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Goal: Sketch a computation of TC−,ref(ku⊗Q/ku).
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Reminder on refined THH/TC−

Let k be an E∞-ring spectrum.

rigid

Motlock

not rigid

Modk(Sp)
BS1THH(−/k)

If k is complex orientable, then khS1 ≃ kJtK, |t| = −2, and (−)hS
1

induces

an equivalence of ∞-categories Modk(Sp)
BS1 ≃ ModkJtK(Sp)

∧
t .

Via this equivalence, we can define TC−,ref(−/k) (closely related to nuclear
solid kJtK-modules á la Clausen–Scholze).
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THHref(Q)

Question (Efimov).

What’s THHref(Q)?

Note: THH(Q) ≃ Q, but THHref(Q)∧p ̸≃ 0 (so we should get an interest-

ing cohomology theory for Q-varieties).

Strategy: Compute TC−,ref(MU⊗Q/MU) and then use Adams–Novikov

descent.

So far, we can describe TC−,ref(ku⊗Q/ku).
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Main result

For simplicity, replace ku by KU∧
p .

Theorem (Meyer–W. 2024).

π∗ TC
−,ref(KU∧

p ⊗Q/KU∧
p )

∼= O†(Z )[β±1] ,

where

• O†(−) denotes rings of overconvergent functions,

• Z ⊆ SpaZpJq − 1K denotes the subset

Spa
(
Fp((q − 1)),FpJq − 1K

)
∪

⋃
α⩾0

Spa
(
Qp(ζpα),Zp[ζpα ]

)
.
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An image of Z

p = 0

q
=

1

q
=
ζ p

q
=
ζ p

2

q =
ζ p

3
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Proof sketch

Formal part: There’s a cofibre sequence

“colim”
α⩾2

TC−((KU/pα)/KU)∨ −→ KU∧
p JtK −→ TC−,ref(KU∧

p ⊗Q/KU∧
p

)
.

Essential calculation: Compute π∗ TC
−((ku/pα)/ku), or equivalently

π0 TP((ku/p
α)/ku) together with the filtration coming from the Tate spec-

tral sequence. Here we equip ku/pα with an E1-ku-algebra structure ob-

tained via base change from a fixed tower of E1-algebras

· · · −→ S/p4 −→ S/p3 −→ S/p2

(Burklund [Bur22] showed that such a tower exists).
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The essential calculation I

Theorem (Devalapurkar–Raksit).

There’s a p-complete S1-equivariant E1-equivalence

ψ : THH
(
Zp[ζp]/SJq − 1K

) ≃−→ τ⩾0(ku
tCp )

(where q − 1 = βt).

We get a chain of S1-equivariant maps

THH
(
(ku/pα)/ku

)tCp

(
THH(S/pα)⊗ ku

)tCp THH(S/pα)tCp ⊗ kutCp

THH(S/pα)⊗ THH
(
Zp[ζp]/SJq − 1K

)
THH

(
(Z/pα)[ζp]/SJq − 1K

)

≃

ϕ⊗ψ

≃
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The essential calculation II

After taking (−)hS
1

, this yields a map

TC−((Z/pα)[ζp]/SJq − 1K
)

[BMS2]: Nygaard-completed Frobe-
nius-twisted prismatic cohomology

−→ TP
(
(ku/pα)/ku

)
.

As in Bhatt–Morrow–Scholze [BMS2, §11.3], we can get rid of the Frobe-

nius twist and obtain a map

q-Ω(Z/pα)/Zp
−→ π0 TP

(
(ku/pα)/ku

)
.

This is an equivalence up to a completion at a certain filtration! Indeed,

modulo q − 1 = βt, we get

LΩ(Z/pα)/Zp
−→ π0 HP

(
(Z/pα)/Z

)
≃ L̂Ω(Z/pα)/Zp

.
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The q-Hodge filtration I

Instead of Z/pα, consider R which is p-torsion free, p-complete, and a

quasi-regular quotient over Zp (this ensures that LΩR/Zp
and its Hodge

filtration are concentrated in homological degree 0 and p-torsion free).

Definition.

Consider the canonical map

q-ΩR/Zp
−→ L̂ΩR⊗Q/QJq − 1K .

The q-Hodge filtration Fil∗q-Hdg q-ΩR/Zp
is the preimage of the combined

Hodge- and (q − 1)-adic filtration.

If R admits an E1-lift SR , then the q-Hodge filtration is really a q-deformation

of the Hodge filtration and

π2∗ TC
−((ku⊗ SR)/ku

) ∼= Fil∗q-Hdg q-Ω̂R/Zp
.

9/13



The q-Hodge filtration I

Instead of Z/pα, consider R which is p-torsion free, p-complete, and a

quasi-regular quotient over Zp (this ensures that LΩR/Zp
and its Hodge

filtration are concentrated in homological degree 0 and p-torsion free).

Definition.

Consider the canonical map

q-ΩR/Zp
−→ L̂ΩR⊗Q/QJq − 1K .

The q-Hodge filtration Fil∗q-Hdg q-ΩR/Zp
is the preimage of the combined

Hodge- and (q − 1)-adic filtration.

If R admits an E1-lift SR , then the q-Hodge filtration is really a q-deformation

of the Hodge filtration and

π2∗ TC
−((ku⊗ SR)/ku

) ∼= Fil∗q-Hdg q-Ω̂R/Zp
.

9/13



The q-Hodge filtration I

Instead of Z/pα, consider R which is p-torsion free, p-complete, and a

quasi-regular quotient over Zp (this ensures that LΩR/Zp
and its Hodge

filtration are concentrated in homological degree 0 and p-torsion free).

Definition.

Consider the canonical map

q-ΩR/Zp
−→ L̂ΩR⊗Q/QJq − 1K .

The q-Hodge filtration Fil∗q-Hdg q-ΩR/Zp
is the preimage of the combined

Hodge- and (q − 1)-adic filtration.

If R admits an E1-lift SR , then the q-Hodge filtration is really a q-deformation

of the Hodge filtration and

π2∗ TC
−((ku⊗ SR)/ku

) ∼= Fil∗q-Hdg q-Ω̂R/Zp
.

9/13



The q-Hodge filtration I

Instead of Z/pα, consider R which is p-torsion free, p-complete, and a

quasi-regular quotient over Zp (this ensures that LΩR/Zp
and its Hodge

filtration are concentrated in homological degree 0 and p-torsion free).

Definition.

Consider the canonical map

q-ΩR/Zp
−→ L̂ΩR⊗Q/QJq − 1K .

The q-Hodge filtration Fil∗q-Hdg q-ΩR/Zp
is the preimage of the combined

Hodge- and (q − 1)-adic filtration.

If R admits an E1-lift SR , then the q-Hodge filtration is really a q-deformation

of the Hodge filtration and

π2∗ TC
−((ku⊗ SR)/ku

) ∼= Fil∗q-Hdg q-Ω̂R/Zp
.

9/13



The q-Hodge filtration I

Instead of Z/pα, consider R which is p-torsion free, p-complete, and a

quasi-regular quotient over Zp (this ensures that LΩR/Zp
and its Hodge

filtration are concentrated in homological degree 0 and p-torsion free).

Definition.

Consider the canonical map

q-ΩR/Zp
−→ L̂ΩR⊗Q/QJq − 1K .

The q-Hodge filtration Fil∗q-Hdg q-ΩR/Zp
is the preimage of the combined

Hodge- and (q − 1)-adic filtration.

If R admits an E1-lift SR , then the q-Hodge filtration is really a q-deformation

of the Hodge filtration and

π2∗ TC
−((ku⊗ SR)/ku

) ∼= Fil∗q-Hdg q-Ω̂R/Zp
.

9/13



The q-Hodge filtration I

Instead of Z/pα, consider R which is p-torsion free, p-complete, and a

quasi-regular quotient over Zp (this ensures that LΩR/Zp
and its Hodge

filtration are concentrated in homological degree 0 and p-torsion free).

Definition.

Consider the canonical map

q-ΩR/Zp
−→ L̂ΩR⊗Q/QJq − 1K .

The q-Hodge filtration Fil∗q-Hdg q-ΩR/Zp
is the preimage of the combined

Hodge- and (q − 1)-adic filtration.

If R admits an E1-lift SR , then the q-Hodge filtration is really a q-deformation

of the Hodge filtration and

π2∗ TC
−((ku⊗ SR)/ku

) ∼= Fil∗q-Hdg q-Ω̂R/Zp
.

9/13



The q-Hodge filtration II

Proof. Repeat the calculation for SR instead of S/pα to get

q-ΩR/Zp
−→ π0 TP

(
(ku⊗ SR)/ku

)
which is an equivalence up to completion at some filtration.

To identify

the filtration, compare with the rationalisation and use

TP(−/ku⊗Q) ≃ HP(−/Q[β]) .

Note: We do not expect that the Hodge filtration in general can be

q-deformed to a filtration on q-de Rham cohomology.
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The q-Hodge filtration III

Definition (continued).

Let W := Zp{x}perf and consider W → Zp given by x 7→ p. Define:

• Fil∗q-Hdg q-Ω(Z/pα)/Zp
:= Fil∗q-Hdg q-Ω(W/xα)/Zp

⊗W Zp.

• The derived q-Hodge complex of Z/pα is

q-Hdg(Z/pα)/Zp
:= q-Ω(Z/pα)/Zp

[

Filnq-Hdg

(q − 1)n

∣∣∣∣ n ⩾ 0

]∧
(p,q−1)

.

We obtain:

π2∗ TC
−((ku/pα)/ku) ∼= Fil∗q-Hdg q-Ω̂(Z/pα)/Zp

π2∗ TC
−((KU/pα)/KU) ∼= q-Hdg(Z/pα)/Zp

[β±1] .
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Back to the main result

Recall:

Theorem (Meyer–W. 2024).

π∗ TC
−,ref(KU∧

p ⊗Q/KU∧
p )

∼= O†(Z )[β±1] .

To prove this, one has to produce a pro-isomorphism

{
q-Hdg(Z/pα)/Zp

}
α⩾2

∼=
{
O+(Ui )

}
i∈I

,

where {Ui}i∈I is a system of open subsets of SpaZpJq − 1K that exhausts

the complement of Z . Work of Samuel Meyer makes the q-Hodge filtration

on q-Ω(Z/pα)/Zp
sufficiently explicit to obtain such a pro-isomorphism.
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