ¢ € Obc. We denote by [e] € A = Aine(C, O¢) its
Teichmiiller lift and pu = [¢] — 1 € Ajy¢. Furthermore, we let € = u/p (1) € Ajyr and t = log[e] €
B =B(C,O¢). Given a compact interval I C (0, 00) with rational endpoints, we let Ay = A;(C, O¢)
and By = B;(C,O¢), and if the context is clear we omit the underscores from the notation of the
associated condensed rings.

We will use several times the following fact.

Lemma 7.10. Let I C [1/(p—1),00) a compact interval with rational endpoints. Then, the element
t € By can be written as t = p - u for some unit u € By.

Proof. Since I C [1/(p —1),00), we have Acns C A (see e.g. [CN17, §2.4.2|). Then, the statement
follows from [BMS18, Lemma 12.2, (iii)]. O

To illustrate the ideas needed to prove the main result of this section, namely Corollary 7.19, we
start by studying the geometric pro-étale cohomology of B;[1/t] on the torus.

We denote by
TP := Spa(R, R") = Spa(C(TE, ..., TEY, Oc(TE, ..., TEY)
the n-torus over C, and we write
TP = Spa(Reo, REL) = Spa(C(TT/P™ . TEVP™), 0T P™ L TEP™Y)
for the affinoid perfectoid n-torus over C.

Lemma 7.11. Let I be a compact interval of (0,00) with rational endpoints.

(i) We have a canonical identification

Ar(T%) = Ag(VEYPT L VEYPSY i A (VEYPT L VERNS A

inf
where V; = [Tib], we denote by ®Ainf the p-adically completed tensor product, and we write
Ainf<V1i1/poo, e Vnﬂ/poo> for the (p, [p"])-adic completion of A [Vlil/poo, cee Vnﬂ/poo].
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(1) We have

+1/p oo . Ty
AI<‘/1 /p ,...,Vn:tl/p >: @ AI'HV;‘]
(a1,...,an)€EZ[1/p]™ j=1

where the completion over the direct sum is p-adic.

Proof. By Proposition 4.7, we have A](ﬁ‘g) = Aj(R, RL), hence, unraveling the definition of
A7(Ry, RL), for part (i) it suffices to identify Aj (R0, RE) with Ainfﬂ/lﬂ/poo, o Vnﬂ/poo>. We
recall from §4 that we have Ap¢(Reo, RYL) = W(RZ) and RE = OL((T))*V/P™ ... (T5)*/P™)
where the completion is p’-adic. We deduce that W (R?) = W(O%)(Vlﬂ/poo, e Vnil/poo) where
the completion is (p, [p°])-adic, as desired.”

For part (ii) it suffices to observe that the p-adic topology is equivalent to the (p, [p’])-adic
topology on Ar: in fact, recalling Definition 4.4, Ay is the p-adic completion of Aiy¢, 1 = Aint,7(C, O¢),
and, for I = [s, 7], one has that p divides [p’]'/* in Ay s. O

Remark 7.12. Recall that the affinoid perfectoid pro-(finite étale) cover of the n-torus ’ﬁ'nc — T%
has Galois group Zp(1)". The choice of ¢ (Notation 7.9) gives an isomorphism Z,(1)" = Z;. We
denote I' := Z; and by 71,...,7n the canonical generators of I'. One can describe explicitly the

Galois action of T on the coordinates (Rso, RY) of T%, as follows. We can write

R:o = OC<T1:t1/pooa s 7T7§|:1/p°°> = @ Oc¢ - H T;lj
(at,...,an)EZ[1/p]™ Jj=1

where the completion over the direct sum is p-adic. Then, the action of I' on RI preserves the
decomposition above and ~; acts on H?:l Tjaj via multiplication by epi.

In the following, we maintain Notation 5.2.

Proposition 7.13. Let T" denote the n-dimensional torus defined over Q,. For any compact inter-
val I C (0, 00) with rational endpoints, we have a Frobenius-equivariant isomorphism in D(Mod?&ld)

R proes (T¢:, B1[1/1]) = Q°(T") @} Bi[1/1].

Proof. We will show that, for any compact interval I C (0, 00) with rational endpoints, we have a
Frobenius-equivariant isomorphism in D(Modald)

LWRFP@( ¢, Br) ~ Q*(T") ®(I@: Bj. (7.1)

We note that the statement follows inverting ¢ in (7.1), using that the tensor product ®(I@: commutes
with filtered colimits, and observing that (Ln;RIyroet(Te, Br))[1/t] = R proce (T, Br[1/t]) (recall
Remark 7.4, and use that |T¢| is quasi-compact and quasi-separated).

Fix a compact interval I C (0,00) with rational endpoints. We compute RI'o¢t (T, Br) using

the Cartan—Leray spectral sequence relative to the pro-étale I'-torsor ﬁ‘g — T%: by Proposition

670ne way to see this is to use that the Witt vectors W (—) induce an equivalence of categories between the perfect
Fp-algebras and the category of p-adically complete, separated and p-torsion free Z,-algebras R such that R/p is
perfect, with quasi-inverse the tilting functor (see e.g. [Bhal8, Remark 2.5, Example 2.6]).
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4.12, we have a quasi-isomorphism
R cond (T, B1(T¢)) = RTprost (TE, Br).
Thus, we need to study the complex LntRI’m(F,&(ﬁ%)). By Lemma 7.11(i), we can write
A(TE) = Af(R) ® Af(Roo)™™,  By(Tg) = Bi(R) @ By(Roo)"™™ (7.2)
where A7(R) := Ap(VEL, ..., VF1) denotes the “integral part”, A7(Roo)™™ denotes the “non-integral

part” of A7(T%), and similarly for IBI('E%) by inverting p. By Proposition B.3, we have

R cond (T, Br(T2)) = Kosp, () (71 = 1, — 1) @ Kos g wint (31 = 1,0, 7 — 1)

Now, we first assume that I C [1/(p — 1), 00).
e We begin by showing that we have Ly KOSBI(ROO)n-int (v1 —1,...,7 — 1) = 0. For this, it

suffices to prove that the multiplication by ¢ on the complex Kosg, (g yn-int (m1i—1,...,7%—1)

is homotopic to 0.°° Let p = [¢] — 1 as in Notation 7.9, and recall that, by Lemma 7.10, we
have that ¢t = p - u for some unit v € By. Then, it suffices to show that the multiplication
by o' (p) = [e]'/? — 1 on Kos g, (g ymint (71 — 1,..., 7 — 1) is homotopic to 0. This can be
done as in the proof of [BMS18, Lemma 9.6]: by Remark 7.12 and Lemma 7.11(ii), we have

Kos g, (poymint (71 — 1, 0oy — 1) = @ Kosa,(r)(m1[e]™ = 1,...,7nle]™ = 1)

(a17'-'7an)

where the completion is p-adic, and the direct sum runs over ay,...,a, € Z[1/p|N[0,1) not
all 0. Hence, we are reduced to showing that for a; € Z[1/p] N (0,1) the multiplication by
@~ !(u) on the complex

Ar(R) P2 4y(R)
is homotopic to 0, i.e. we have to find h that completes the following diagram
A(r) M2 4y(R)
w‘l(#)J’ /,}f”/’ l@‘l(u)
AR 2 ()
Let us write a; = m/p”, with m € Z \ pZ. Up to changing the choice of (1,ep,€,2,...) in

Notation 7.9, we can suppose m = 1. Furthermore, since ~; [5}1/ P" —1 divides fyf’Pl [5]1/1’ —1,
it suffices to show that the latter map is homotopic to 0. Then, one has to find A such that

A (@)Y = h(z) = o7 ()

For this, we refer the reader to [BMS18, Lemma 9.6].
e Next, we show that

LmKosw(’h -1, —1) > Q%(T") ®bp Br.

681y fact, this would imply that the cohomology groups of the complex of condensed Qp-vector spaces
Kosg, (g, ymint (y1 —1,...,9n — 1) are annihilated by ¢, and hence the claim by Corollary 7.3.
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Since p divides 7; — 1, i.e. ~; acts trivially on Bj(R)/u, and by Lemma 7.10 ¢ = p - u for
some unit u € By, using Lemma 7.8(ii) we have

71_1 PYn_1>

LntKOSBl(R)(’yl_17"'7771_1)2KOSBI(R) ( n R 1

By the proof of [BMS18, Lemma 12.4], one has the following Taylor expansion in Bj(R)
t7 o\
=35 (10g7)
=5 7t \9log(Vi)
from which we can write

’}/i—l o 8 . L tj 8 J
T gy D Wit H= D (alog(m)) '

Jj=1

Note that H is topologically nilpotent, using again that Aes C By since I C [1/(p—1),00),
and [BMSI18, Lemma 12.2, (ii)]. In particular, the factor 1 + H is an automorphism of
Br(R); moreover, the latter automorphism is Frobenius-equivariant recalling that ¢(t) = pt
and

dlog(Vi) 7 ¥ (“) ° alog(%)) '
We deduce that we have a Frobenius-equivariant quasi-isomorphism

-1 Y —1
KOSBI(R) <t,..., nt >

0 0
~ K .. ~Q*(T") % B
O°B1(R) <8log(V1)7 ’ 8log(Vn)> QT ®q, B1

where in the last step we used Remark A.69.%

Then, putting the above points together, and using that B is flat for the tensor product ®bp by
Corollary A.28, we obtain a quasi-isomorphism as in (7.1) for any given I C [1/(p — 1),00). Now,
since the Frobenius ¢ induces an isomorphism ¢ : B; = B; /p (Remark 4.5), applying ©N to the
latter quasi-isomorphism, for N a sufficiently big positive integer, we deduce that (7.1) holds true
for a general compact interval I C (0, 00) with rational endpoints, as desired. O

To reach the stated goal of this section, we will need in particular to study the pro-étale coho-
mology with coefficients in B;[1/t] of the 1-dimensional unit closed disk D¢. For this, the general
strategy we will use is similar to the one we have seen for the torus (Proposition 7.13), but there is
one slight difference, which is explained in the following remark.

Remark 7.14. If we denote by D¢ = Spa(C(T?P™), Oc(T /™)) the affinoid perfectoid unit closed
disk over C'; then the cover Iﬁ)g — ]Dg is mot pro-étale. But, it is quasi-pro-étale. Hence, recalling
Definition 2.6, we can still study the pro-étale cohomology of D¢ with coefficients in By[1/t] using
the éech—to—cohomology spectral sequence relative to such cover.

Thus, we need to better understand ﬁ)qj, the j-fold fibre product of ﬁc over Dg. The following
result is due to Le Bras.

691n fact, by [Bos14, Appendix B, proposition 5], B;(R) is naturally isomorphic to the completed tensor product
of Banach Q,-algebras R&X\)Qp Br.
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Lemma 7.15. Let Do = Spa(C(T), Oc(T)) denote the 1-dimensional unit closed disk over C. Let
= Spa(C(TYP™), Oc(TVP™)) be the affinoid perfectoid unit closed disk over C. For j > 1, let
ID)(;J denote the j-fold fibre product of ID)C over Do. Then, we have

D, = Spa(R] [1/p], R))

where™ '
Rj ={f¢€ %O(Zi_l, Oc(TYP™)) ¢ flr—g is constant}.

Proof. This is a particular case of [LB18a, Lemme 3.30]. O

Remark 7.16. Let I be a compact interval of (0,00) with endpoints. Similarly to Lemma 7.11(i),
from Lemma 7.15 we deduce that we have

AI(]IECJ) ={f¢€ %O(Zi_l,A[(Vl/pm» : flv=o is constant}

where V := [T°], and Ap(VV/P™) .= Ay (VV/P)Y& 4, A; (here, we denote by @4, . the p-adically
completed tensor product, and we write Aj,e(V1/?™) for the (p, [p°])-adic completion of Ay, [VE/P™]).
Proposition 7.17. Let D denote the 1-dimensional unit closed disk defined over Q,. Let X be a
smooth affinoid space defined over C with an étale map X — T} that factors as a composite of
rational embeddings and finite étale maps. Then, for any compact interval I C (0,00) with rational
endpoints, we have a Frobenius-equivariant isomorphism in D(Moda’;id)

RT progt (X X Dy Bi[1/t]) = RTpros (X, B1[1/t]) @1 Q°(D).

Proof. Following the proof of Proposition 7.13, it suffices to show that, for any compact interval
I C (0,00) with rational endpoints, we have a Frobenius-equivariant isomorphism in D(Mod&ld)

L RT prost (X % D, Br) = L RT proct (X, Br) @ Q°(D).
Fix a compact interval I C (0,00) with rational endpoints. We compute RFproet(X x De, By)

using the Cech to-cohomology spectral sequence associated to the cover X x ]D)C — X x D¢, where

X=X XTn, TC (see Remark 7.14). Recall that, by Proposition 4.7(iii), for any affinoid perfectoid
Z over Spa(C,O¢), we have Héroet(Z, B;) = 0 for all ¢ > 0. Moreover, for j > 1, denoting by )Z'j

the j-fold fibre product of X over X, by Lemma 7.15 and Remark 7.16, we have that
]B%[(X X ]D)Cj) = {f e’ T x Zj UB(X )(Vl/p )) 1 f(v, =)|v=o is constant for all v € TV}
where I' = 22, V = [T?], and B;(X;)(V/?™) := Ar(X;)(VV/P™)[1/p]. Hence, HY, 4, (X; x Dc,;, B)

proét
fits into the exact sequence

0 — Hom(Z[IV~" x Z)7'], N;) — H)

proét

(X; x Dcj, Br) — Hom(Z[I~Y, Bf(X;)) — 0

where N; :=V - BI()?j)(Vl/poo% and the last map is given by f +— f|y—o. Then, from Proposition
B.2(i), we deduce that we have a distinguished triangle as follows

RTcond(I' X Zp, N) — R ot (X x Do, By) — RFM(F,@(X')) (7.3)
where N := V - B;(X)(VY/P™). Next, we want to study L RT proet (X x Do, Br).

70Here, we denote by f|r=o the evaluation of the function f at T'= 0.
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Let us begin by handling Ln; RT cona (T X Zp, N). We can write N = Nt @ N%i0t where Nt =
VB (X){V) denotes the “integral part”, and N"® the “non-integral part” of N. Denoting by
M1, ---5Ynt1 the canonical generators of I' x Z,, by Proposition B.3 we have that

er(r X Zp,ﬂ) ~ KOSﬁint(’h -1, Y1 — 1) D Kosﬂnfmt ('yl -1, Y1 — 1).
In the following, we assume first that I C [1/(p—1),00). Then, similarly to the proof of Proposition
7.13, one checks that the multiplication by ¢ on the complex Kospyuin (71 — 1,..., Y1 — 1) is
homotopic to 0, and hence
Ly Kosymine (v1 — 1,y g1 — 1) = 0.

Moreover, by Corollary A.28, we have

KOSMint (’yl -1, Y1 — 1) ~ M* ®5; KOSVQP(V) (’7”4_1 — 1)

where M*® := KOSBI(;()(% —1,...,9 — 1). Therefore, arguing again as in the proof of Proposition

7.13, by the proof of Lemma 7.8(i1), we have a Frobenius-equivariant quasi-isomorphism

. 0
L77t KOSMint (’)/1 - 1, <o Intl — 1) = LntM ®(I@; KOSVQP<V> (810g(V)>

where, by Proposition B.3, M*® ~ R ¢onq(I', B7 (X)) =~ R prost (X, Br).
Putting everything together, and recalling the definition of the last arrow of (7.3), we obtain the
following Frobenius-equivariant quasi-isomorphism

0
LntRFpm(X X Dc,Bj) ~ LntRFp@(X, B[) ®(I@; KOS@p<V> <810g(V)>

~ Ly R proct (X, Br) @5" Q°(D).

Arguing as in the proof of Proposition 7.13, such quasi-isomorphism extends to a general compact
interval I C (0,00) with rational endpoints, as desired. [l

Remark 7.18. We note that Proposition 7.17 holds replacing the 1-dimensional unit closed disk DD
with any 1-dimensional closed disk D(p) over Q,, of radius p € pY.

Corollary 7.19. Let D denote the 1-dimensional open unit disk defined over Q,. Let X be a smooth
affinoid space defined over C'. Then, the natural projection map X xDe — X induces a isomorphism
in D(Mod3")
D
R proes (X, Be) = R o6t (X x De, Be).

Proof. Using [Sch13b, Lemma 5.12|, we can reduce to the case in which there exists an étale map

X — TP that factors as a composite of rational embeddings and finite étale maps. We write D as a
strictly increasing admissible union of closed disks {ID;}jen of radius in pY. Then, for any compact
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interval I C (0,00) with rational endpoints, we have the following natural quasi-isomorphisms

RT ot (X x D, By [1/4]) ~ Rlim  RTprost (X x D, By[1/1))

~ Rlim (Rrpmet(x B;[1/4]) @ erR(Dj)) (7.4)
~ Rlim_ (RD ot (X, By[1/1)) 9% RTan(D;)) (7.5)
~ Rrpm(x, B;[1/1]). (7.6)

where the quasi-isomorphism (7.4) follows from Proposition 7.17 (and Remark 7.18); in (7. o)

used that, for each j € N, the morphism RI'4r(Dj+1) — RI'gr(D;) factors through RI'ggr (D J+1)
and (7.6) follows from axiom (1) of Schneider—Stuhler for the condensed de Rham cohomology
(Proposition 6.18). Then, the statement follows from the exact sequence

0 — B. — By [1/t] S By yll/t] — 0
(see Remark 4.19). O
We are ready to show the following result.
Proposition 7.20. The cohomology theory
Hproi(— 0 Be) - RigSmy prog — Mod§g™
satisfies the axioms of Schneider—Stuhler (5./).

Proof. By Corollary 4.9, H;roét(—c,IB%e) is defined by the complex of sheaves Re.c*B. on the site
RigSm ,;0¢¢, where we denote by € : RigSme ¢, — RigSmp 06, the base change morphism.

Axiom (1) follows from Corollary 7.19. Axioms (2) and (3) are satisfied. For axiom (4), as in
the proof of Proposition 6.18, we first construct the cycle class map c?¢ : G,,,[~1] — Re.e*B., with
target the complex of sheaves of abelian groups underlying Re.c*B.: we define it on RigSmp oct
as the composite

cBe . Gm|—1] — Reye"Gp[—1] — Reye™Zp(1) — Rene™Be(1) = Re B,

where the first arrow is the adjunction morphism, the middle arrow comes from the boundary map
of the Kummer exact sequence (6.15), and the trivialization B.(1) = B, is given by the choice of a
compatible system of p-th power roots of unity in O¢ (Notation 7.9).

Now, we need to check that H! . (P%,B.) = 0 for i odd, or i > 2d, and that, for all 0 < i < d,

proét
the map B, — H2 . (P%,B.), defined in (3.2) and induced by cP¢, is an isomorphism. We note

proét

that, since ]P’% is a proper smooth rigid-analytic variety, by well-known results in (relative) p-adic
Hodge theory, for B € {Bgr, B}, for all j > 0 we have an isomorphism”’

Hproet(Pd 7Qp) ®Qp (C OC’) - HJ (]P)dc, B) (77)

proét

By the crystalline comparison theorem for proper smooth schemes over O, [Fal89], combined
with the GAGA for étale cohomology, [Hub96, Theorem 3.2.10], we have H' . (P%,Q,) = 0 for

proét
i odd, or ¢ > 2d, and Hgf«oet(PdeQp) = Q, for all 0 < ¢ < d. Then, axiom (4) follows from the

"IFor B = Bag, the isomorphism (7.7) follows from [Sch13b, Theorem 8.8, (i)]. For B = B, it follows combining
the proof of loc. cit. with [LB18b, Proposition 3.4] and the exact sequence (4.14).
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knowledge of the same axiom for ngoét(_C7BdR)7 which was shown in Proposition 6.18, and from

the compatibility of the cycle class map c¢Pa® of loc. cit. with the cycle class map cP¢, under the
inclusion B, — Bgg. ]

Remark 7.21. We note that, in the proof of Proposition 7.20, we identified B.(1) with B, in order
to make H® . (—c,Be) satisfy the axiom (4) of Schneider—Stuhler (3.4). Thus, keeping track of

proét
the Galois action on the geometric pro-étale cohomology of ]P’% with coefficients in B¢, by Theorem
3.15 and Proposition 7.20, we have the following statement: let K be a finite extension of Q,,
denoting by Hdc the base change to C of the Drinfeld upper half-space H%, for all # > 0 we have a
G x Yg-equivariant isomorphism in Mod?Q?;d
Hl

proét

(Hd 7B8) = m(spi(z)a Be)(_i)'

8. AN APPLICATION
We are ready to reprove [CDN20b, Theorem 4.12].

Theorem 8.1. Let K be a finite extension of Qp. Given an integer d > 1, let G = GLg41(K). Let
H% be the Drinfeld upper half-space of dimension d defined over K, and let Hdc be its base change
to C. For alli > 0, we have the following commutative diagram of G X 9x -Fréchet spaces over Qp,
with strictly exact rows

0— QZ 1(Hd )/kerd — proet(HdC?Qp(i)) — sz(@p)* — 0
0 — Q7 YHL)/ kerd —— Q(HEL)*0 —— Sp,(K)*®xC — 0

where (—)* denotes the weak topological dual.”™

Proof. By Corollary 4.18, we have a commutative diagram of sheaves on ]HIdC proét with exact rows

0— Q — B, — Bar/Blz — 0

Lo

0— IB(—;R — BdR — BdR/B;{—R — 0

Let f: H% — Spa(C, O¢) be the structure morphism. Then, applying the derived functor R fprost «
to the diagram above, and taking the long exact sequences in cohomology, we obtain the following
G x Yx-equivariant commutative diagram in 1\/_[od(‘§’pnd with exact rows

— Héroet(Hcé7Qp) E— H}z)roet(HdC”Be) —5 Hz)roet(HdC?BdR/Bji_R) —

| | H

Bi
c— H! G(HE B — HE o (HE Bag) — H o (HE, Bar/Big) — -

proét proét proét

"25ee §3.4.
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from which we obtain the commutative diagram with exact rows

0 — cokera;—1 —> Hzroet(HC’Qp) — kera;, — 0

T

0 — coker i1 — H’roet(H‘é,BgR) — ker8; — 0

First, we determine ker ; and coker §;—1. By Theorem 3.15 for the cohomology theories Hgg
and H?

proét

(—c,Bgr), which applies thanks to Proposition 6.18, we have the following compatible”™

G X Yy-equivariant isomorphisms in Moda’pnd

H(ZiiR(Hﬁl() = m(spz (Z)v K)v H}Z)roet (Hdc’v IEBdR) = I—IOJ(SPZ (Z)v BdR)'

Then, since Hg( is a Stein space, by Remark 6.16 we have the following G x ¥x-equivariant
commutative diagram in Mode?pnd with exact rows

0 — Hip(HL) &% Bl — H  (HE Bl) —— QHL) &% C(—i) — 0

proét

r b b

0 — Hom(Sp;(Z),t~ "' Bf;) — H! , (H, Bqr) — Hom(Sp,(Z), Bar/t "1Bjz) — 0

proét

where the lower row is exact, and the left vertical arrow is an isomorphism, thanks to Remark 8.2.
Here, the morphism 7; is defined as the composite

i d=0 . i N . —1i
mi s Q(HE) @%C(—i) » Hip (H%)@%C(—i) = Hom(Sp;(Z), C(—i)) < Hom(Sp;(Z), Bar/t~""" BJy).
We deduce that
ker 8; = im~; = Hom(Sp;(Z),t 'Bjy). coker 3;_1 = kerv; = QL (HE) / ker d @% C(—1).

Next, we determine ker a;; and coker ;1. By Theorem 3.15 for the cohomology theory H. 'roet( o, Be),
which applies thanks to Proposition 7.20, we have the following G x ¥k-equivariant commutative
diagram in Mod(‘é’pnd with exact rows

~
[e)

0 —— Hom(Sp;(Z), Be(—i)) ——— H} . (HE, B.) » 0

b I J

0 — Hom(Sp;(Z), Bar/t 'Big) — H! ML, Bar/Blg) — Q(HE)/ kerd % C(—i—1) — 0

proét

where we recalled Remark 7.21. Now, using the fundamental exact sequence (4.15) over Spa(C, O¢)prost
together with Corollary 4.9, we have a short exact sequence

0 — Hom(Sp;(Z), Qp(—i)) — Hom(Sp;(Z), Be(—i)) — Hom(Sp;(Z), Bar/t ' Bjz) — 0

"3 The compatibility statement follows from the compatibility between the cycle class maps ¢® and ¢Pa® proven
in Proposition 6.18.
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where we observed that RHom(Sp;(Z), Q,(—1)) is concentrated in degree 0 (see again Remark 8.2).
In other words, coker ¢; = 0, and, by Remark 3.16, ker §; = Sp;(Q,)*(—i), where the weak topological
dual Sp;(Qp)* is a Q,-Fréchet space. Therefore, by the snake lemma applied to the diagram above,
we have

ker o; = ker 6; = Sp;(Qp)*(—1)
coker a1 = (Q Y (HZ) / ker d)(—i).
Hence, putting everything together, from the diagram (8.1), twisting by (i) we obtain the following

G X Y-equivariant commutative diagram in 1\/Iodf§)pnd with exact rows

0 — QY (HE)/ kerd — H} oo (HE, Qp(i)) —— Sp;(Qp)* ——— 0

| | !

0 — QL) Kerd — Hy (B Bl (1)) — Sp,(K)* &% By — 0

| I |

0 — QL(HL)/ kerd — Qi(HL)"™" — Sp,(K)* &% C — 0

where ¢ is the quotient by BT, map. By Proposition A.68, we have Sp;(K)*®% C = Sp;(K)*®C.
From the diagram above we deduce in particular that ngoét (H,, Qp(4)) is a Qp-Fréchet space, since
it is the pullback of the following diagram of QQ,-Fréchet spaces

* * S 7 d=0
Spi(@p)* — Sp;(K)* @k C «— Q' (HE)™ .
Then, the statement follows recalling Remark A.32 and Lemma A.33. (|

In the proof above, we used the following observation.

Remark 8.2. Let W be a K-Fréchet space in Mod$2™d. Writing Sp,(K) = lim V, as a countable
direct limit of finite-dimensional topological K-vector spaces V,, along immersions, as in Remark
3.16, we deduce that

RHom(Sp;(Z), W) = Rlim RHomp(Vi, W) = Rlim(Homy (V,, K)®% W) = Homg (Sp; (K), K)@% W
concentrated in degree 0, where, in the last step, we used Corollary A.67, and the fact that
R/ lim Homy (Vy, K) = 0 for all j > 0 (see Lemma 3.5).
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APPENDIX A. NON-ARCHIMEDEAN CONDENSED FUNCTIONAL ANALYSIS
(AFTER CLAUSEN—SCHOLZE)

The main results of this appendix, which is devoted to the condensed functional analysis over a
non-archimedean local field, are due to Clausen—Scholze.™

A.1. Notation and conventions. In this appendix, contrary to §1.6, we work in the category of
all condensed sets (and not only k-condensed sets), [CS19, Definition 2.11|, which will be denoted
by CondSet.

We denote by T' — T the natural functor from the category of topological spaces/groups/rings/etc.
to the category of sheaves of sets/groups/rings/etc. on the site of profinite sets with coverings given
by finite families of jointly surjective maps; here, T is defined via sending a profinite set S to the
set/group/ring/etc. of the continuous functions €°(S, T').

Recall that if 7" is a T1" topological space, then T is a condensed set,[CS19, Proposition 2.15].
The functor T' +— T from T1 topological spaces to condensed sets admits a left adjoint X — X (x)¢op,
sending a condensed set X to the topological space X (*)iop defined endowing the underlying set
X () with the quotient topology of | |¢_, xS — X(x) where the disjoint union runs over x-small
extremally disconnected sets, for any x uncountable strong limit cardinal such that X is determined
by its values on k-small S, [CS19, Proposition 2.15, Proposition 1.7].

Next, we explain the relation between the set-theoretic conventions adopted here and §1.6.

Remark A.1 (On set-theoretic bounds). Let x be an uncountable strong limit cardinal as in §1.6.

(i) Recall that the category of k-condensed sets embeds fully faithfully into the category of all
condensed sets, via left Kan extension along the full embedding of the category of x-small
extremally disconnected sets into the category of all extremally disconnected sets. By [CS19,
Proposition 2.9], and the choice of the cardinal x, the inclusion of the category of k-condensed
sets into the category of condensed sets commutes with all colimits, and with limits along an
index category with cardinality less than x.

(ii) If we temporarily denote by T' — T, the functor from the category of topological spaces to
the category of k-condensed sets, then, the proof of [CS19, Proposition 2.15] shows that, given
a T1 topological space T' with cardinality less than x, we have T,, = T (in particular, in this
case, T',. does not depend on our choice of the cardinal k).

We denote by CondAb the category of condensed abelian groups. All condensed rings will be
assumed to be condensed associative unital rings. Given a condensed ring A, we denote by Modilond
the category of A-modules in CondAb, and we write Hom 4(—, —) for the internal Hom in the
category Modffnd (in the case A = Z, we often omit the subscript Z).

We will denote by (F,|-|) a non-archimedean local field, i.e. a field that is complete with respect
to a non-trivial discrete absolute value | - |, and having finite residue field. We let O denote the

"We have learned most of the results presented here from Dustin Clausen via private communication, or during
the “Masterclass in Condensed Mathematics”, [CS20b]. We also thank the participants of the La Tourette’s conference
in September 2020 for their comments on a preliminary version of this appendix.

[ET topological space T is T1 if for all z € T', the set {z} is closed.

"6Recall that, for M, N € Mod$™?, we define Hom , (M, N)(S) = Homa (M ®z Z[S], N) for all extremally discon-
nected sets S.
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ring of integers of F', and we fix w a uniformizer of Op. By abuse of notation, F' (resp. Op) will
also denote the condensed ring F' (resp. Op). We will refer to the objects of Mod%)nd as condensed
F-vector spaces.

A.2. Analytic rings. In this section, we recall some generalities on the category of analytic rings.

Notation A.2. We write ExtrDisc for the category of extremally disconnected sets.

Definition A.3 (|CS19, Definition 7.1, Definition 7.4]). A pre-analytic ring (A, M) is a condensed
ring A, together with a functor

M[-] : ExtrDisc — Mod$§™d

called functor of measures, taking finite disjoint unions to products, and a natural transformation
S — M[S] of functors from ExtrDisc to CondSet.
An analytic ring is a pre-analytic ring (A, M) such that for any complex of A-modules in CondAb

M.HMl—)MlﬁMgHO

such that all M; are direct sums of objects of the form M[T] for some T' € ExtrDisc, the natural
map
RHom ,(M[S], Mo) — RHom 4 (A[S], M,)
is an isomorphism for all S € ExtrDisc.
We say that an analytic ring (A, M) is commutative if A is commutative, and normalized if the
map A — M[x] is an isomorphism.

Definition A.4. Let (A, M) be an analytic ring.

(i) We say that a module M € Mod™ is (A, M)-complete if, for all S € ExtrDisc, the natural
map
Hom 4 (M]S|, M) — Homy (A[S], M) = M(S)
is an isomorphism.
(ii) We say that a complex M € D(Mod%™) is (A, M)-complete if, for all S € ExtrDisc, the
natural map
RHoma(M[S], M) — RHomu(A[S], M)

is an isomorphism.

Proposition A.5 (|CS19, Proposition 7.5|). Let (A, M) be an analytic ring.
(i) The full subcategory of (A, M)-complete modules
Mod{9ty) C Mod™ (A1)
is an abelian category stable under all limits, colimits, and extensions. The objects M[S],

for varying S € ExtrDisc, form a family of compact projective generators of Mod‘(:grﬁ/l). The
inclusion (A.1) admits a left adjoint

Mod$™! — Mod{9\yy : M — M @4 (A, M) (A.2)
that is the unique functor sending A[S] — M]S| and preserving all colimits. Moreover, if A

is commutative, there is a unique symmetric monoidal tensor product @4 aq) on Modarjji\,()

making the functor (A.2) symmetric monoidal.
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(i) The functor
D(Mod§™) — D(Mod{3"})) (A.3)
1s fully faithful, and its essential image is stable under all limits and colimits, and given by

the (A, M)-complete complexes. For any (A, M)-complete complex M € D(Mod$™?), for all
S € ExtrDisc, the natural map

RHom 4 (M(S], M) — RHom 4 (A[S], M)
is an isomorphism. An object M € D(Mod%™) lies in D(Modarji/t)) if and only if HY(M)
lies in Modf%‘}ivl) for alli. The functor (A.3) admits left adjoint
D(Mod§™) — D(Mod{3",) : M +— M &Y (A, M) (A.4)

that is the left derived functor of (A.2). Moreover, if A is commutative, there is a unique sym-
cond

metric monoidal tensor product ®%A,M) on D(Mod(AM)) making the functor (A.]) symmetric
monoidal.

Notation A.6. In the following, for an analytic ring (A, M), we often abbreviate D(A) :=
D(Mod%™) and D(A, M) := D(Mod‘(’zrj%/l)).

Given M, N € D(A, M), we define the derived internal Hom RHom4 (M, N) in D(A, M),
by setting
Homp(a u) (M[S], RHomy 4 pg) (M, N)) = Hompa a) (M @7 Z[S]) ®% (4, M), N)
for varying extremally disconnected sets S.
Lemma A.7. Let (A, M) be an analytic ring. For all M, N € D(A, M), the natural map
RHom 4 (M, N) — RHom, (M, N)
18 an isomorphism.

Proof. Using Proposition A.5, and in particular the fact that the functor D(A) — D(A, M) is fully
faithful and admits left adjoint M — M ®I;‘ (A, M), for all extremally disconnected sets S, we have
the following natural isomorphisms

Homp ) (A[S], RHom 4 x4y (M, N)) ~ Homp4)(M[S], RHom 4 rq) (M, N))
~ Homp(a ) (M[S], RHom 4 o) (M, N))
= Homp(a,m)((M @z Z[S]) % (A, M), N)
~ Homp(4)(M ®z Z[S], N)
= Homp4)(A[S], RHom 4 (M, N))
and the statement follows from Yoneda’s lemma. O

One of the main results of [CS19] is the following theorem, that gives an important example of
analytic ring, on which the results of this appendix will build on.

Theorem A.8 (|CS19, Theorem 5.8]). The pre-analytic ring Za = (Z, Mz) with underlying con-
densed ring Z, and functor of measures

My : ExtrDisc — CondAb : S — Z[S]"
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where Z[S]™ := lim, Z[S;], for S = lim S; written as a cofiltered limit of finite sets S, is an analytic
ring.
Notation A.9. For the analytic ring Zg, we call Solid := ModCZO.][1d the category of solid abelian
groups, we write

CondAb — Solid : M — M"
for the functor (A.2) of Proposition A.5, and call it solidification, and we denote by ®7 the unique
symmetric monoidal tensor product making the solidification functor symmetric monoidal.

In the main body of the paper we need to work in the category of k-condensed sets (see §1.6),
therefore, we make the following remark on set-theoretic bounds.

Remark A.10. Let k be an uncountable strong limit cardinal as in §1.6. It is possible to define the
notion of (pre-)analytic ring for k-condensed associative unital rings, replacing extremally discon-
nected sets with k-small extremally disconnected sets in Definition A.3. Then, with this definition,
the pre-analytic ring (Z, My), given by the rk-condensed ring Z, together with the functor sending

a k-small extremally disconnected set S to the r-condensed abelian group My[S] := Z[S]"® is an
cond

analytic ring. We observe that the category Solid, := Mod% Ma)n of k-solid abelian groups embeds
fully faithfully in Solid.

Next, we define morphisms between analytic rings.

Definition A.11. A morphism of analytic rings (4, M) — (B, N) is a map A — B of underlying
condensed rings such that, for all S € ExtrDisc, we have N[S] € Modal}%/t).

We recall that the formation of Modarfw) and D(Modarjﬁ,l)) is functorial in (A, M), along
morphisms of analytic rings, [CS19, Proposition 7.7].

Analytic rings over Zg (i.e. having a morphism from Zg) enjoy the following additional remarkable
properties.
Proposition A.12 (|[And21, Proposition 2.11|). Let (A, M) be an analytic ring over Zg. For
any profinite set S, the object M[S] := A[S] ®Y (A, M) is concentrated in degree 0, compact, and
projective.”” If A is commutative, for any profinite sets S and S, we have M]S| ®I(A,M) M[S] =
M(S x 5.

The next results immediately follow.

Corollary A.13. Let (A, M) be a commutative analytic ring over Zg. Tensor products of (compact)

projective objects in Modf%ljivl) are (compact) projective.

Corollary A.14. Let (A, M) be a commutative analytic ring over Za. The symmetric monoidal
tensor product ®(LA M) is the left derived functor of @4 am)-

In view of Corollary A.14, we can introduce the following definition that we will use later on.

Definition A.15. Let (A, M) be a commutative analytic ring over Zg. We say that an object
M e Mod‘(ﬁni/t) is flat (for the tensor product @4 ay) if, for all N € Modan}ivl), the derived tensor

product M ®{“A M) N is concentrated in degree 0.

"TIn loc. cit. A is assumed to be commutative, however this is not needed here.
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We will use the following simple criterion to produce analytic rings over Zg.

Lemma A.16 (Analytic ring structure induced from Zg). Let A be a condensed ring. Let (A,7)a :=
(A, M gm) be the pre-analytic ring with underlying condensed ring A, and functor of measures

M 4[] : ExtrDisc — Mod%™ : S — A[S]™.
Suppose that Mz[S] @5® A® is concentrated in degree 0 for all S € ExtrDisc. Then, (A,Z)a is an

analytic ring, and Mod‘(ﬂn%). is the category of A®-modules in Solid.

Proof. By |CS20a, Proposition 12.8], in order to prove that (A,Z)s is an analytic ring, it suffices
to check that, A[S]“™ is concentrated in degree 0 for all S € ExtrDisc: for this, we note that
A[S] = Z[S] ®% A (using that Z[S] is a flat object in CondAb), and then A[S|"® = Mz[S] @5" A",
which is concentrated in degree 0 by assumption. Recalling that Modfz?g)_ is generated under

colimits by M 4u[S], for varying S € ExtrDisc, the last assertion follows from the identification
M 4u[S] = Mz[S] @Y A" O

A.3. Solid vector spaces. Recall from A.1 that we denote by (F,|-|) a non-archimedean local
field. In this section, we study some basic results on the category of solid F-vector spaces, that we
use throughout the paper.

Proposition A.17. Let (F,Z)a := (F, Mp) be the pre-analytic ring with underlying condensed ring
F, and functor of measures
Mp[—] : ExtrDisc — Mod%™ : S+ F[S]".

cond

(i) The pre-analytic ring (F,7Z)a is analytic. The category Mod(FZ). is the category of solid F-
vector spaces, i.e. F-modules in Solid, which will be denoted by Modﬁ?lid. We write @Y% for the
symmetric monoidal tensor product @ (pz)q-

(ii) The objects ([[; Op)[1/w], for varying sets I, form a family of compact projective generators
of Modelid,

(iii) We have (I]; Or)[1/w] @2 ([1, Or)[1/®@] = ([1;+; Or)[1/w] for any sets I and J.

Proof. First, we note that F' € Solid. Since F' = Op[l/w]|, and OF is a profinite abelian group
(recall that F' has finite residue field, by assumption), by Lemma A.19, for any set I, we have that

(I1,2) ek* F = ([, 0r)1/=] (A.5)

(concentrated in degree 0). Hence, recalling [CS19, Corollary 5.5], part (i) follows from Lemma
A.16. Part (ii) follows by adjunction from (A.5) and the fact that the objects [[; Z, for varying
sets I, form a family of compact projective generators of Solid, [CS19, Theorem 5.8, (i)]. The final
statement (iii) follows from |CS19, Proposition 6.3] and (A.5). O

Remark A.18. The proof of Proposition A.17 also shows that the pre-analytic ring (Op,Z)s from
Lemma A.16 is analytic, the category Mod%’ll;d = Modfgﬁz). is the category of solid Op-modules,
and it is generated by the family of compact projective objects [[; O, for varying sets I, satisfying
I1, OF ®I@; [1,OFr = I1;.; O for any sets I and .J. Note that the category Mod2'? is the full

subcategory of Mods(gllmid of the objects on which w acts invertibly.

We used the following general lemma.
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Lemma A.19 ([CS]). Let M be a profinite abelian group. For any set I, we have ([[; Z) @%®" M =
[1; M, which is concentrated in degree 0.

Proof. Recall that any discrete abelian group has a 2-term free resolution; then, since M is a compact
abelian group, by Pontrjagin duality, Lemma A.20(ii), it admits a resolution of the form

O—>M—>HT—>HT—>O (A.6)
Jo Ji
where T = R/Z is the circle group. Moreover, since (A.6) is a strictly exact sequence of locally
compact abelian groups,”® it remains exact after applying the functor T+ T (see [CS19, page 26]).
Hence, applying the left derived solidification functor to (A.6), we get the distinguished triangle

MY - ]zl - [z (A7)
Jo J1

where we used that R¥™ = 0 (see [CS19, Corollary 6.1, (iii)]). Then, applying the functor ([]; Z)®@%"
— to (A.7), we obtain the statement from [CS19, Proposition 6.3]. O

We recall the following classical result (see e.g. [Mor77]).

Lemma A.20 (Pontrjagin duality). Denote by LCA the category of locally compact abelian groups.
Given A, B € LCA we endow the group Hom(A, B) of continuous homomorphisms from A to B
with the compact-open topology.

(i) Let T = R/Z be the circle group. The functor from the category LCA to the category of
topological abelian groups
A+ D(A) := Hom(A,T)
induces a contravariant self-equivalence of the category LCA, such that the natural map

A — D(D(A))

18 an isomorphism.

(i) The functor A — ID(A) of part (i) restricts to a contravariant duality between compact abelian
groups and discrete abelian groups.

(11i) The duality of part (ii) restricts to a contravariant duality between profinite abelian groups and
torsion discrete abelian groups.

A.4. Quasi-separated solid vector spaces. In this section, we study quasi-separated solid F'-
vector spaces, i.e. the objects of the category Mod}01101 whose underlying condensed set is quasi-
separated. The goal here is to prove the flatness of such solid F-vector spaces, Corollary A.28.

First, we recall that a condensed set X is quasi-compact (resp. quasi-separated) if and only if
there exists a surjection S — X from a profinite set S (resp. for any profinite sets S7, So mapping
to X, the fibre product S; x x Sy is quasi-compact).”

Remark A.21. We will repeatedly use the following elementary observations.

(i) Any subobject of a quasi-separated condensed set is quasi-separated.

"8In fact, the right arrow of (A.6) is an open map by the following well-known fact: suppose that f: G — H is a
surjective morphism of Hausdorff topological groups and G is compact, then f is open.
79Here, the profinite sets are regarded as condensed sets.
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(ii) A filtered colimit of quasi-separated condensed sets along injections is quasi-separated.

We recall the following result that relates quasi-separated condensed sets to classical topological
objects.

Proposition A.22 (|CS19, Theorem 2.16], [CS20a, Proposition 1.2]).

(i) The functor T — T from T1 topological spaces to condensed sets induces an equivalence between
the category of compact Hausdorff spaces, and the category of quasi-compact quasi-separated
condensed sets.

(ii) The functor T — T induces a fully faithful functor from the category of compactly generated
weak Hausdorff spaces to quasi-separated condensed sets. Moreover, it induces an equivalence
between the category of ind-(compact Hausdorff spaces) whose transition maps are closed im-
mersions, and the category of quasi-separated condensed sets, via sending an object (T;);cr in
the source to the condensed set colim;ez T;.

Next, we need to define the notion of closedness for a subobject of a condensed set.

Definition A.23. Let X be a condensed set. We say that a subobject ¢ : Z — X is closed if the
morphism ¢ is a quasi-compact injection of condensed sets.

In the quasi-separated case the definition above is compatible with the topological one, as stated
in the following lemma.

Lemma A.24 (|CS20a, Proposition 4.13|). Let X be a quasi-separated condensed set. The functor
Z — Z(*)top induces an equivalence between closed subobjects v : Z — X and closed topological
subspaces of X(*)top.&)

Clausen—Scholze proved the following nice characterization of the quasi-separated solid F-vector
spaces in terms of the compact projective generators ([]; Or)[1/@] of Mod3!d.

Proposition A.25 ([CS|). A solid F-vector space is quasi-separated if and only if it is the filtered
union of its subobjects isomorphic to ([[; Op)[1/w] for some set I.

The proof is based on the following lemma.

Lemma A.26 (Smith spaces, [CS]). Let V € Mod". The following properties are equivalent.

(i) The solid F-vector space V is a Smith space, i.e. it is quasi-separated, and there exists a
quasi-compact Op-submodule M C 'V such that V = M[1/w].
(ii) V = ([I; Or)[1/w], for some set I.

Moreover, the class of such solid F-vector spaces, satisfying equivalently (i) or (i1), is stable under
extensions, closed subobjects, and quotient by closed subobjects.

Proof. We observe that, by Proposition A.22(i), for any set I, the Op-module [[; OF is a quasi-
compact quasi-separated condensed set, and we note that

(II, omi/wl =tim(I ], 0r =[], 0 =)

is a filtered colimit of quasi-separated condensed sets along injections, hence it is quasi-separated.
This shows that (ii) implies (i).

80We refer the reader to §A.1 for the notation used here.
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Conversely, recalling again Proposition A.22(i), it suffices to show that, given a w-torsion-free,
compact, Hausdorff, topological Op-module My, we have M := Mo, =2 [[; OF, as condensed Op-

modules, for some set I. For this, we observe that by Lemma A.20(ii) the Pontrjagin dual D(M;ep,)
is a discrete w-power torsion topological Op-module. By Pontrjagin duality, Lemma A.20(iii), we
deduce that Mo, = D(ID(Miep)) is a profinite abelian group; in particular, M = M, is a solid
abelian group. Moreover, denoting by & = Op/w the residue field of F', and using that any (discrete)
k-vector space is a free k-module, we have that

Miop/ = D(D(Miop) /) = [ ¥
I

for some set I (here, for the first isomorphism, we uses that, for a locally compact abelian group
A, we have that Exti (A, T) = 0, [HS07, Proposition 4.14, (vii)]). Then, using that the object
[1; OF is projective in the category of solid Op-modules, we can complete the following diagram

[[;0r — Ik

where the morphism 7 is induced by the quotient map M — M/ @.%" Now, since both [I; OF and
M are derived w-complete (for the latter we use that M is w-torsion-free), and the map f is an
isomorphism mod w, by the derived Nakayama lemma we conclude that f is an isomorphism, as
we wanted.

Regarding the last statement: the stability under extensions follows from the property (ii) (using
that such extensions are split by the projectivity of the objects [[; O for varying sets I), and
the stability under closed subobjects and quotients by closed subobjects follows from the property
(1). O

Proof of Proposition A.25. Let V be a quasi-separated solid F-vector space. By Proposition A.17(ii),
we have that V is the filtered colimit of the images of the maps (][[; Or)[1/w] — V. Now, we ob-
serve that given a map f : ([[; Or)[1/w]| — V, since V is assumed to be quasi-separated, we have
that ker(f) = f~1(0) is a closed subobject of the source. Then, by Lemma A.26, the image of f is
isomorphic to ([[; Or)[1/@]/ ker(f) = ([, Or)[1/w], for some set J.

For the converse, we use again Lemma A.26: we note that the category of Smith spaces is filtered,
and, since Smith spaces are quasi-separated, by Remark A.21 any solid F-vector space that is the
filtered union of its subobjects that are Smith spaces is quasi-separated. (|

We are ready to show the flatness of quasi-separated solid F-vector spaces, as promised.
We recall from Definition A.15 that we say that an object V' € Mod$" is flat if, for all W €
Mod$?"d, we have that V @ W is concentrated in degree 0.

Proposition A.27 (|CS|, cf. [CS22, Theorem 3.14|). For any set I, the solid F-vector space
(I1; Or)[1/w] is flat.

81Here, we are implicitly using that 0 — @wMiop — Miop — Miop/w — 0 is a strictly exact sequence of locally
compact abelian groups, so it remains exact after applying the functor T'— T (see [CS19, page 26]).
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Proof. We need to show that, for all W € Mod!', we have that ([]; Or)[1/=] @%® W is concen-
trated in degree 0. We note that W admits a resolution

0—-W' =W =W -0 (A.8)
with W’ and W quasi-separated solid F-vector spaces: by Proposition A.17(ii) we can take W’
a direct sum of objects of the form ([]; Or)[1/w], and W” = ker(W’ — W). Tensoring (A.8) by
(I1; OF)[1/w] ®@%® —, the statement follows from Proposition A.25 and Proposition A.17(iii), using

that the latter tensor product commutes with filtered colimits recalling that the abelian category
Mod2d satisfies Grothendieck’s axiom (AB5). O

Corollary A.28 ([CS]). Any quasi-separated solid F-vector space is flat.

Proof. Recalling that the abelian category ModSFOlid satisfies Grothendieck’s axiom (AB5), the state-
ment follows from Proposition A.25 and Proposition A.27. (|

As a consequence of Proposition A.27, we also have the following result.

Proposition A.29. Let A be a solid F-algebra. The pre-analytic ring (A,7Z)s := (A, M4) with
underlying condensed ring A, and functor of measures

Ma[—] : ExtrDisc — Mod%™ : S+ A[S]®

is analytic. The category Mod$Md .= Modan%). is the category of A-modules in Solid. If A is
commutative, we write ®% for the symmetric monoidal tensor product @4 7)q-

Proof. By Lemma A.16, it suffices to show that Mz[S]®%"A = (Mz[S|@L"F)@L®" A is concentrated
in degree 0, for all extremally disconnected sets S. By the proof of Proposition A.17, we have that
Mz[S] @5 F ~ ([[; OF)[1/w] for some set I. Then, the statement follows from Proposition
A.27. U

A.5. Locally convex vector spaces in the condensed world. Next, we study some familiar
objects of the classical theory of locally convex F-vector spaces, from the point of view of condensed
mathematics.

Let us begin with the following crucial observation, that we formulate over a ground field more
general that F', for future reference.

Lemma A.30. Let L be a complete discretely valued non-archimedean field. Let V be a L-Banach
space. Then, there exists a profinite set S, and an isomorphism of condensed L-vector spaces
V = Hom(Z[S], L).
Proof. Since the valuation of the field L is discrete, by [PGS10, Theorem 2.5.4], the L-Banach space
V admits a basis. Therefore, by [PG15, Proposition 4.6], there exists a profinite set S such that
V is isomorphic to the L-Banach space €°(S, L), endowed with the sup-norm. Then, we have
V = ¢°(S, L) = Hom(Z[S], L), recalling that, for any profinite set S’,
€°(8',€°(S, L)) =2 €°(S" x S, L)
(see [PGS10, Theorem 10.5.6]). O

Proposition A.31 (|CS]). Let V be a complete locally conver F-vector space. Then, V is a quasi-
separated solid F-vector space.
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Proof. Recall that any complete locally convex F-vector space is isomorphic to a cofiltered limit
of F-Banach spaces, in the category of topological F-vector spaces (cf. [SW99, Chapter 11, §5.4]).
Then, since the subcategory of quasi-separated solid F-vector spaces in Mod‘}?nd is stable under
limits, we can reduce to the case that V is a F-Banach space. In the latter case, V is quasi-
separated by Proposition A.22(ii).

To show that V is a solid F-vector space, by Lemma A.30, we can suppose V. = Hom(Z[S], F'),
with S a profinite set. Since a solid F-vector space is a F-module in Solid, we need to prove that
Hom(Z[S], F') is a solid abelian group. This follows formally from the fact that F' is a solid abelian
group: in fact, we have

Hom(Z[S], F) = Hom(Z[S|", F) = Homg;q(Z[S]", F) € Solid
where for the second isomorphism we used Lemma A.7. O

A.5.1. Fréchet spaces. Now, we focus our attention on the category of F'-Fréchet spaces, i.e. the
category of complete metrizable locally convex F-vector spaces.

Remark A.32. Any F-Fréchet space is compactly generated, being metrizable,** hence, by [CS19,
Proposition 1.7, Proposition 2.15|, the category of F-Fréchet spaces embeds fully faithfully into
Mod$e™, via the functor V +— V.

The next result is often useful when passing from F-Fréchet spaces to the associated condensed
F'-vector spaces.

Lemma A.33. The functor V +— V sends acyclic complezes of F'-Fréchet spaces to acylic complezes
of condensed F-vector spaces.

Proof. Note that the kernel of a map of F-Fréchet spaces is a closed subspace of the source, hence
it is a F-Fréchet space. Then, since the functor V +— V is left exact, by the open mapping theorem
for F-Fréchet spaces, [PGS10, Theorem 3.5.10], it suffices to prove the following general statement:
given an open surjective map f : V — W of complete metrizable topological F-vector spaces, then
the induced map V. — W is surjective.

We need to show that, for S an extremally disconnected set, we have €°(S, V) — €°(S, W), i.e.
given ¢ € €°(S, W), there exists Y€ %V(S,V) making the following diagram commute

N Vv
s
St w
By [Tre67, Lemma 45.1], since 9(S) is compact in W, it is the image f(H) of a compact subset H

of V. We conclude by recalling that the extremally disconnected sets are the projective objects of
the category of compact Hausdorff topological spaces. O

In particular, by Lemma A.33, given V a F-Fréchet space, and W C V a closed subspace, we
have that V. /W = V/W. However, in general, given V a topological F-vector space, and W C V a
subspace, then, taking the quotient V//W in the category of topological F-vector spaces may cause a
high loss of topological information; instead, taking the quotient V /W in the category of condensed

82More precisely, it is also xK-compactly generated, for any uncountable cardinal x (see [CS19, Remark 1.6]).
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F-vector spaces keeps track of the topological information of both V' and W. This phenomenon is
illustrated in the following example.

Example A.34. Let V be a Hausdorff topological F-vector space, having a subspace W C V such
that the topological F-vector quotient space V/W is non-Hausdorff. Recall that this is the case if
and only if W C V is non-closed, if and only if V//W is not T1. Then, we have that V/W # V/W,
since V/W is not even a condensed set (see [CS19, Warning 2.14|).

We note that this is not a pathology of the definition of the category of condensed sets, [CS19,
Definition 2.11]. In fact, let us denote by T' — T, the functor from the category of topological
spaces to the category of k-condensed sets; then, we claim that, given an uncountable strong limit
cardinal k > |V, we have that V /W, # V/VV’i as k-condensed sets. In order to show this, we

need to find a x-small extremally disconnected set S such that the map €°(S,V) — €°(S,V/W),
induced by the quotient morphism V' — V/W, is not surjective. Let A be the cardinality of V, let
So be a discrete set with cardinality A, and let S := Sy be the Stone-Cech compactification of

So. Note that [S]| = 22" < k. Since the (continuous) inclusion map Sy — S has dense image, a
continuous function from S to the Hausdorff space V' is determined by its values on Sy, in particular
the set €°(S, V) has cardinality at most A* = 2*. On the other hand, denoting by W the closure of
W in V, we observe that the subspace W /W C V/W has the indiscrete topology, therefore, every

function S — W /W is continuous; recalling that |S| = 22" we deduce that the set €°(S,V/W) has
A
cardinality at least 22° . Hence, there cannot be a surjective map from €°(S, V) onto €°(S, V/W).

Relatedly, in general, the functor V' — V does not commute with filtered colimits; however, it
does in some special cases.

Lemma A.35 (|[BS15, Lemma 4.3.7]). Let Ty < Ty < --- be a countable inductive system of
Hausdorff topological spaces whose transition maps are closed immersions, and let T = h_n}ln T,.
Then, we have
T =1im T,.
—n —

Ezample A.36. Let {V,,} be a countable direct system of Hausdorff topological F-vector spaces,
whose transitions maps are closed immersions. Let us define the F-vector space V := hLQn V,, and
suppose that, endowing it with the direct limit topology, V is a topological F-vector space (see
[HSTHO1] for a discussion on this condition). Then, by Lemma A.35 we have that V = lim V,, as
condensed F-vector spaces.

Let us also record the following condensed version of the classical topological Mittag-Leffler lemma
for F-Banach spaces.

Lemma A.37 ([CS]). Let {V,, fum} be an inverse system of F-Banach spaces indexed by N. Suppose
that for each n € N, there exists k > n such that, for every m >k, fum(Vin) is dense in fui(Vi).
Then, for all j > 0, we have

Rilim V,, =0.
—n—

Proof. By [Sch13b, Lemma 3.18], it suffices to show that, for any S extremally disconnected set,
the inverse system of F-Banach spaces {€°(S, V,,)} (endowed with the sup-norm), satisfies

R'lim €°(S,V,,) = 0.
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Let S be an extremally disconnected set, and let us denote by ., : €°(S, Vi) — €°(S,V;,) the
transition map given by the composition with f,,,. Recall that, for any n € N, the locally constant
functions LC(S,V;,) are dense in the continuous functions €°(S,V,,), and observe that, for any
m > n, we have ¥, (LC(S, Vi) = LC(S, fum(Vin)). We deduce that, for each n € N, there exists
k > n such that, for every m > k, 1m(€°(S, Vin)) is dense in ¢, (€°(S, Vi)). Then, the statement
follows from the topological Mittag-Leffler lemma [Gro61, Remarques 13.2.4]. U

In view of the results above, we can adopt the following terminology.

Definition A.38. An object of the category Mod%?nd is called F'-Banach/Fréchet space if it is of
the form V for a (topological) F-Banach/Fréchet space V.

A.6. Nuclear modules. In this section, we study a useful characterization of the category of
nuclear F-vector spaces, introduced by Clausen—Scholze, and explain some of its consequences.

Notation and conventions A.39. In this section, all condensed rings will be assumed to be
commutative, and all analytic rings will be assumed to be commutative and normalized. Given an
analytic ring (A4, M), for M € Mod‘(’%nﬁ/[) we write MY := Hom 4 rq) (M, A) for its dual.

Definition A.40 (cf. [CS20a, Definition 13.10]). Let (A, M) be an analytic ring. An object
N e Modar’l}i\/t) is nuclear if, for all S € ExtrDisc, the natural map

(MIS]Y @(amy N)() — N(S) (A.9)

nuc cond

in Ab is an isomorphism. We denote by Mod(A M) the full subcategory of Mod(A M) whose objects
are nuclear.

Remark A.41. We note that the subcategory Mod?ECM) C Mod‘(ﬁn%/l) is stable under all colimits, as
both the source and the target of (A.9) commute with colimits in N.

In this section, we will be mainly interested in the categorical properties of nuclear modules for
analytic rings over (F,Z)q.
Notation A.42. Let A be a (commutative) solid F-algebra. For the analytic ring (A,7Z)s from
Proposition A.29, we write ®% for the symmetric monoidal tensor product ®(4 z), and we denote
by Mod{* := Mod{;%,, the full subcategory of Mod3M of nuclear (solid) A-modules. In the case
A = F| we call the objects of Mod#'*® nuclear (solid) F-vector spaces.

We warn the reader that, in the case A = F', the definition of nuclear F-vector space given
above is quite different from the one adopted in the classical non-archimedean functional analysis’
literature (see e.g. [Sch02, Chapter IV, §19]). In fact, using the latter definition, a F-Banach space
is nuclear if and only if it is finite-dimensional over F', [Sch02, Chapter IV, §19, p. 120]. Instead,
adopting Definition A.40, any F-Banach space is nuclear, as we will see.

In general, the notion of nuclearity is better behaved in the derived setting. However, in the
following case of interest it has extremely nice categorical properties.

Theorem A.43 ([CS]). Let A be a nuclear solid F-algebra.>

(i) The subcategory Mod®' € Mod5i is an abelian category, stable under the tensor product ®%,
finite limits, countable products, and all colimits.

83Given a solid F-algebra A we say that it is nuclear if the underlying solid F-module is nuclear.
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(1) The category Mod'\*® is generated under colimits by the objects Hom 4 (A[S], A), for varying S
profinite sets, which are flat for the tensor product ®@¥%.

As we will see, Theorem A.43 applies in particular in the case A is a Banach F-algebra (Corollary
A.50). We refer the reader to the next subsection for a proof of Theorem A.43.

A.6.1. Trace-class maps. The proof of Theorem A.43 will rely crucially on the following notion.
Definition A.44 (cf. [CS20a, Definition 13.11], [CS22, Definition 8.1]). Let (A, M) be an analytic
ring. Amap f: M — N in Modar"jiw) is called trace-class if it lies in the image of the natural map
(MY ®(arm) N)(x) — Homy (M, N).
Remark A.45. 1t follows formally from the definition above that if f : M — N is trace-class, and
g: N — N'and h: M' — M are arbitrary maps in Mod‘(ﬁl’lf\l/l), then g o f o h is trace-class.
Definition A.46 ([CS]). Let (4, M) be an analytic ring. We define the trace-class functor
(=)™ Mod‘(i’fﬁl) — Mod%™ : M — M*™
where M is defined on S-valued points, for S € ExtrDisc, as
M™(S) = (M(S]Y @(a,n1) M)(*).

Next, we study some elementary properties of the trace-class functor and its relation with nuclear
modules and trace-class maps.

Lemma A.47. Let (A, M) be an analytic ring.
(i) The trace-class functor (—)% : Mod‘(ﬂnjlvl) — Mod%™ takes values in Modanji\/(),
(i) A map f: P — M in Modal}ﬂ/t) with P compact object is trace-class if and only if it factors
through M?*.
(1ii) An object M € Mod‘(ﬂrjﬁ/{) is nuclear if and only if the natural map M™ — M is an isomor-
phism.
Proof. For part (i), we need to check that for any M € Mod‘&“ﬂ/l) we have MY ¢ Mod‘(ﬁnj\l/l).
Denoting by Hom a)(—, —) the Hom functor on MOdaI,l?\Ay we define the object Mt € Mod((:grji/l),
via Yoneda’s lemma, as

Homg ) (M[S], M™) = (M[S]" @ (4, pa) M) (#).

for varying S € ExtrDisc. We claim that we have a natural isomorphism M = M ' in fact, we
have natural isomorphisms

M (S) = Hom(a yg(M(S], M™) = Hom(M]S], M™) = Homa(A[S], M™') = M (S)

for all S € ExtrDisc, using that M is (A, M)-complete.
For part (ii), the case P = M([S], with S extremally disconnected set, is clear as f is trace-class
if and only if it lies in the image of the natural map

Hom 4 (M(S], M*™) — Hom(M]S], M)
cond

i.e. if and only if it factors through M. For a general P compact object of Mod( Ap)s We can
reduce to the previous case writing P as a retract of M[S] for some S extremally disconnected set.
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Lastly, part (iii) follows immediately from the definitions.

We learned the following result from Andreychev.

Proposition A.48 ([CS|, [And]). Let (A, M) be an analytic ring. For any M € Mod‘(:(’rld s the
object M*™ (and in particular any nuclear object in Mod‘(:(”1d ) can be written as a colimit of objects

of the form M[S]Y for S extremally disconnected sets.

Proof. Recalling that ModfOnd ) is generated under colimits by M(T] for varying T' € ExtrDisc, we
have

M™ = colim MIT] = colim M(T]
M[T}HM” AHM[T}V®(A7M)M

where T' runs over k-small extremally disconnected sets, for a chosen x uncountable strong limit
cardinal such that M is determined by its values on k-small T'. Then, for any T as before, writing

M[T)Y = colim  MJS]
M[S]=MT]Y

where S runs over x’-small extremally disconnected sets, for £ an uncountable strong limit cardinal
(depending on x and A) such that each M[T]" is determined by its values on £’-small S, we have

M™ = colim colim MIT] = colim M(S]Y
A=M[SI®a,myM M[T]-M[S]Y A—=M[SI®a )M

which implies the statement. ]

Now, we focus on the proof of Theorem A.43 in the case A = F. As a first step, we show that
the objects Mp[S]Y = Hom(Z[S], F), for varying S profinite sets, are nuclear F-vector spaces.

Proposition A.49 (|CS]). For all profinite sets S and S’, the natural map
Hom(Z[S], F) &% Hom(Z[S'), F) — Hom(ZIS x S'], F) (A.10)
is an isomorphism. In particular, Hom(Z[S], F) lies in Mod»*.
Before proving Proposition A.49, we collect an immediate corollary.
Corollary A.50. Any F-Banach space lies in Modz'°.
Proof. Combine Lemma A .30 and Proposition A.49. O

To prove Proposition A.49, we will rely crucially on Lemma A .52 and Lemma A.53 below, which
combined express the solid F-vector space Hom(Z[S], F') as a filtered colimit of objects isomorphic
to (I[; Or)[1/w]|, on which we know how to compute the tensor product ®%. thanks to Proposition
A.17(iii).

Notation A.51. In the following, for an Op-module M in condensed abelian groups, we denote
/\ N . n : . . .
by Mw = hmneN M/w™ its w-adic completion.
Given a set I, we define the condensed F-vector space

@ Or)2[1/w].
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Lemma A.52. Let S be a profinite set, and fix an isomorphism Z[S]™ =[], Z;%* then, we have an
isomorphism

Hom(Z[$], F) = V;. (A11)
Conversely, for any set I there exist a profinite set S and an isomorphism (A.11); in particular, Vi
1s a F'-Banach space.

Proof. For the first assertion, we recall that, by Proposition A.12; Z[S]" is an internally compact
object of Solid. Then, we have an isomorphism
Hom(Z([$), F)  Hom(Z(S]*, F) = (lim Hom(Z[S]*, O /o"))[1/=].
neN

Next, we observe that, for any discrete condensed abelian group M (such as Op/w™), we have a
natural isomorphism

Hom(Z[S|*, M) = Hom(Z[S]*,Z) ®z M (A.12)
since discrete condensed abelian groups are generated under colimits by Z, and both sides of (A.12)

commute with colimits in M. Hence, recalling that (by the proof of [CS19, Proposition 5.7]) we
have Hom(Z[S]*,Z) = @, Z, we conclude that Hom(Z[S], F)) = (lim__ P, Op/@w")[1/w] = V1, as

«—neN
desired.
For the last part of the statement, by Lemma A.30 it suffices to check that V; is a F-Banach
space: for this, we observe that the topology on Vi (x)iop is induced by the norm ||| : V7(x) — Rx>q
defined by ||z|| := 2"=(*) where v (z) := inf{n € Z : w"z € (@; Or))}. O

Lemma A.53 (|CS|). Let I be a set. For a function f : I — R, we define the condensed F-vector

space
Vi = ([ F<ra)lt/ml c [] F
el i€l

where, for a real number ¢ > 0, we denote F<.:={x € F': |z| < c}.
Then, regarding Vi as a subobject of [[; F', we have the following identification

Vi=  lm oV (A13)
fiI—=R>q, f—0

where the colimit runs over the functions f : I — Rxq tending to 0 (i.e. for every e > 0, the set
{iel:|f(i)] > e} is finite) partially ordered by the relation of pointwise inequality f < g.

Proof. Tt suffices to prove (A.13) on S-valued points, for all S € ExtrDisc, in a natural in S way.
Using that S is a compact object of the category of condensed sets, we have that

Vi(S) = Hom(S @OF [1/w]) = (lim P Hom(S, Or/=™))[1/w]
neN 1

and then
Vi(S) = {(g:)ier with g; € €°(S, F) : Ve > 0, ¢i(S) C F<. for all but finitely many g;}
which, in turn, identifies with
lim (H%O(S, Fgf(i))) [1/=]
FI—Rz0, f—0 \ic]

84Here, we use [CS19, Corollary 5.5].
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thus showing the statement. U

Remark A.54. We observe that any function f : I — R>( tending to 0 has countable support. In
particular, by Lemma A .53, we can write V; = (B; Or)2[1/w] as the w;-filtered colimit of its
subobjects V; C V7, over all countable subsets J C I.%°

Proof of Proposition A.49. By Lemma A.52, using that Z[S]"®Y Z[S'|" = Z[S x S'|", we can reduce
to showing that, for any sets I and J, the natural map

Vi @k Vi — Vikg

is an isomorphism. To prove this, we use Lemma A.53. First we note that, for any functions
f:I—Rspand g:J — R, by Proposition A.17(iii), we have the identification

Vieh V=V C[[ F (A.14)
IxJ

where f x g : I xJ — Rxq is defined by (f x g)(¢,7) := f(i) - g(j) for all (i,5) € I x J. Then, using
that the solid tensor product ®% commutes with colimits in both variables, we see that it suffices
to show that the filtered union of the Vi, over all f : I — R>g and g : J — R>( tending both to 0,
can be identified with the filtered union of the V}, over all h : I x J — R>¢ tending to 0. Clearly, if f
and g tend both to 0, the f x g tends to 0. Therefore, it suffices to prove that, given b : I xJ — R>q
tending to 0, there exist functions f : I — R>p and g : J — R>( tending to 0 such that h < f x ¢

pointwise: for this, we can take f(i) := y/max;cs h(¢,7), and g(j) := y/max;es h(s, ). O
The following result implies in particular Theorem A.43(ii).

Proposition A.55. Let A be a nuclear solid F-algebra.
(i) We have that N € Mod'}*° if and only if, for all profinite sets S, the natural map

Hom 4 (A[S], A) @% N — Hom 4 (A[S], N) (A.15)

18 an isomorphism.

(1) The category Mod'}*® is generated under colimits by the objects Hom 4 (A[S], A), for varying S
profinite sets.

(iii) The objects Hom 4 (A[S], A), for varying S profinite sets, are flat for the tensor product @ .

Proof. Suppose first A = F. Then, part (ii) follows from Proposition A.48 and Proposition A.49.
Part (iii) follows from Corollary A.28, recalling that the objects Hom(Z[S], F') are F-Banach spaces
and, in particular, are quasi-separated (Proposition A.31). For part (i), noting that both sides of
(A.15) commute with colimits in N (using that, by Proposition A.12, Z[S]" is an internally compact
object in Solid), by part (ii) we can reduce to the case N = Hom(Z[S'], F'), with S’ profinite set,
which follows from Proposition A.49.

For the general case, we note that, by part (i) of the previous case, since A is a nuclear solid
F-algebra, we have Hom 4 (A[S], A) = Hom(Z[S], F') ®%. A, for all profinite sets S. Then, part (i)
follows from part (i) in the case A = F shown above. Part (ii) follows using again Proposition A.48
and Proposition A.49. For part (iii), we observe that for any M € ModSAOlid

Hom 4 (A[S], A) @4* M = Hom(Z[S], F) @1* M

85Here, w1 denotes the first uncountable ordinal.
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is concentrated in degree 0, using that, by the previous case, Hom(Z[S], F') is flat for the tensor
product ®%. O

We refer the reader to [And21, Proposition 5.35] for a statement that generalizes Proposition
A.55(1) in the derived setting.
Corollary A.56. Let A be a nuclear solid F-algebra and let M € Modiflid. We have that M lies
in Mod3* if and only if M (regarded in Mod2'?) lies in Mode,

Proof. 1t suffices to recall Definition A.40 and note that, by Proposition A.55(i) (for A = F), for
all extremally disconnected sets S, we have natural isomorphisms M4[S]" = Hom 4(A[S], A)
Hom . (F'[S], F) @%. A= Mp[S]Y % A.

As a last step toward the proof of Theorem A.43, we prove the following result.

O

Proposition A.57. Let A be a nuclear solid F-algebra.

(i) The subcategory Mod'\'® C Modffhd 1s stable under countable products.
(11) If A is a Banach F-algebra, the subcategory of Mod'}* generated under filtered colimits by the
objects Hom 4 (A[S], A), for varying S profinite sets, is stable under countable products.

The proof will rely on the following key lemma.

Lemma A.58 (|CS]). The solid F-vector space [ F' is nuclear and it can be written as a filtered
colimit of F-Banach spaces.

Proof. First, we note that, for any extremally disconnected set S, we have ([T F)(S) = [[y €°(S, F),
and, since S is compact, any continuous map S — F' has image contained in F<. for some real num-
ber ¢ > 0 (in the notation of Lemma A.53). We deduce that

[[F= lm Vv (A.16)
—
N f:N=R>g

and Vy = ([ [,.en F<f(n))[1/@] denotes condensed F-vector space defined in Lemma A.53. We claim
that, applying the trace functor (Definition A.46), the natural map

lim V" — lim V, (A.17)
— f — f
f:N—)]RZO f5N_’RZO

is an isomorphism, and V" is a F-Banach space.

For this, given V = ([[y Or)[1/w], we define the F-Banach space V52 := (([[y OF)aisc) > [1/w],
where for a condensed abelian group M we denote by My the associated discrete condensed abelian
group such that M (x) = Mg (*).° Then, for all extremally disconnected sets S, we have

VI(S) = (Mp[S]Y @F V)(x) = (Mp[S]Y @ V) (%)

where we used Lemma A.52 and Lemma A.53 to write Mp[S]Y as a filtered colimit of objects
isomorphic to ([[; Or)[1/w] for some set I, together with Proposition A.17(iii). Since the F-
Banach space VB2 is a nuclear F-vector space (by Corollary A.50), we deduce that we have a
natural isomorphism V¥ (S) = VB (S) for all extremally disconnected sets S, and then

Vtr ~ VBan

86Note that V" is indeed a F-Banach space by the last assertion in Lemma A.52, observing that (Ix OF)aisc is
a free (discrete) Op-module.
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Coming back to (A.17), since Vy 2 V', we deduce that, for any f: N — R>(, we have that Vftr isa
F-Banach space, and the natural map V]}r — Vy is injective.

Then, it remains to show that, given f : N — R>q, there exists ¢ : N — R>g with g > f
pointwise, such that the natural map Vy — V; factors through Vgtr7 i.e. it is a trace-class map,
Lemma A.47(ii). For this, assuming, without loss of generality, that |- | on F' is normalized,
we take g(n) := |w|™™ - f(n). Then, using Remark A.45, we can reduce to checking that, for
V = ([IyOr)[1/w], the map H : V' — V given by the diagonal matrix whose (n,n)-entry is w"
is trace-class: this is clear as H comes from the element in (VY &% V)(*) given by >~ - ¢n ® én,
where e, € V is the vector having 1 in the n-th coordinate and 0 otherwise, and (¢, )nen is the
null-sequence in V' with ¢, sending a vector in V' to its n-th coordinate multiplied by ™. ([l

Corollary A.59 (|CS]). Let V' be a F-Banach space. The natural map
ver[F-][V
N N
1S an isomorphism.

Proof. By Lemma A.30 we have V' = Hom(Z[S], K) for some profinite set S. By Lemma A.58,
[Iy F is a nuclear F-vector space, then we have that

Vet [[F = Hom(z(S], F) &% [[ F = Hom(Z[S], [ [ F) = [[ Hom(z[5], F) = [[V
N N N N N

where we used Proposition A.55(i) O

Proof of Proposition A.57. First, we note that, thanks to Corollary A.56, it suffices to prove part
(1) in the case A = F. Thus, we can assume that A is a Banach F-algebra and prove both part (i)
and part (ii).

Let C4 denote the full subcategory of Mod3P14 consisting of the objects of the form Hom 4 (A[S], A)
with S profinite set. By Proposition A.55(ii), writing an object of Mod'}'® as a filtered colimit of
quotients of objects in C4, using that the abelian category Mod‘f‘fhd satisfies Grothendieck’s axioms
(AB4*) and (AB6), we can reduce to showing that a countable product of objects in C4 can be
written as a filtered colimit of objects in C4. Applying Proposition A.55(i) (for A = F'), we have
that Hom 4 (A[S], A) = Hom(Z[S], F') ®% A, for all profinite sets S (recall that, since A is a Banach
F-algebra, it is a nuclear F-algebra by Corollary A.50). Then, by Lemma A.52, Lemma A.53, and
Remark A.54, using again the axiom (ABG6) in Modifhd, we can further reduce to proving that a
countable product of copies of My := (Py Or)5[1/w] ®F A can be written as a filtered colimit
objects in C4. By the second statement in Lemma A.52; there exist a profinite set Sy, and an
isomorphism M4 = Hom(Z[Sp], F') ®} A. Then, denoting P := [[y F, we have that

[ 24 = [ [ Hom(Z[So]*, A) = Hom(Z[So]", [ [ A) = Hom(Z[So], P &% A) (A.18)
N N N
where for the second isomorphism we used that, by Proposition A.12, Z[Sy|" is an internally compact

object of Solid, and in the last isomorphism we used that A is a Banach F-algebra and Corollary
A.59. Now, we claim that the natural map

Hom(Z[S], P) ®} A — Hom(Z[So], P ®% A) (A.19)
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is an isomorphism. By Lemma A.58, we can reduce to showing that (A.19) is an isomorphism
replacing P by Hom(Z[S;], F') with S7 profinite set; in the latter case both the source and the target
naturally identify with Hom(Z[Sy x S1], A) thanks to Proposition A.55(i) (using that A € Mod#*).
Then, combining (A.18) with (A.19), we have

HMA_HHom ) &% A = HF ®% Hom(Z[Sy), F) @% A

where for the latter isomorphism we used again Corollary A.59. By Lemma A .58, Lemma A .30, and
Proposition A.49, we have that (][ F) ®% Hom(Z[Sy], F) can be written as a filtered colimit of
objects in Cr, and then (using again that A € Mod'®), [[y Ma can be written as a filtered colimit
of objects in C4, as desired. U

We are ready to complete the proof of Theorem A.43.

Proof of Theorem A.J3. Part (ii) follows from Proposition A.55(ii) and Proposition A.55(iii). For
part (i), the stability of the subcategory Mod}'® C Mod‘f‘fﬁd under colimits was observed more
generally in Remark A.41, and the stability under finite limits follows from the flatness of the objects
M4[S]Y = Hom 4 (A[S], A), for varying S profinite sets; the stability under countable products was
shown in Proposition A.57(i), and the stability under the tensor product ®% follows combining
part (ii) with Proposition A.49, using that the tensor product ®% commutes with colimits in both
variables. O

A.6.2. Some corollaries. In this subsection, we focus on the functional analysis over a complete
discretely valued extension of F', deducing some important consequences from Theorem A.43.

Notation and conventions A.60. We denote by K a complete discretely valued extension of F'.
We extend the terminology adopted in Definition A.38 to K-Banach/Fréchet spaces.®’

The reason for this restriction is that, for such K, thanks to Lemma A.30, K-Banach spaces
in Mod$2™® correspond to the objects Hom(Z[S], K), for varying profinite sets S. In particular,
applying Theorem A.43(ii) with A = K we obtain the following result.

Corollary A.61. The subcategory Mod® c Mod32id is generated under colimits by the K -Banach
spaces, which are flat objects for the tensor product @Y.

Remark A.62. Let x be an uncountable strong limit cardinal. We note that Modi'° is a full
subcategory of the category of k-condensed K-vector spaces. In fact, by Corollary A.61, we can
reduce to checking that K-Banach spaces are k-condensed sets; as any K-Banach space is a F-
Banach space, we can further reduce to the case K = F, which follows combing Lemma A.52,
Lemma A.53 and Remark A.54.

Next, we focus on K-Fréchet spaces. We start with the following observation.

Remark A.63. We recall that a locally convex K-vector space W is a K-Fréchet space if and only if
it is isomorphic, in the category of topological K-vector spaces, to the limit of a countable inverse

87We note that a K-Fréchet space is in particular a F-Fréchet space, therefore, in the following, we can use the
results in §A.5 on F-Fréchet spaces.
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system {W,,} of K-Banach spaces along transition maps having dense image (cf. [SW99, Chapter
11, §5.4, Corollary 1]). In particular, by Lemma A.37,%% we have a short exact sequence in Modﬁ?nd

0—>E—>H%—>H%—>O (A.20)

where the map [[, W, — [[,, Wy is the difference of the identity and the transition morphisms.

In the following, we refer to the objects of Modi'* as nuclear K-vector spaces.

Proposition A.64. Any K-Fréchet space is a nuclear K-vector space that can be written as a
filtered colimit of K-Banach spaces.

Proof. By Proposition A.57(ii) (for A = K), a countable product of K-Banach spaces is a nuclear
K-vector space that can be written as a filtered colimit of K-Banach spaces. Then, the statement
follows from Remark A.63, writing a K-Fréchet space as a kernel of a map whose source is a filtered
colimit of K-Banach spaces and the target is quasi-separated (and then using that filtered colimits
commute with finite limits in Mod$"?). O

Corollary A.65. Any K-Fréchet space is flat for the tensor product &Y.

Proof. Writing a K-Fréchet space as a filtered colimit of K-Banach spaces, thanks to Proposition
A.64, the statement follows from the flatness of K-Banach spaces for the tensor product &%,
Corollary A.61. O

We know that the tensor product ®% commutes with colimits in both variables. Next, we study
some special cases in which it commutes with limits.

Proposition A.66 ([CS]). Let {V,,} be a countable family of nuclear K -vector spaces, and let W
be a K-Fréchet space. Then, the natural map of condensed K -vector spaces

(T v) &% W = T[(Va @% W)

18 an isomorphism.

Proof. By Corollary A.61, we can write a nuclear K-vector space a filtered colimit of quotients of
K-Banach spaces, then, recalling that the abelian category Mod$2 satisfies the axioms (AB4*) and
(ABG6), we can reduce to the case the condensed K-vector spaces V,, are K-Banach spaces. Using
Remark A.63, and recalling the flatness of K-Fréchet spaces for the tensor product ®%-, Corollary
A.65, we can also suppose that W is a countable product of K-Banach spaces. Then, it suffices to
show that given two countable families {V,,} and {W,,} of K-Banach spaces, we have

(T V) &% T Wm) = [ (Ve &% Win). (A.21)

By Lemma A.30, any K-Banach space is isomorphic to Hom(Z[S], K) = Hom(Z[S], F') ®% K, for
some profinite set S (here, for the latter isomorphism, we used Proposition A.55(i)); then, we can
reduce to showing (A.21) in the case K = F. By Lemma A.52 and Lemma A.53, combined with
Remark A.54, any F-Banach space can be written as a filtered colimit of objects isomorphic to

88Alternatively, by topological Mittag-Leffler lemma [Gro61, Remarques 13.2.4] and Lemma A.33.
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(@ Or)L[1/w]; therefore, using the axiom (AB6) in Mod'd, we can further reduce to showing
that, given a F-Banach space V', we have

JIv) e (qIv) =[]V erv).
N N NxN

Recalling that, by Proposition A.49, the solid tensor product V ®%. V is also a F-Banach space,
using Corollary A.59, it suffices to show that

JImer I =11F (A.22)
N N NxN

Using (A.16) together with (A.14), recalling that the solid tensor product ®% commutes with
colimits in both variables, we deduce that, in order to show (A.22), it suffices to prove that the
filtered union of the Vi, over all f: N — R>g and g : N — R>, can be identified, inside [ [y, /&,
with the filtered union of the V}, over all h : N x N — R>(. For this, it suffices to show that, given
h : NxN — R>q, there exist functions f : N — R>g and g : N — R such that h < f x g pointwise:
we can take f(n) = g(n) = max{1, max; j<, h(i,j)}, thus concluding the proof. O

Let us collect some corollaries of Proposition A.66.

Corollary A.67.
1) Let {V,} be a countable inverse system of nuclear K-vector spaces, and let W be a K-Fréchet
(i) y paces,
space. Then, we have
(lm V) & W = lim (V, &% W).
i) Let {V,)} be a countable inverse system of objects in D(Mod$2i) such that each V,, is repre-
K

sentable by a complex of nuclear K -vector spaces. Let W € D(Mods2i) be representable by a
bounded above complex of K-Fréchet spaces. Then, we have

(Rlim Vy) @ W = Rlim (V, ®*W).
Proof. For part (i), we consider the exact sequence

0= 1lmV, = [[Va = [[Va (A.23)

where the last arrow is the difference of the identity and the transition morphisms. By Corollary
A.65, the K-Fréchet space W is a flat solid K-vector space, hence the exact sequence (A.23) remains

exact after applying the functor — ®% W, and the statement follows from Proposition A.66.
For part (ii), consider the distinguished triangle in D(Mod32?)
RlimV, — [[Va = [ Wn (A.24)
n n n

where the last arrow is the difference of the identity and the transition morphisms. Applying the
functor — @X® W to (A.24), we see that it suffices to prove that the natural map

([ @i w = [V @F*W). (A.25)

is an isomorphism. Let W*® be a bounded above complex of K-Fréchet spaces, representing W.
By Corollary A.65, W* is a bounded above complex of flat solid K-vector spaces; in particular,
for any complex K* € D(Mod52'd), the derived tensor product X* @™ W* is represented by the
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total complex Tot(K* ®% W*). Moreover, since the category Mods}?hd satisfies Grothendieck’s
axiom (AB4*), by [Sta20, Tag 07KC], we know that the countable product [, V, in D(Mod32d) is
computed by taking the termwise products of any of the complexes representing the V,,. Therefore,
the assertion that the natural map (A.25) is an isomorphism reduces to the statement of Proposition
A.66.

O

As a consequence, we can show that on K-Fréchet spaces the completed projective tensor product

®x agrees with @5

Proposition A.68 (|[CS]). Let V and W be K -Fréchet spaces. Then, the natural map of condensed
K -vector spaces
Vet W — VoW

. . . C
5 an lsomorphzsm. 90

Proof. By Remark A.63, we can suppose that V' (resp. W) is the limit of a countable inverse
system of K-Banach spaces {V,,} (resp. {W,}) with transition maps having dense image. We have
VRrW = @n Vi@ gk Win.”! Moreover, by Corollary A.67(i), combined with Corollary A.64, we
have

,m

V &% W =limV, & W,
Therefore, to show the statement, we can reduce to the case that V and W are K-Banach spaces.
In the latter case, by (the proof of) Lemma A.30, there exist profinite sets S and S’, such that
V 2¢9%S,K) and W 2 ¢°(S’, K) (endowed with the sup-norm), and we have V = Hom(Z[5], K)
and W = Hom(Z[S'], K). By [PGS10, Corollary 10.5.7|, we have a natural isomorphism

CUS, K)®rCO(S', K) = C°%S x 5, K).

On the other hand, combining Proposition A.49 with Proposition A.55(i), we have a natural iso-
morphism

Hom(Z[9], K) ®@% Hom(Z[S'], K) = Hom(Z[S x S|, K)
from which the statement follows. O

Remark A.69. Let A and B be two K-Banach algebras, and denote by A®x B their completed
tensor product in the category of K-Banach algebras. Recall that the topological K-vector space
underlying the K-Banach algebra A&y B is the completed projective tensor product of A and B,
regarded as K-Banach spaces (see e.g. [Bosl4, Appendix BJ). Therefore, by Proposition A.68, the
natural map of condensed K-algebras

A®% B — ARk B

is an isomorphism.

89Let V and W be two (possibly non-Hausdorff) locally convex K-vector spaces. Recall that the completed
projective tensor product V&x W is the Hausdorff completion of the projective tensor product of V and W, [PGS10,
Definition 10.3.2].

90Here, the map (A.68) is constructed using that, by Proposition A.31, V& W is a solid K-vector space.

91This follows from [SJF* 72, Proposition 9, p. 192] and (the proof of) [Var07, Corollary 1.7, (b)].
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APPENDIX B. COHOMOLOGY OF CONDENSED GROUPS

Our goal in this appendix is to revisit the definition of condensed group cohomology, due to Bhatt—
Scholze, and explain its relation to Koszul complexes (Definition 7.7), in some cases of particular
interest to us.

We keep the notation and the conventions of Appendix A, §A.1. In particular, in this appendix,
contrary to §1.6, we work in the category of all condensed sets (and not only x-condensed sets).

Let G be a condensed group, and let M be a G-module in condensed abelian groups, i.e. a
condensed abelian group M endowed with a left G-action G x M — M in the category of condensed
sets. Denoting by Z[G] the condensed group ring of G over Z, we can regard M as a Z[G]-module
in CondAb, and give the following definition (cf. [BS15, §4.3]).

Definition B.1. We define the condensed group cohomology of G with coefficients in M as complex
of D(CondAb)
R cond(G, M) := RHomy,(Z, M)

where Z is endowed with the trivial G-action.”” We denote by RTcona(G, M) := RT cona (G, M) (%)
its underlying complex of abelian groups.

As we now explain, in many cases, the condensed group cohomology recovers the continuous group
cohomology (cf. [BS15, Lemma 4.3.9]). However, Definition B.1 has some favorable extra features:
for example, given a short exact sequence of G-modules in condensed abelian groups, one always gets
long exact sequences in cohomology. Note also that, contrary to the continuous group cohomology,
the condensed group cohomology has a natural “topological structure” (more precisely, a condensed
structure) by definition, and one can show it admits a Hochschild-Serre spectral sequence.

We learned the following proposition, which is certainly well-known to experts, from Anschiitz
and Le Bras.

Proposition B.2. Let G be a profinite group, and let M be a G-module in solid abelian groups.
(i) The complex RT cond(G, M) is quasi-isomorphic to the complex of solid abelian groups

M — Hom(Z[G], M) — Hom(Z[G x G|, M) — - --
93

sitting in non-negative cohomological degrees.
(it) Suppose that M = Moy, with Mo, a (T1) topological G-module over Z. Then, for all i > 0,

we have a natural isomorphism of abelian groups
: (Q, M) = Héont(G7 Mtop)'

cond

Proof of Proposition B.2. We consider the bar resolution”* of Z over Z[G]
- — Z|G x G — Z|G] - Z — 0. (B.1)

92C0ntrary to the category of k-condensed abelian groups, the category of all condensed abelian groups has no non-
zero injective objects (see [Sch20]). However, we can compute Hcioind(G, M) = M%G](Z, M) by taking a projective
resolution of the Z[G]-module Z.

93The differentials of the complex are described in the proof.

9476t k be an uncountable strong limit cardinal such that the condensed set G is the left Kan extension of its
restriction to k-small extremally disconnected sets. Then, the resolution (B.1) is the left Kan extension of the
sheafification (on the site of k-small extremally disconnected sets, with coverings given by finite families of jointly
surjective maps) of the functor sending a k-small extremally disconnected set S to the bar resolution of Z over
Z[G(S)], [Bro82, Chapter I, §5].
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Applying RHomZ[Q](—, M), we obtain the spectral sequence

E = Ext! 2 (ZIG, M) = Ext%(Z,M).

Note that Ei] = Ext’(Z|G" 1], M), for all j > 0 and i > 0. Since M is a solid abelian group, by
[CS19, Corollary 6.1, (iv)]|, and Lemma A.7, for all profinite sets S, and for all j > 0, we have

Ext(Z[S], M) 2 Ext/ (Z[S]*, M) = Bxt], 1., (Z[S]*, M) =0
where in the last step we used that, by Proposition A.12, Z[S]" is an internally projective object of
the category Solid. In particular, we have that £}’ = 0, for all j > 0 and i > 0, which gives part
(1)
Part (ii) follows from part (i). In fact, by [CS19, Proposition 1.7], for every integer n > 0, we have

that Hom(G", M) = CKO(G" Miop). We conclude observing that the differentials of the complexes
computing respectively H. (G, M) and H¢ (G, Miop) agree as well. O

cond cont

The following result generalizes [BMS18, Lemma 7.3].

Proposition B.3. Given an integer n > 1, let T := Zy, and let v1,...,7, denote the canonical
generators of I'. Let M a I'-module in the category ModsZc;lid
a quasi-isomorphism

of Zyp-modules in Solid. Then, we have

RU¢ond (L', M) >~ Kospr(y1 — 1, .o,y — 1),
First, we prove a general lemma.

Lemma B.4. Let G be a profinite group, and let R be a profinite commutative unital ring.
We define the Iwasawa algebra of G over R as the condensed R-algebra

R[G] := lim R[G/U]
U
where U runs over all the open normal subgroups of G.”°

(i) We have R[G] = R[G]|", i.e. R[G] is the solidification of the condensed R-algebra R|G].

(i) The pre-analytic ring (R|G],Z)a from Lemma A.16 is an analytic ring. The category of
(R[G], Z)a-complete modules in Mod‘ﬁ[rg} is the category of R[G]-modules in Solid, and it is
generated by the compact projective objects [[; R[G], for varying sets I.

(iti) Denoting by RHom pic) 7)4(—: —) the derived internal Hom in D((R[G],Z)a), given M a R[G]-
module in Solid, we have a natural isomorphism

RTcond(G, M) ~ RHom gy 7y (Z, M) (B.2)
Proof. For part (i), we first note that Z|G]* = lim  Z|G /U], where U runs over all the open normal

subgroups of G. Then, the statement follows observing that, by [CS19, Corollary 5.5] and Lemma
A 19, for any profinite set S, we have

R[S]"™ = Z[S]" @%" R ~ HZ P"R=]][R (B.3)
I

concentrated in degree 0, for some set I depending on S.
For part (ii), we note that, by the proof of the previous point, R[G] is profinite: in fact, we
have R[G] = [], R, for some set J. Hence, applying again Lemma A.19, for any set I, we have

95Here, and in the following, to keep notation light, we write R (resp. G) to denote R (resp. G).
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(I1; Zz) ®=® R[G] = T1; RIG] (concentrated in degree 0). Then, the first statement of part (ii)
follows from Lemma A.16, and the second assertion follows from [CS19, Theorem 5.8, (i)].
For part (iii), by the analyticity of (R[G],Z)s from part (ii), by Lemma A.7 the natural map

RHom piq 7)q (R, M) — RHomp g (R, M)

is an isomorphism, and by adjunction the target identifies with RHomgc; (Z,M) = Rl cona (G, M).
]

Proof of Proposition B.5. Applying Lemma B.4 for G =T', and R = Zj,, we have a natural isomor-
phism
Rl eond(I', M) >~ RHomz, 161, 7)a (Zp, M).

Now, we note that the condensed Z,-algebra Z,[I'] is given by applying the functor 7" — T to the
topological Iwasawa algebra of I' over Z,. Then, we have the following projective resolution of 7Z,
as a Zp[I']-module in Solid

n

vi—1 ~
X(Z,[1] ™= Z,[1]) = Z,.
i=1
Taking RHomy (5 2)a(— M) gives the statement. O
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