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Abstract. — Peter Scholze has raised the question whether some variant of the
q-de Rham complex is already defined over the Habiro ring H := limm∈N Zrqs∧(qm−1).
Such a variant should then be called (algebraic) Habiro cohomology.

We show that algebraic Habiro cohomology exists whenever the q-de Rham
complex can be equipped with a q-Hodge filtration: a q-deformation of the Hodge
filtration, subject to some reasonable conditions. To any such q-Hodge filtration we
associate a small modification of the q-de Rham complex, which we call the q-Hodge
complex, and show that it descends canonically to the Habiro ring. This construction
recovers and generalises the Habiro ring of a number field from rGSWZ24s and
is closely related to the q-de Rham–Witt complexes from rWag24s as well as,
conjecturally, to Scholze’s analytic Habiro stack rSch25s.

While there’s no canonical q-Hodge filtration in general, we show that it does
exist in many cases of interest. For example, for a smooth scheme X over Z, the
q-de Rham complex q9ΩX/Z can be equipped with a canonical q-Hodge filtration as
soon as one inverts all primes p ⩽ dim(X/Z).
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§1. Introduction

§1. Introduction
Throughout the introduction, we’ll work over Z for simplicity. In the main body, we’ll work
instead relative to a Λ-ring A which is perfectly covered in the sense of 1.22 below.

§1.1. Habiro cohomology

In this paper we’ll investigate the following question, which was raised by Peter Scholze:

1.1. Question. — Is there a version of q-de Rham cohomology with coefficients not in the
power series ring ZJq − 1K, but in the Habiro ring

H := lim
m∈N

Zrqs∧(qm−1) ?

A cohomology theory that provides a positive answer to Question 1.1 would then deserve
the name Habiro cohomology. Let us first convince the reader that it should be worthwhile to
search for such a cohomology theory.

1.2. Why Habiro cohomology? — q-de Rham cohomology, which was constructed by
Bhatt and Scholze (rSch17; BS19s; see also the review in §A) is already a very interesting
cohomology theory: For every smooth scheme X over Z, the q-de Rham complex q9ΩX/Z is a
(q − 1)-complete object in the derived ∞-category D(X,ZJq − 1K) which q-deforms the usual
de Rham complex in the sense that q9ΩX/Z/(q − 1) » Ω˚

X/Z. Moreover, for any prime p, the
p-completion (q9ΩX/Z)

∧
p computes the prismatic cohomology of X × Spf Zprζps over the prism

(ZpJq − 1K, rpsq). This makes q-de Rham cohomology the only known case (besides de Rham
cohomology) in which prismatic cohomology for all primes can be combined into a global object,
and so it ought to be important.

Now what do we hope to gain from a version of q-de Rham cohomology with coefficients in
H instead of ZJq − 1K? Besides the general philosophy that whenever one has a deformation at
q = 1, one should look at the other roots of unity as well(1.1), here’s our main motivation to
pursue Question 1.1:
(a) A stacky approach to Habiro cohomology is expected to be much more interesting geomet-

rically than a stacky approach to q-de Rham cohomology (to the extent that either one
exists).

(b) There’s growing evidence that certain 3-manifold invariants related to Chern–Simons
theory take values in Habiro cohomology.(1.2)

We’ll elaborate on both points below.

1.3. Stacky approaches and Scholze’s Habiro stack. — The term stacky approach refers
to the idea that for any reasonable cohomology theory RΓ?(X) there should be a geometric
construction X 7! X? in such a way that RΓ?(X) » RΓ(X?,O) is the sheaf cohomology of the
geometric object X?. This allows to study algebraic properties of RΓ?(X) via the geometry of
X?, which often holds much richer information.

(1.1)The Habiro ring can be regared, in a precise sense, as the ring of power series that have a Taylor expansion
around each root of unity ζ with coefficients in Zrζs. See Remark 2.14.

(1.2)In fact, the Habiro ring was introduced by Habiro himself as the target of certain invariants of hyperbolic
knots and homology 3-spheres rHab04; Hab02s.
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§1. Introduction

The first instance of a stacky approach is Simpson’s de Rham stack for smooth varieties
over characteristic 0 fields rSim96s. The construction of a stacky approach to prismatic
cohomology by Drinfeld and Bhatt–Lurie rDri24; BL22a; BL22bs has started a flurry of results
in recent years. These include at least the work of Anschütz–Heuer–Le Bras on the Hodge–Tate
stack rAHL22; AHL25; AHL23s, the construction of an analytic de Rham stack by Rodríguez
Camargo rRC24s, the ongoing work of Anschütz–Bosco–Hauck–Le Bras–Rodríguez Camargo–
Scholze on analytic prismatisation, the ongoing work of Bhatt–Mathew–Vologodsky–Zhang on
sheared prismatisation, and the ongoing work of Devalapurkar–Hahn–Raksit–Yuan on recovering
prismatisation from their theory of even stacks rDHRYs.

In rSch25s, Scholze proposes a construction of an analytic Habiro stack XHab, which gives
rise to a cohomology theory with coefficients in an analytic version Han of the Habiro ring.
We’ll remark in 1.17 on the expected relationship between this cohomology theory and the
construction of Habiro cohomology that we propose in this paper. For q-de Rham cohomology
we don’t have a global stacky approach available yet (p-adically it works as a special case of
prismatisation), but at least an analytic version is expected to exist (compare the discussion in
rMW24, §1.3s).

Let us now explain why a stacky approach to Habiro cohomology should be much more
interesting than a stacky approach to q-de Rham cohomology by giving a specific example
which also nicely illustrates 1.2(b).

1.4. The Habiro ring of a number field. — Let F be a number field and let ∆ be
divisible by 6 discF . In rGSWZ24s, Garoufalidis–Scholze–Wheeler–Zagier construct a certain
formally étale H-algebra HOF r1/∆s: the Habiro ring of the number field F (we’ll recall the
specific construction in §2.2). Moreover, the authors construct a regulator map

K3(F ) −! Pic
`

HOF r1/∆s

˘

and show that certain q-series arising from perturbative Chern–Simons theory naturally form
sections of the line bundles in the image of this regulator.

We would like to interpret HOF r1/∆s and its formal spectrum SpfHOF r1/∆s as the Habiro
cohomology and the Habiro stack of SpecOF r1/∆s, respectively.(1.3) Already in this special case,
the Habiro stack exhibits non-trivial geometry in form of line bundles with interesting sections
that come from the regulator K3(F ) ! Pic(HOF r1/∆s). This geometry would be completely
invisible to any q-de Rham stack, as the regulator becomes trivial after (q − 1)-completion!

The construction of Habiro cohomology that we propose in this paper recovers HOF r1/∆s

(Corollary 3.13). It also appears that the connection to Chern–Simons theory extends beyond
the étale case. For example, in rGW25s, Garoufalidis and Wheeler construct certain (q − 1)-
power series with coefficients in de Rham cohomology; these (q − 1)-power power series are
expected to be Habiro cohomology classes. While much of this is still mysterious, it suggests
that something highly nontrivial is going on!

§1.2. q-Hodge filtrations and Habiro descent
Having justified that Question 1.1 is relevant, let us now summarise the contributions of this
paper. As it turns out, Question 1.1 is closely related to the following much less esoteric
question:

(1.3)Note that SpfHOF r1/∆s doesn’t precisely match up with Scholze’s analytic Habiro stack (SpecOF r1/∆s)Hab.
See the discussion in 1.17.
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§1.2. q-Hodge filtrations and Habiro descent

1.5. Question. — Is it possible to equip the q-de Rham complex with a q-deformation of the
Hodge filtration?

To pose this question more formally, we’ll introduce the following notion:

1.6. Definition. — Let R be an animated ring and let q9dRR/Z be its derived q-de Rham
complex. A q-Hodge filtration is a (q − 1)-complete filtered module

fil⋆q9Hdg q9dRR/Z =
´

fil0q9Hdg q9dRR/Z  fil0q9Hdg q9dRR/Z  · · ·
¯

over the (q − 1)-adically filtered ring (q − 1)⋆ZJq − 1K, such that:
(a) fil⋆q9Hdg q9dRR/Z is a descending filtration on the derived q-de Rham complex. That is,

fil0q9Hdg q9dRR/Z » q9dRR/Z .

(b) fil⋆q9Hdg q9dRR/Z is a filtered q-deformation of the Hodge filtration on the derived de Rham
complex dRR/Z. That is,

fil⋆q9Hdg q9dRR/Z bL
(q−1)⋆ZJq−1K Z » fil⋆Hdg dRR/Z .

(c) Rationally, fil⋆q9Hdg becomes the combined Hodge and (q − 1)-adic filtration on (dRR/Z bL
Z

Q)Jq − 1K. That is,
`

fil⋆q9Hdg q9dRR/Z bL
Z Q

˘∧
(q−1)

» fil⋆(Hdg,q−1)

`

dRR/Z bL
Z Q

˘

Jq − 1K .

(cp) The same holds true for any prime p if we p-complete first and then rationalise. That is,

fil⋆q9Hdg

`

q9dRR/Z
˘∧
p

“

1
p

‰∧
(q−1)

»
−! fil⋆(Hdg,q−1)

`

dRR/Z
˘∧
p

“

1
p

‰

Jq − 1K .

Moreover, the equivalences from (a)–(cp) need to satisfy the obvious compatibilities (and
compatibilities between compatibilities); the precise data required will be spelled out in
Definition 3.2.

We also let AniAlgq9Hdg
Z denote the ∞-category of pairs (R,fil⋆q9Hdg q9dRR/Z), where R is

an animated ring and fil⋆q9Hdg q9dRR/Z is a q-Hodge filtration as above. To any such pair, we
associate the q-Hodge complex

q9Hdg(R,fil⋆q9Hdg)/Z := colim
´

fil0q9Hdg q9dRR/Z
(q−1)
−−−! fil1q9Hdg q9dRR/Z

(q−1)
−−−! · · ·

¯∧

(q−1)
.

If the q-Hodge filtration is clear from the context, we’ll often abusingly write just q9HdgR/Z.

1.7. Remark. — We’ve used the derived de Rham complex in Definition 1.6 because we
would like to apply the definition in cases where R isn’t smooth; §1.3. If S is smooth, it doesn’t
matter whether we put a q-Hodge filtration on q9dRS/Z, or a filtration satisfying analogous
conditions on the underived q-de Rham complex q9ΩS/Z; see Remark 3.6 for an argument.

1.8. Remark. — The conditions from Definition 1.6(c) and (cp) are natural to ask in view of
(q9dRR/Z bL

ZQ)∧(q−1) » (dRR/Z bL
ZQ)Jq−1K and (q9dRR/Z)

∧
p r1/ps∧(q−1) » (dRR/Z)

∧
p r1/psJq−1K;

see Theorem A.1(c) and Lemma A.5. It doesn’t seem to be the case that (cp) follows from the
other conditions and it will be a crucial assumption.
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§1. Introduction

1.9. Functorial q-Hodge filtrations? — With Definition 1.6, we can rephrase Question 1.5
more formally as follows: Does the forgetful functor AniAlgq9Hdg

Z ! AniAlgZ admit a section?
The answer to this is, provably, no! Nevertheless, the forgetful functor does have sections over
surprisingly large full subcategories of AniAlgZ, as we’ll see in §1.3.

The general non-existence of a section of AniAlgq9Hdg
Z ! AniAlgZ is known to the experts

and we’ll reproduce the argument in Lemma 3.3. In the following, we’ll present an essentially
equivalent argument in a non-standard way, which will also serve to motivate our first main
positive result.

1.10. More on the q-Hodge complex. — Let (S,□) be a framed smooth algebra over Z.
That is, S is smooth over Z and □ : Zrx1, . . . , xns! S is an étale map. In this case, the q-de
Rham complex q9ΩS/Z can be represented by the explicit complex

q9Ω˚
S/Z,□ :=

´

SJq − 1K q9∇
−−! Ω1

S/ZJq − 1K q9∇
−−! · · · q9∇

−−! ΩnS/ZJq − 1K
¯

defined in rSch17, §3s. On this explicit complex, we can define a filtration fil⋆q9Hdg,□ q9Ω
˚
S/Z,□,

in which filiq9Hdg,□ is the subcomplex
´

(q − 1)iSJq − 1K! (q − 1)i−1Ω1
S/ZJq − 1K! · · ·! ΩiS/ZJq − 1K! · · ·! ΩnS/ZJq − 1K

¯

.

Up to the discrepancy between q9ΩS/Z and q9dRS/Z, which is easily fixed (see Remark 3.6),
the pair (S, fil⋆q9Hdg,□) becomes an object in AniAlgq9Hdg

Z .
It’s straightforward to check that the associated q-Hodge complex in the sense of Definition 1.6

can be represented by the explicit complex

q9Hdg˚
S/Z,□ :=

´

SJq − 1K
(q−1) q9∇
−−−−−−! Ω1

S/ZJq − 1K
(q−1) q9∇
−−−−−−! · · · (q−1) q9∇

−−−−−−! ΩnS/ZJq − 1K
¯

in which all q-differentials in q9ΩS/Z,□ get multiplied by (q − 1). This coordinate-dependent
q-Hodge complex first shows up in Pridham’s work rPri19s and was extensively studied in
previous work of the author. In rWag24, Theorem 4.27s, we showed that for all m ∈ N the
cohomology

H˚
`

q9HdgS/Z,□/(q
m − 1)

˘

„=
`

q9WmΩ
˚
S/Z

˘∧
(q−1)

agrees with the (q−1)-completion of a certain object q9WmΩ
˚
S/Z, which we call the m-truncated

q-de Rham–Witt complex of S rWag24, Definition 3.13s. The system (q9WmΩ
˚
S/Z)m∈N satisfies

a similar universal property as the de Rham–Witt pro-complex and so each complex q9WmΩ
˚
S/Z

is functorial in S. In particular, the cohomology H˚(q9HdgS/Z,□/(q
m − 1)) is independent of

the choice of coordinates □!
In spite of this promising observation, we show in rWag24, Theorem 5.1s that it is impossible

to turn the q-Hodge complex into a functor of smooth Z-algebras,

q9Hdg−/Z : SmZ −! D
`

ZJq − 1K
˘

,

in such a way that H˚(q9Hdg−/Z/(q
m − 1)) „= (q9WmΩ

˚
−/Z)

∧
(q−1) becomes functorial as well.

This strange no-go result is a strong objection against the existence of a section of the
forgetful functor AniAlgq9Hdg

Z ! AniAlgZ (and it can be turned into a complete proof using
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§1.3. Existence results for q-Hodge filtrations

Theorem 1.11(b) below). Nevertheless, the fact that H˚(q9Hdg˚
S/Z,□/(q

m − 1)) is the (q − 1)-
completion of something canonical looks exactly like what we would expect to see if the q-Hodge
complex were to descend to the Habiro ring!

Our first main result says that this is indeed true: The q-Hodge complex, whenever it is
defined, is canonically the (q − 1)-completion of another object defined over the Habiro ring.
Moreover, a derived version of the comparison with q-de Rham–Witt complexes holds true,
even without the (q − 1)-completion:

1.11. Theorem (see Theorem 3.11). — Let D̂(q−1)(Zrqs) and D̂H(Zrqs) denote the (q − 1)-
and Habiro-complete objects (see §B), respectively, in the derived ∞-category of Zrqs.

(a) The q-Hodge complex functor q9Hdg−/Z : AniAlg
q9Hdg
Z ! D̂(q−1)(Zrqs) admits a non-trivial

symmetric monoidal factorisation

D̂H
`

Zrqs
˘

AniAlgq9Hdg
Z D̂(q−1)

`

Zrqs
˘

(−)∧
(q−1)

q9Hdg−/Z

q9Hdg−/Z

(b) For all m ∈ N, the quotient q9Hdg−/Z/(q
m − 1) admits an exhaustive ascending filtration

filq9WmΩ
⋆ (q9Hdg−/Z/(q

m − 1)) with associated graded

grq9WmΩ
˚

`

q9Hdg−/Z/(q
m − 1)

˘

» Σ−˚ q9WmdR
˚
−/Z ,

where q9WmdR
˚
−/Z denotes the derived m-truncated q-de Rham–Witt complex.

1.12. Definition. — q9Hdg−/Z from Theorem 3.11(a) will be called Habiro–Hodge complex.

1.13. Remark. — For objects (S, fil⋆q9Hdg q9dRS/Z) ∈ AniAlgq9Hdg
Z such that S is smooth over

Z, we’ll show in Proposition 3.47 that q9ΩS/Z » Lη(q−1) q9HdgS/Z, where Lη(q−1) denotes the
Berthelot–Ogus décalage functor (see rBMS18, §6s or rStacks, Tag 0F7Ns). So in this case, the
q-de Rham complex can be descended to the Habiro ring as well via Lη(q−1) q9HdgS/Z.

In general, it seems that only the q-Hodge complex and not the q-de Rham complex admits
descent to the Habiro ring. Here’s an informal reason why the q-Hodge complex is a more
canonical candidate for such a descent: In the (coordinate-dependent) q-de Rham complex
of Zrxs, the q-differential sends xm 7! rmsqx

m−1 dx, where rmsq = 1 + q + · · · + qm−1 is the
q-analogue of m. This formula gives “special treatment to q = 1”, whereas the most canonical
object to descend to the Habiro ring should “treat all roots of unity equally”. So we should
look for a complex with differentials that send xm 7! (qm − 1)xm−1 dx, which leads to the
(coordinate-dependent) q-Hodge complex.

§1.3. Existence results for q-Hodge filtrations
Even though AniAlgq9Hdg

Z ! AniAlgZ has no section, the ∞-category AniAlgq9Hdg
Z still has

many interesting objects. One large class of examples can be construced from topological
Hochschild homology over ku; this will be the content of the companion paper rWag25s.

In this paper, we will describe two elementary constructions of q-Hodge filtrations that
provide sections of AniAlgq9Hdg

Z ! AniAlgZ over fairly large full subcategories of AniAlgZ. Let
us begin with a construction in the smooth case.
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§1. Introduction

1.14. Canonical q-Hodge filtrations (smooth case). — Let S be smooth over Z. The
most naive idea to equip q9ΩS/Z (or rather q9dRS/Z, but this distinction doesn’t matter by
Remark 3.6) with a q-Hodge filtration would be to simply take the pullback

fil⋆q9Hdg q9ΩS/Z q9ΩS/Z

fil⋆Hdg ΩS/Z ΩS/Z

≒

This cannot work, of course, because in this pullback each filtration step fil⋆q9Hdg q9ΩS/Z will
contain all of (q − 1) q9ΩS/Z. In view of Definition 1.6(c) this is only ok for ⋆ ⩽ 1.

Now if S has relative dimension dim(S/Z) ⩽ 1, then the Hodge filtration fil⋆Hdg Ω
˚
S/Z is

trivial in filtration degrees ⋆ ⩾ 2. Consequently, if fil⋆q9Hdg q9ΩS/Z is any filtered q-deformation
of the Hodge filtration, then fil⋆q9Hdg q9ΩS/Z will necessarily be given by the (q−1)-adic filtration
(q − 1)⋆−1 fil1q9Hdg q9ΩS/A in filtration degrees ⩾ 1. We may thus define the first filtration step
fil1q9Hdg q9ΩS/A using the pullback above and then construct the rest of the filtration as

´

q9ΩS/Z  fil1q9Hdg q9ΩS/Z  (q − 1) fil1q9Hdg q9ΩS/Z  (q − 1)2 fil1q9Hdg q9ΩS/Z  · · ·
¯

.

One can (and we will) check that this satisfies all expected properties. As we’ll see in 4.1, a
variant of this trick still works for S of arbitrary dimension, as long as all primes p ⩽ dim(S/Z)
become invertible in S. This will lead to the following theorem:

1.15. Theorem (see Theorem 4.11). — The forgetful functor AniAlgq9Hdg
Z ! AniAlgZ admits

a section over the full subcategory SmZrdim!−1s ⊆ AniAlgZ of smooth Z-algebras S such that all
primes p ⩽ dim(S/Z) become invertible in S.

1.16. Algebraic Habiro cohomology. — Combining Theorems 1.11 and 1.15 allows us to
define canonical objects q9HdgX/Z ∈ D(X,H) for any smooth scheme X over Z such that all
primes p ⩽ dim(X/Z) are invertible on X. The sheaf cohomology of q9HdgX/Z then deserves to
be called the algebraic Habiro cohomology of X. It behaves in many ways (but not all; see 1.17(c)
below) as one would expect from an “algebraic” theory. For example, if X is smooth and proper
over Zr1/N s, where N is also divisible by all primes p ⩽ dim(X/Z), then RΓ(X, q9HdgX/Z)
will be a perfect complex over the Habiro-completion of Hr1/N s.

Thus, up to throwing away “small primes”, algebraic Habiro cohomology provides a tentative
answer to Question 1.1.

1.17. Algebraic vs. analytic Habiro cohomology. — It is not yet known how algebraic
Habiro cohomology relates to the sheaf cohomology of Scholze’s analytic Habiro stack XHab,
which we would like to call analytic Habiro cohomology for clarity. We expect algebraic
and analytic Habiro cohomology to become equal after base change to a suitably completed
localisation of Scholze’s analytic Habiro ring Han. Note, however, that this base change erases
quite some information on either side, and there are several key differences between the algebraic
and the analytic construction:
(a) Evaluation at “small primes”. By construction, algebraic Habiro cohomology of a smooth

scheme X will contain no information at primes p ⩽ dim(X/Z). By contrast, analytic
Habiro usually does contain non-trivial information at such primes, as N is not invertible
everywhere on the Habiro stack Zr1/N sHab.
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§1.3. Existence results for q-Hodge filtrations

(b) Evaluation at roots of unity. With the current construction, Scholze’s analytic Habiro stack
becomes the algebraic de Rham stack if q is specialised to a root of unity. In particular,
its cohomology will be Grothendieck’s infinitesimal cohomology, which is ill-behaved in
characteristic p. With algebraic Habiro cohomology, evaluation at roots of unity yields
q-de Rham–Witt cohomology by Theorem 1.11(b), which is much closer to crystalline
cohomology in characteristic p.

(c) Stacky approach. By construction, analytic Habiro cohomology comes with a stacky
approach. For algebraic Habiro cohomology, we don’t expect a stacky approach to exist.
In fact, we don’t even expect q9HdgX/Z to carry an E∞-algebra structure! The reason goes
roughly as follows: The multiplication (“cup product”) on q9HdgX/Z should come from the
diagonal embedding ∆: X ! X ×X. Thus, for the multiplication to be defined, we need
to invert all primes p ⩽ dim(X ×X/Z) = 2 dim(X/Z). Similarly, for the multiplication to
be homotopy-associative, we should invert all primes up to p ⩽ 3 dim(X/Z), and to get it
more and more coherent, we need to invert more and more primes.

In the second half of §4.1 we’ll make the considerations from (c) precise, and we’ll show a
formal monoidality statement in Corollary 4.16.

There’s a second case in which we’re able to show the existence of functorial q-Hodge
filtrations:

1.18. Canonical q-Hodge filtrations (quasi-regular quotient case). — Let R be a ring
satisfying the following conditions:
(R) For all primes p, R is p-torsion free, the p-completed derived de Rham complex (dRR/Z)

∧
p is

static, i.e. an actual ring concentrated in degree 0, and the Hodge filtration fil⋆Hdg(dRR/Z)
∧
p

is a descending filtration of ideals.
For example, this happens in the following case (see Lemma 4.18): Let B be a perfect Λ-ring,
let B′ be an étale B-algebra, and let R „= B′/J , where J is generated by a Koszul-regular
sequence. If R is p-torsion free, then it will satisfy the other conditions from (R) as well.

If R satisfies these assumptions, then (q9dRR/Z)
∧
p is static as well, and we can construct a

filtration on on it in a very naive way: We define fil⋆q9Hdg(q9dRR/Z)
∧
p to be the (non-derived!)

preimage of the combined Hodge and (q − 1)-adic filtration fil⋆(Hdg,q−1)(dRR/Z)
∧
p r1/psJq − 1K

under
`

q9dRR/Z
˘∧
p
−!

`

q9dRR/Z
˘∧
p

“

1
p

‰∧
(q−1)

»
`

dRR/Z
˘∧
p

“

1
p

‰

Jq − 1K .

A priori, there’s no reason to expect that fil⋆q9Hdg(q9dRR/Z)
∧
p would be well-behaved at all; in

particular, it’s usually not a q-deformation of the Hodge filtration fil⋆Hdg(dRR/Z)
∧
p . This is

closely related to the non-existence of a section of AniAlgq9Hdg
Z ! AniAlgZ; see Example 4.24.

However, in the following two cases everything works:

1.19. Theorem (see Theorem 4.22). — With assumptions as above, suppose that one of the
following two additional conditions is satisfied:
(a) R „= B′/J as in 1.18 and J is generated by a Koszul regular sequence of higher powers;

that is, J = (xα1
1 , . . . , xαrr ), where (x1, . . . , xr) is Koszul-regular and αi ⩾ 2 for all i.

(b) R admits a lift to an E1-ring spectrum SR such that R » SR b Z.
Then the above filtration fil⋆q9Hdg(q9dRR/Z)

∧
p is a q-deformation of the Hodge filtration

9
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Note that Theorem 1.19(b) is purely an existence condition; the choice of SR doesn’t matter!
We’ll show in Construction 4.28 that the p-complete filtrations fil⋆q9Hdg(q9dRR/Z)

∧
p can be glued

with the combined Hodge and (q− 1)-adic filtration fil⋆(Hdg,q−1)(dRR/Z bL
Z Q)Jq− 1K to obtain a

filtration fil⋆q9Hdg q9dRR/Z on the global derived q-de Rham complex. This leads to the following
result:

1.20. Theorem (see Theorem 4.29). — Let QRegq9Hdg
Z denote the category of rings R that

satisfy the conditions from 1.18(R) and such that fil⋆q9Hdg(q9dRR/Z)
∧
p is a q-deformation of the

Hodge filtration for all primes p. Then the forgetful functor AniAlgq9Hdg
Z ! AniAlgZ admits a

section over the full subcategory QRegq9Hdg
Z ⊆ AniAlgZ.

1.21. Uniqueness of sections. — It’s natural to ask if the sections from Theorems 1.15
and 1.20 are unique. In the quasi-regular case, it will be straightforward to see that the
section we construct is terminal among all choices, and then the q-deformation condition from
Definition 1.6(b) forces it to be unique.

In the smooth case, we need to assume additionally that our q-Hodge filtrations are
compatible with the morphism q9ΩS/A ! ΩS/AJq− 1K/(q− 1)n from 4.1 below, or alternatively,
that fil⋆q9Hdg(q9dRR/Z)

∧
p acquires a Z×

p -action compatible with the one on p-completed q-de
Rham cohomology (see Remark 4.5). If this additional compatibility is assumed, it will be
straightforward to see that the section we construct is initial among all choices, and thus unique
again by Definition 1.6(b).

§1.4. Organisation of this paper
In §2, we’ll recall and generalise the construction of Habiro rings of étale extensions from
rGSWZ24s, and we’ll relate them to the rings of q-Witt vectors from rWag24s. This is a special
case of our more general results in §3, but much less technical, so it will be worthwhile to spell
out the étale case first.

In §3, we’ll prove our main Habiro descent result. This section is long and technical. It may
be helpful to read the proof of Proposition 3.7 first. At the end of §3.2, we explain how the
proof of Theorem 3.11 proceeds by generalising the arguments from the proof of Proposition 3.7.

In §4, we’ll show that despite the general non-existence result, it’s possible to construct
functorial q-Hodge filtrations on fairly large full subcategories of rings. Finally, there will be
two appendices: In §A, we explain the gluing argument to obtain the global q-de Rham complex
from the p-complete q-de Rham complex of Bhatt–Scholze. In §B, we study the completion
that appears in the Habiro ring and show that it behaves like the usual (derived) completion at
an ideal.

1.22. Notation and conventions. — Throughout the article, we freely use the language of
∞-categories, and we’ll adopt the following conventions:
(a) Graded and filtered objects. For a stable ∞-category C, we let Gr(C) and Fil(Sp)

denote the ∞-categories of graded and (descendingly) filtered objects in C. The shift in
graded or filtered objects will be denoted (−)(1). An object with a descending filtration is
typically denoted

fil⋆X =
´

· · · filnX  filn+1X  · · ·
¯

and we let gr˚ X denote the associated graded, given by grnX := cofib(filn+1X ! filnX).
We mostly work with filtrations that are constant in degrees ⩽ 0 (such as the Hodge

10
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filtration). In this case we’ll abusingly write fil⋆X = (fil0X  fil1X  · · · ); this should
be interpreted as the constant fil0X-valued filtration in degrees ⩽ 0.

If C is symmetric monoidal and the tensor product − b − commutes with colimits
in both variables, we equip Gr(C) and Fil(C) with their canonical symmetric monoidal
structures given by Day convolution. We’ll use the fact that Fil(C) » Mod1Grrts Gr(C),
where 1Gr denotes the tensor unit in Gr(C) and t sits in graded degree −1; see e.g. rRak21,
Proposition 3.2.9s. Under this equivalence, passing to the associated graded corresponds
to “modding out t”, i.e. the base change 1Gr b1Grrts −.

We say that fil⋆X is an exhaustive filtration on X if X » colimn!−∞ filnX. We say
that a filtered object fil⋆X is complete if 0 » limn!∞ filnX. We define the completion
fil⋆ X̂ := limn!∞ cofib(fil⋆+nX ! fil⋆X). By construction, there’s a pullback square

fil⋆X fil⋆ X̂

X X̂

≒

We’ll often refer to this by saying that every filtration is the pullback of its completion.
Sometimes we also consider ascending filtrations. Ascendingly filtered objects will be

denoted fil⋆X = (· · · ! filnX ! filn+1X ! · · · ) and the associated graded by gr˚ X,
where grnX := cofib(filn−1X ! filnX).

(b) Animation. For an ordinary ring A, we consider the ∞-category of animated A-algebras
AniAlgA, which is the ∞-category freely generated under sifted colimits (in the sense of
rL-HTT, Proposition 5.5.8.15s) by the category PolyA of polynomial A-algebras in finitely
many variables.

We’ll often use the fact that any functor F : PolyA ! D into an ∞-category with
all sifted colimits can be uniquely extended to a sifted colimits preserving functor
LF : AniAlgA ! D. We often call LF the animation or the (non-abelian) derived functor
of F . The most important examples for us will be the q-de Rham complex (which is only
defined in the case where A is a Λ-ring) and the Hodge-filtered de Rham complex

q9Ω−/A : PolyA −! D̂(q−1)

`

AJq − 1K
˘

and fil⋆Hdg Ω
˚
−/A : PolyA −! FilD(A)

(the former is only defined if A is a Λ-ring), whose animations we’ll denote by q9dR−/A
and fil⋆Hdg dR−/A, respectively.

(c) Derived categories. For a ring R, we let D(R) denote the derived ∞-category of
R-modules. The shift functor and its inverse in D(R) will always be denoted by Σ and
Σ−1, to avoid confusion with shifts in graded or filtered objects, as we’ll frequently mix
both settings.

For an element f ∈ R and an object M ∈ D(R), we let

M/f := cofibpf : M !Mq .

For several elements f1, . . . , fr ∈ R, we let M/(f1, . . . , fr) := (· · · (M/f1)/f2 · · · )/fr. We
warn the reader that for ordinary R-modules M , the derived quotient M/(f1, . . . , fr)
agrees with the usual quotient only if (f1, . . . , fr) is a Koszul-regular sequence on M .

Similarly, if R˚ is a graded ring, f ∈ Ri is a homogeneous element of degree i, and
M˚ ∈ ModR˚ Gr(D(Z)), we put M˚/f := cofib(f : M(i)!M) and define M˚/(f1, . . . , fr)
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analogously. The same notation will also be used in the filtered setting, by regarding
filtered objects as graded 1Grrts-modules, as explained above.

(d) Derived completions. With notation as above, we define the (derived) (f1, . . . , fr)-adic
completion of M as the limit

M̂(f1,...,fr) := lim
n⩾1

M/(fn1 , . . . , f
n
r )

taken in the derived ∞-category D(R). Since the completion only depends on the ideal
I = (f1, . . . , fr) ⊆ R, we often just write M̂I (or (−)∧I for longer arguments). Completion
can be analogously defined in the graded or filtered setting and we’ll use the same notation
in these cases.

In the case where I = (f) is a principal ideal, the following square is always a pullback
in D(R):

M M̂f

M
“

1
f

‰

M̂f

“

1
f

‰

≒

This will be called a fracture square. In the special case where f = N is an integer, we’ll
use the term arithmetic fracture square.

For general I = (f1, . . . , fr), we let D̂I(R) ⊆ D(R), denote the full sub-∞-category
spanned by the I-complete objects, that is, those M for which M » M̂I . The following
fact will be used countless times: If M is (f1, . . . , fr)-complete, and the homology of
M/(f1, . . . , fr) vanishes in some degree d, then also the homology of M must vanish in
degree d. Analogous conclusions hold true in the graded and filtered settings.

(e) Perfectly covered Λ-rings. We call a Λ-ring perfectly covered if there exists a faithfully
flat Λ-morphism A ! A∞ into a perfect Λ-ring. Equivalently, the Adams operations
ψm : A ! A are all faithfully flat (see e.g. rWag24, Remark 2.47s). This condition is
satisfied in many examples of interest; for example, it holds for Z, for any free Λ-ring
Ztxi | i ∈ Iu, and for any polynomial ring Zrxi | i ∈ Is equipped with the toric Λ-structure
in which λn(xi) = 0 for all n > 1.

1.23. Acknowledgements. — First and foremost, I’m grateful to Peter Scholze for suggesting
this question and for his support throughout the project. I’m glad that it has paid off to
keep working on this question despite the initial upset: Four years after proving that the
q-Hodge complex isn’t functorial, we can now prove that it is. I would also like to thank Stavros
Garoufalidis, Quentin Gazda, and Campbell Wheeler for many helpful discussions on Habiro
cohomology.

This work was carried out while I was a Ph.D. student at the MPIM/University Bonn, and I
would like to thank these institutions for their hospitality. Finally, I’m grateful for the financial
support provided by the DFG through Peter Scholze’s Leibniz prize.
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§2. Habiro rings of étale extensions
Fix a perfectly covered Λ-ring A. The goal of this section is to construct a relative Habiro ring
HR/A for any étale algebra R over A, and to relate this construction to the theory of q-Witt
vectors. In the case where A = Z, our construction HR/Z recovers the ring HR from rGSWZ24,
Definition 1.1s.

As we’ll see in §3, the construction of HR/A is a special case of a much more general
construction. However, the general case is vastly more technical, and we hope that discussing
the étale case first will make the general case easier.

§2.1. A general descent principle

To construct HR/A, we’ll first construct the completions (HR/A)
∧
Φm(q) for all m ∈ N and then

“glue them together” using a very general descent principle that we’ll explain in this subsection.
It will probably seem a little overkill for now, but we’ll use the same descent principle again in
§3.3 to construct the twisted q-de Rham complexes q9dR(m)

R/A.

2.1. Setup. — Let I be a site whose underlying category is a partially ordered set. Let D be
a presentable stable symmetric monoidal ∞-category. Suppose that for every Z ∈ I we have a
full stable sub-∞-category DZ satisfying the following conditions:
(a) The inclusion DZ ⊆ D admits a left adjoint LZ : D ! DZ .
(b) Whenever Z1 ! Z2 is a morphism in I, we have DZ1 ⊆ DZ2 . Note that LZ1 : DZ2 ! DZ1

is still a left adjoint of this inclusion.
(c) For all x, y ∈ D and all Z ∈ I, the canonical morphism LZ(xb y)! LZ(LZ(x) b y) is an

equivalence in D.
In this case, sending Z 7! DZ and (Z1 ! Z2) 7! (LZ1 : DZ2 ! DZ1) defines a contravariant
functor

D(−) : Iop −! CAlg(PrLst)

into the ∞-category of presentable stable symmetric monoidal ∞-categories. Indeed, let’s
ignore the symmetric monoidal structure for the moment and let DI ⊆ I × D be the full
sub-∞-category spanned fibrewise by DZ ⊆ tZu × D. By (b), DI ! I is still a cocartesian
fibration and so it defines a covariant functor D(−) : I ! Cat∞. By (a), this functor factors
through PrRst. Using PrLst » (PrRst)

op by rL-HTT, Corollary 5.5.3.4s, we get the desired functor
D(−) : Iop ! PrLst.

To incorporate the symmetric monoidal structure, let D be the ∞-operad Db associated to
the given symmetric monoidal structure on D. By (c) and rL-HA, Proposition 2.2.1.9s, for all
Z ∈ I, the inclusion of the full sub-∞-operad Db

Z ⊆ Db spanned by DZ admits a symmetric
monoidal left adjoint Lb

Z : Db ! Db
Z which recovers LZ on underlying ∞-categories. Using this

observation, the same argument as above can be repeated with D replaced by Db.

2.2. Lemma. — In the situation of 2.1, assume that covers in I always have finite refinements
and that for any finite covering family tZi ! Zui=1,...,r, the functors LZi : DZ ! DZi are jointly
conservative. Then

D(−) : Iop −! CAlg(PrLst)

is a sheaf on I. In particular, CAlg(D(−)) : Iop ! PrL is a sheaf as well.
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Proof sketch. Everything can be checked on the level of underlying ∞-categories, so we can
disregard the symmetric monoidal structure (but it was still essential to include the symmetric
monoidal structure in the construction). By assumption, it’s enough to check the sheaf property
for a finite cover tZi ! Zui=1,...,r. If Z• denotes its Čech nerve, we need to show DZ » lim∆∆ DZ• .
Since I is a partially ordered set, we have Zi×Z Zi = Zi for all i. It follows that the cosimplicial
limit can be simplified to a limit indexed by the set ≒r := P(t1, . . . , ru) ∖ t∅u of non-empty
subsets of t1, . . . , ru, partially ordered by inclusion. Therefore, we must show

DZ » lim
S∈≒r

DZS ,

where we put ZS := Zi0×Z× · · ·×ZZik for every non-empty subset S = ti0, . . . , iku ⊆ t1, . . . , ru.
To prove that DZ ! limS∈≒r DZS is fully faithful, we have to show that

HomDZ (x, y) −! HomDZS

`

LZS (x), LZS (y)
˘

is an equivalence for all x, y ∈ DZ . Rewriting HomDZS (LZS (x), LZS (y)) » HomD(x, LZS (y)),
this reduces to showing that y ! limS∈≒r LZS (y) is an equivalence. This can be checked
after applying the jointly conservative functors LZi : DZ ! DZi . After applying LZi , each
LZS (y) ⇒ LZS∪tiu

becomes an equivalence. This easily implies LZi(y) » limS∈≒r LZi(LZS (y))
(for example, by the dual of rL-HA, Lemma 1.2.4.15s). Since LZi preserves finite limits, this
shows that y ! limS∈≒r LZS (y) is an equivalence after applying LZi , and so fully faithfulness
follows. The same argument shows essential surjectivity.

2.3. Remark. — The quintessential example for Lemma 2.2 is the case where R is some ring,
D := D(R) and I is the partially ordered set of closed subsets Z ⊆ SpecR with quasi-compact
complement. Every such Z is the vanishing set of a finitely generated ideal I and we define
DZ := D̂I(R); note that this only depends on Z, not on the choice of I. The functors LZ := (−)∧I
clearly satisfy the conditions from 2.1, and the condition from Lemma 2.2 is easily checked (see
e.g. rWag24, Lemma 2.4s). Hence the descent from Lemma 2.2 is applicable.

In the case that we’re actually interested in, the descent diagram simplifies considerably; in
particular, no coherence data needs to be provided!

2.4. Corollary. — Let m ∈ N. Suppose we’re given the following data:
(a) For all divisors d | m, a derived Φd(q)-complete E∞-Arqs-algebra Ed.
(b) For all divisors pd | m, where p is a prime, an equivalence of E∞-Arqs-algebras

hd : (Epd)
∧
p

»
−! (Ed)

∧
p .

Then there exists a unique (qm − 1)-complete E∞-Arqs-algebra E together with equivalences
Ed » E∧

Φd(q)
for all d | m such that hd becomes identified with the identity on E∧

(Φd(q),Φpd(q))
.

Proof. The idea is to apply descent for R = Arqs and the cover V (qm − 1) =
⋃
d|m V (Φd(q)).

The simplifications come from the observation that many intersections are empty; see rWag24,
Lemma 2.1s for example.

For a precise argument, let T be the set of positive divisors of m and let ≒T := P(T )∖ t∅u

denote the set of non-empty subsets of T , partially ordered by inclusion. For every S ⊆ T , put
D̂S := D̂pΦd(q) | d∈Sq(Arqs). Then Lemma 2.2 implies

D̂(qm−1)

`

Arqs
˘

» lim
S∈≒r

D̂S .
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For every pair (d, p), where d | m is a divisor of m and p is a prime such that p ∤ d, we let
Td,p := td, pd, . . . , pvp(m)du ⊆ T (m) and write ≒Td,p ⊆ ≒T for the corresponding sub-partially
ordered set. By rWag24, Lemma 2.1s, we have D̂S » 0 if S /∈

⋃
d,p≒

Td,p . By inspection, this
means that D̂(−) : ≒

T ! CAlg(PrLst) is right-Kan extended from
⋃
d,p≒

Td,p ⊆ ≒T . Furthermore,
if S ⊆ S′ are elements of ≒Td,p such that |S| ⩾ 2, then the same result tells us that the
corresponding morphism S ! S′ is sent to the identity, as both D̂S and D̂S′ agree with the full
sub-∞-category

D̂(p,Φd(q))

`

Arqs
˘

⊆ D
`

Arqs
˘

.

Again, by inspection, this means that D̂(−)

⋃
d,p≒

Td,p ! CAlg(PrLst) is right-Kan extended from
P ⊆

⋃
d,p≒

Td,p , where P denotes the sub-partially ordered set spanned by Td,p ∈
⋃
d,p≒

Td,p(m)

for all d, p (note that this includes all subsets of the form tdu, where d is a divisor of m, as
tdu = Td,ℓ if ℓ is any prime not dividing m). In total, this implies D̂(qm−1)pArqsq » limS∈P D̂S

and thus
CAlg

´

D̂(qm−1)

`

Arqs
˘

¯

» lim
S∈P

CAlg
`

D̂S

˘

.

After unravelling of definitions, an object in the limit on the right-hand side is precisely given
by the data (a) and (b).

2.5. Remark. — In Corollary 2.4, we’ve glued E from its Φd(q)-completions E∧
Φd(q)

» Ed for
all d | m. But E can also be glued from from the completed localisation Er1/ms∧(qm−1) and the
completions E∧

(p,qm−1) for all primes p | m via the usual arithmetic fracture square (see 1.22).
For later use, let us explain how to extract the latter from the former: If m = pαn, where n is
coprime to p, then

E
“

1
m

‰∧
(qm−1)

»
∏
d|m

Ed
“

1
m

‰∧
Φd(q)

and E∧
(p,qm−1) »

∏
d|n

(Epid)
∧
p for any 0 ⩽ i ⩽ α .

For the equivalence on the left, just observe that the factors in (qm − 1) =
∏
d|mΦd(q) become

coprime as soon as m is invertible. For the equivalence on the right, observe that after p-
completion the ℓ-adic gluings for ℓ ̸= p become vacuous, so the only gluing that happens is
along (Ed)

∧
p » (Epd)

∧
p » · · · » (Epαd)

∧
p for all d | n.

2.6. Remark. — Corollary 2.4 remains true if we replace E∞-Arqs-algebras by derived
commutative Arqs-algebras in the sense of rRak21, Example 4.3.1s. The proof is entirely
analogous.

§2.2. Habiro rings of étale extensions

In the following, we fix a perfectly covered Λ-ring A as before.

2.7. Relative Habiro rings. — Let R be an étale A-algebra. For all primes p, the pth

Adams operation ψp : A! A can be uniquely extended to a Frobenius lift ϕp : R̂p ! R̂p. Let
us denote by

ϕp/A :
`

R̂p bA,ψp A
˘∧
p

»
−! R̂p

the linearised Frobenius. It is an equivalence as indicated. Indeed, this can be checked modulo
p, where it becomes classical; see rStacks, Tag 0EBSs. We also remark that A being perfectly
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covered implies that A is p-torsion free (because this is true for the perfect Λ-ring A∞), and so
all p-completions above are static.

For all m ∈ N, let us now define a (qm − 1)-complete E∞-Arqs-algebra HR/A,m via Corol-
lary 2.4: For every d | m, let Ed := (RbA,ψd A)rqs∧Φd(q) and for every pd | m, where p is a prime,
let the gluing equivalence hd be the Arqs-linear map induced by ϕp/A.

For all d | m, Corollary 2.4 provides a preferred equivalence HR/A,d » (HR/A,m)
∧
(qd−1)

. In
particular, we get maps HR/A,m ! HR/A,d. The Habiro ring of R relative to A is then defined
as the limit(2.1)

HR/A := lim
m∈N

HR/A,m .

2.8. Remark. — If we were to construct Rrqs∧(qm−1) using Corollary 2.4, we would take
Ed := Rrqs∧Φd(q), together with the identity maps on Rrqs∧(p,Φd(q)) (instead of ϕp/A) as gluing
equivalences. Thus, there’s no reason to expect that HR/A,m » Rrqs∧(qm−1), unless R itself
(rather than only its p-completions) admits Frobenius lifts for all prime factors p | m. In the
case A = Z, a precise obstruction of this kind is shown in rWag24, Corollary 2.52s.

We can now formulate the relation between HR/A and q-Witt vectors relative to A. To
this end, recall from rWag24, Proposition 2.48s that q9Wm(R/A) is an étale algebra over
q9Wm(A/A) „= Arqs/(qm − 1).

2.9. Theorem. — Let A be a perfectly covered Λ-ring, R an A-algebra, and m ∈ N. Then

HR/A,m/(q
m − 1) » q9Wm(R/A) .

In fact, HR/A,m is the unique lift of the étale Arqs/(qm − 1)-algebra q9Wm(R/A) to a (qm − 1)-
complete E∞-algebra over Arqs∧(qm−1). In particular, HR/A,m is an ordinary ring for all m ∈ N,
and the same is true for the relative Habiro ring HR/A.

Proof. Let, temporarily, W denote the unique lift of q9Wm(R/A) to a (qm − 1)-complete E∞-
algebra over Arqs∧(qm−1). If p is prime and pd | m, then the ghost maps for the usual Witt
vectors Wm(A/p) and Wm(R/p) satisfy ghm/d(x) = ghm/pd(x)

p. It follows that the ghost maps
for relative q-Witt vectors fit into a commutative diagram

`

R bA,ψpd A
˘

rqs/Φpd(q) q9Wm(R/A)
`

R bA,ψd A
˘

rqs/Φd(q)

`

R/pbA/p,ψpd A/p
˘

rqs/Φpd(q)
`

R/pbA/p,ψd A/p
˘

rqs/Φd(q)

ghm/pd ghm/d

(2.1)A pedantic remark: To even write down this limit, we need to assemble the maps HR/A,m ! HR/A,d into a
functor HR/A,(−) : N ! CAlgD(Arqs), where N denotes the category of natural numbers partially ordered by
divisibility. With a little more effort, this functoriality can be squeezed out of Corollary 2.4. Alternatively, we
can take the limit over the sequential subdiagram tn!un⩾1, where the existence of maps is enough. Or we could
use Theorem 2.9 to realise that we’re working with ordinary rings, so there are no higher coherences to check
and functoriality can be obtained by hand.
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where the bottom horizontal map is induced by the relative Frobenius R/pbA/p,(−)pA/p! R/p.
After passing to unique deformations of étale algebras everywhere, we obtain a similar diagram

`

R bA,ψpd A
˘

rqs∧Φpd(q) W
`

R bA,ψd A
˘

rqs∧Φd(q)

`

R̂p bA,ψpd A
˘

rqs∧(p,Φpd(q))
`

R̂p bA,ψd A
˘

rqs∧(p,Φd(q))

where the bottom horizontal map is induced by ϕp/A from 2.7. By construction of HR/A,m, this
yields an E∞-Arqs-algebra map W ! HR/A,m. As both sides are (qm − 1)-complete, whether
this is an equivalence can be checked modulo Φd(q) for all d | m. By rWag24, Corollary 2.51s

and 2.7,
W/Φd(q) » R bA,ψd Arqs/Φd(q) » HR/A,m/Φd .

As the equivalence on the left is induced via the ghost map ghm/d, it is apparent from our
construction that W/Φd(q)! HR/A,m/Φd(q) is given by the chain of equivalences above. This
finishes the proof that HR/A,m is the unique deformation of q9Wm(R/A).

Since HR/A,m is (qm − 1)-complete and becomes static modulo p, we see that HR/A,m must
be static as well. Therefore it is an ordinary ring. To conclude the same for HR/A, we’ve seen
above that HR/A/Φm(q) is static for all m ∈ N. Then Corollary B.4 can be applied.

2.10. Remark. — By tracing through the proof of Theorem 2.9 and checking on ghost
coordinates, we see that the maps HR/A,m ! HR/A,d from 2.7 deform the q-Witt vector
Frobenii Fm/d : q9Wm(R/A)! q9Wd(R/A). Then the construction of HR/A is reminiscent of
the construction of Ainf from rBMS18, Lemma 3.2s.

In rGSWZ24, Definition 1.1s, the Habiro ring of a number field is defined in terms of power
series in q−ζ, for ζ ranging through roots of unity. We’ll now give a similar hands-on description
of HR/A. This will imply that our construction recovers the one from rGSWZ24s.

2.11. p-adic reexpansions around roots of unity. — In the following, we choose a system
of roots of unity (ζm)m∈N in such a way that

ζmn = ζmζn if (m,n) = 1 and ζpα = ζp
pα+1 .

One possible choice would be ζm :=
∏
p e

2πi/pvp(m) . The conditions above are also required
in rGSWZ24, §1.2s and they ensure vp(ζm − ζmp) > 0 whenever p is prime, so that after
p-completion, any power series in (q − ζm) can be reexpanded as power series in (q − ζpm). In
other words, there’s a canonical zigzag

ZrζmsJq − ζmK −! ZprζpmsJq − ζmK » Zprζpm, qs∧(q−ζm,q−ζpm)  − ZrζpmsJq − ζpmK ,

In the situation we’re interested in, we get a similar zigzag

pR bA,ψm AqrζmsJq − ζmK −!
`

R̂p bA,ψm A
˘∧
p

rζpmsJq − ζmK
ϕp/A
 −− pR bA,ψpm AqrζpmsJq − ζpmK

where the map on the right is induced by the relative Frobenius ϕp/A from 2.7, followed by a
reexpansion of power series as above. We’ll call the map on the left the canonical map and the
map on the right the Frobenius.
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2.12. Lemma. — The ring HR/A agrees with following equaliser (which can be taken both in
E∞-Arqs-algebras or in ordinary Arqs-algebras):

HR/A » eq

˜∏
m

pR bA,ψm AqrζmsJq − ζmK
can

−!−!
ϕ/A

∏
p,m

`

R̂p bA,ψm A
˘∧
p

rζpmsJq − ζmK

¸

.

Here can and ϕ/A are the canonical maps and Frobenius maps described in 2.11.

Proof. Let, temporarily, E denote the derived equaliser. By construction, HR/A can be written
as a similar equaliser, with (R bA,ψm A)rζmsJq − ζmK replaced by (R bA,ψm A)rqs∧Φm(q). We
clearly get a map of underived equalisers, hence a map HR/A ! π0(E) as HR/A is static. Since
the derived equaliser E is coconnective, this yields a map HR/A ! E as well. Since both sides
are Habiro-complete in the sense of B.1, whether this map is an equivalence can be checked
after (−)∧ℓ for all primes ℓ and after (− bZ Q)∧Φd(q) for all d ∈ N.

Proof after ℓ-completion. After (−)∧ℓ , all factors in E with p ̸= ℓ die, and the surviving
Frobenii ϕℓ/A become equivalences. Similarly, in HR/A, all p-adic gluings for p ̸= ℓ vanish, and
the ℓ-adic gluings become equivalences. It follows that after ℓ-completion, the map has the form∏

(m,ℓ)=1

`

R̂ℓ bA,ψm A
˘∧
ℓ

rqs∧(ℓ,Φm(q)) −!
∏

(m,ℓ)=1

`

R̂ℓ bA,ψm A
˘∧
ℓ

rζmsJq − ζmK

So it will be enough to show that Zℓrqs∧(ℓ,Φm(q)) ! ZℓrζmsJq − ζmK is an equivalence whenever
(m, ℓ) = 1. This can be checked modulo (ℓ,Φm(q)). The left-hand side clearly becomes
Fℓrqs/Φm(q) » Fℓ(ζm) since the cyclotomic polynomial Φm(q) is irreducible in Fℓrqs if (m, ℓ) = 1.
Moreover, Φm(q) has distinct roots in Fℓ, and so Φm(q)/(q−ζm) will be a unit in Fℓ(ζm)Jq−ζmK.
It follows that ZℓrζmsJq − ζmK/(ℓ,Φm(q)) » Fℓ(ζm) as well. This concludes the argument after
ℓ-completion.

Proof after Φd(q)-completed rationalisation. By 2.7, the Φd(q)-completion of HR/A is
(R bA,ψd A)rqs∧Φd(q) and so

`

HR/A bZ Q
˘∧
Φd(q)

»
`

(R bA,ψd A) bZ Q
˘

rqs∧Φd(q) »
`

(R bA,ψd A) bZ Q(ζm)
˘

Jq − ζmK .

Here we use that Qrqs∧Φd(q) ! Q(ζm)Jq − ζmK is an equivalence. Indeed, this can be checked
modulo Φm(q). Since Φm(q) is irreducible and has distinct roots in Q, the same argument as
above shows that both sides become Q(ζm) modulo Φm(q), as desired.

Let’s compute ÊΦd(q) next. Since (R bA,ψm A)rζmsJq − ζmK is Φm(q)-complete, it’ll vanish
upon Φd(q)-completion unless m/d is a prime power (possibly with negative exponent). More-
over, if m/d = pα is a power of p, then the Φd(q)-completion of (R bA,ψm A)rζmsJq − ζmK will
also be p-complete, unless α = 0. It follows that all surviving Frobenii will become equivalences,
except if their source is (R bA,ψm A)rζdsJq − ζdK.

For all primes p, let αp := vp(d) and write d = pαpdp. By massaging the limit using our
observations so far, we find that ÊΦd(q) sits inside a pullback diagram

ÊΦd(q)

`

R bA,ψd A
˘

rζdsJq − ζdK

∏
p

`

R̂p bA,ψdp A
˘∧
p

rζdpsJq − ζdpK
∏
p

`

R̂p bA,ψdp A
˘∧
p

rζdsJq − ζdpK

≒ pϕ
αp
p/Aq

p
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Observe that the bottom horizontal arrow is a split injection on underlying Zrqs-modules,
because in each factor Zrζdps! Zrζds is a split injection of abelian groups. However, as we’ve
seen above, Qrqs∧Φd(q) » Q(ζd)Jq − ζdK contains ζd. Thus the bottom horizontal arrow becomes
an equivalence after (− bZ Q)∧Φd(q). It follows that

pE bZ Qq
∧
Φd(q)

»
`

(R bA,ψd A) bZ Qrζms
˘

Jq − ζmK .

Thus HR/A ! E also becomes an equivalence after (− bZ Q)∧Φd(q).

2.13. Corollary. — If F is a number field with discriminant ∆ and R := OF r1/∆s, then
HR/Z agrees with the Habiro ring HR defined in rGSWZ24, Definition 1.1s.

Proof. This follows immediately from Lemma 2.12.

2.14. Remark. — In the special case where R = Z, we obtain the following presentation of
the ordinary Habiro ring:

H » eq

˜∏
m

ZrζmsJq − ζmK
can

−!−!
ϕ/Z

∏
p,m

ZprζpmsJq − ζmK

¸

.

Here ϕ/Z is just given by the reexpansion morphisms ZrζpmsJq − ζpmK! ZprζpmsJq − ζmK for
all p and all m. This gives precise meaning to the intuition that H is the “ring of power series
that can be Taylor-expanded around each root of unity”. Whenever two such expansions can
be compared p-adically, they must coincide.
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§3. Habiro descent for q-Hodge complexes
In this section, we’ll show that in those situations where a well-behaved derived q-Hodge
complex can be defined, it descends automatically to the Habiro ring, and furthermore a derived
analogue of the comparison with q-de Rham–Witt complexes holds true.

Throughout this section, we fix a perfectly covered Λ-ring A.

3.1. Convention. — In the following we’ll consider filtered modules over the filtered ring
(qm − 1)⋆Arqs for various m. For such a filtered module fil⋆M , we always let fil⋆M/(qm − 1)
denote the base change

fil⋆M/(qm − 1) := fil⋆M bL
(qm−1)⋆Arqs A

in filtered objects, or in other words, the quotient by (qm − 1) sitting in filtration degree 1, not
filtration degree 0. In particular, the nth filtered piece of the quotient fil⋆M/(qm − 1) will be

cofib
`

(qm − 1) : filn−1M −! filnM
˘

.

§3.1. q-Hodge filtrations and the q-Hodge complex
Let us start by introducing an appropriate ∞-category of A-algebras equipped with a well-
behaved q-deformation of the Hodge filtration. Since Definition 3.2 below is a bit of a mess,
let us informally summarise the key points first: In addition to the obvious q-deformation
condition (b), we also wish the filtration to be compatible with the rational equivalence

`

q9dRR/A bL
Z Q

˘∧
(q−1)

»
`

dRR/A bL
Z Q

˘

Jq − 1K ,

which leads to condition (c). For technical reasons, we also need to require the same for the
rationalisations of the p-completed (q-)de Rham complexes, which is why we have to include
condition (cp) below. These conditions need to satisfy some obvious compatibilities; recording
those, we end up with the following slightly messy definition:

3.2. Definition (q-Hodge filtrations). — Let R be an animated A-algebra. A q-Hodge
filtration on q9dRR/A is a filtered (q − 1)⋆Arqs-module

fil⋆q9Hdg q9dRR/A »

´

fil0q9Hdg q9dRR/A  fil1q9Hdg q9dRR/A  fil2q9Hdg q9dRR/A  · · ·
¯

,

equipped with the following data and compatibilities(3.1):
(a) An equivalence of Arqs-modules q9dRR/A » fil0q9Hdg q9dRR/A. In other words, we require

that fil⋆q9Hdg q9dRR/A defines a descending filtration on the derived q-de Rham complex.
(b) An equivalence of filtered A-modules

c(q−1) : fil
⋆
q9Hdg q9dRR/A/(q − 1)

»
−! fil⋆Hdg dRR/A ,

which in filtered degrees ⩽ 0 agrees with the usual equivalence q9dRR/A/(q − 1) » dRR/A
under the identification from (a). In other words, the filtration fil⋆q9Hdg q9dRR/A has to be
a (q − 1)-deformation of the Hodge filtration.

(3.1)Since we’re working with ∞-categories, each compatibility is again a datum that needs to be provided.
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(c) An equivalence of filtered (q − 1)⋆(Ab Q)rqs-modules

cQ :
`

fil⋆q9Hdg q9dRR/A bL
Z Q

˘∧
(q−1)

»
−! fil⋆(Hdg,q−1)

`

dRR/A bL
Z Q

˘

Jq − 1K ,

where fil⋆(Hdg,q−1) denotes the (q − 1)-completed tensor product of the Hodge filtration on
dRR/A and the (q− 1)-adic filtration on QJq− 1K; in the following, we’ll often call this the
combined Hodge and (q−1)-adic filtration. In addition, we require that cQ agrees in filtered
degrees ⩽ 0 with the usual equivalence (q9dRR/A bL

ZQ)∧(q−1) » (dRR/A bL
ZQ)Jq−1K under

the identification from (a), and that cQ and c(q−1) from (b) fit into a commutative diagram

fil⋆q9Hdg q9dRR/A fil⋆q9Hdg q9dRR/A/(q − 1) fil⋆Hdg dRR/A

`

fil⋆q9Hdg q9dRR/A bL
Z Q

˘∧
(q−1)

fil⋆(Hdg,q−1)

`

dRR/A bL
Z Q

˘

Jq − 1K fil⋆Hdg dRR/A bL
Z Q

///

»

c(q−1)

»

cQ

which again must agree in filtered degrees ⩽ 0 with the corresponding unfiltered diagram
under the identification from (a).

(cp) For every prime p, an equivalence of filtered (q − 1)⋆Âpr1/psJq − 1K-modules

cQp : fil
⋆
q9Hdg

`

q9dRR/A
˘∧
p

“

1
p

‰∧
(q−1)

»
−! fil⋆(Hdg,q−1)

`

dRR/A
˘∧
p

“

1
p

‰

Jq − 1K ,

which is required to agree in filtered degrees ⩽ 0 agrees with the usual equivalence
(q9dRR/A)

∧
p r1/ps∧(q−1) » (dRR/A)

∧
p r1/psJq − 1K under the identification from (a). In addi-

tion, we require that cQ and cQp are compatible in form of a commutative diagram

`

fil⋆q9Hdg q9dRR/A bL
Z Q

˘∧
(q−1)

fil⋆(Hdg,q−1)

`

dRR/A bL
Z Q

˘

Jq − 1K

fil⋆q9Hdg

`

q9dRR/A
˘∧
p

“

1
p

‰∧
(q−1)

fil⋆(Hdg,q−1)

`

dRR/A
˘∧
p

“

1
p

‰

Jq − 1K

»

cQ

///

»

cQp

which in filtered degrees ⩽ 0 must agree with the usual compatibility under the identifica-
tion from (a), and that c(q−1) and cQp fit into a commutative diagram

fil⋆q9Hdg

`

q9dRR/A
˘∧
p

fil⋆q9Hdg

`

q9dRR/A
˘∧
p
/(q − 1) fil⋆Hdg

`

dRR/A
˘∧
p

fil⋆q9Hdg

`

q9dRR/A
˘∧
p

“

1
p

‰∧
(q−1)

fil⋆(Hdg,q−1)

`

dRR/A
˘∧
p

“

1
p

‰

Jq − 1K fil⋆Hdg

`

dRR/A
˘∧
p

“

1
p

‰

///

»

c(q−1)

»

cQp

which must agree in filtered degrees ⩽ 0 with the corresponding unfiltered diagram under
the identification from (a). Finally, we require that this diagram is compatible with the
diagram from (c) under the previous diagram relating cQ and cQp , and that in filtered
degrees ⩽ 0 this compatibility agrees with the usual compatibility under the identification
from (a).

We let AniAlgq9Hdg
A denote the ∞-category of pairs (R,fil⋆q9Hdg q9dRR/A), where R is an animated

A-algebra and fil⋆q9Hdg q9dRR/A is a q-Hodge filtration on q9dRR/A. Formally, the ∞-category
AniAlgq9Hdg

A can be expressed as an iterated pullback of AniAlgA and several ∞-categories of
filtered modules; this is straightforward, but not very enlightening, so we omit the details.
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It is natural to ask whether q-Hodge filtrations can be chosen functorially. Surprisingly, this
turns out to be false.

3.3. Lemma. — If A is not a Q-algebra, then the forgetful functor AniAlgq9Hdg
A ! AniAlgA

is not essentially surjective. In particular, it has no section, not even when restricted to the full
subcategory SmA ⊆ AniAlgA of smooth A-algebras.

Proof sketch. As far as the author is aware, this result hasn’t been published, but the objection
is known among the experts in the field.

Let p be a prime such that Âp ̸» 0. Let Âptxu∞ be the free p-complete perfect δ-ring on a
generator x. We’ll show that the q-de Rham complex of R := Âptxu∞/x admits no q-Hodge
filtration. Suppose it does. Note that (q9dRR/A)

∧
p is given by the prismatic envelope

`

q9dRR/A
˘∧
p

» Âptxu∞Jq − 1K
"

ϕ(x)

rpsq

*∧

(p,q−1)

.

In particular, it is static. Since the Hodge filtration fil⋆Hdg(dRR/A)
∧
p is just the divided

power filtration of the PD-envelope (dRR/A)
∧
p » DÂptxu∞(x), Definition 3.2(b) implies that

fil⋆q9Hdg(q9dRR/A)
∧
p must also be a descending chain of submodules of (q9dRR/A)∧p . Moreover, we

see that filpq9Hdg(q9dRR/A)
∧
p must contain an element rγq(x) such that rγq(x) ≡ xp/p mod (q−1).

Using Definition 3.2(cp), we see that rγq must also be contained in the ideal (x, q − 1)p after
completed rationalisation. But it is straightforward to check that the prismatic envelope above
doesn’t contain any rγq(x) with these properties (for the details, see Example 4.24 below).

This shows that AniAlgq9Hdg
A ! AniAlgA is not essentially surjective. Hence it can’t have

a section, not even over SmA ⊆ AniAlgA, because we could always animate to extend such a
section to all of AniAlgA.

3.4. Remark. — Despite the general non-existence, it’s possible to construct many interesting
objects of the ∞-category AniAlgq9Hdg

A , and the forgetful functor AniAlgq9Hdg
A ! AniAlgA does

admit sections when restricted to certain full subcategories of AniAlgA. We’ll discuss several
such examples in §4.

In the remainder of this subsection, we’ll study the following objects:

3.5. q-Hodge complexes. — Given a q-Hodge filtration fil⋆ q9dRR/A for R over A, we can
construct the q-Hodge complex as

q9Hdg(R,fil⋆q9Hdg)/A
:= colim

´

fil0q9Hdg q9dRR/A
(q−1)
−−−! fil1q9Hdg q9dRR/A

(q−1)
−−−! · · ·

¯∧

(q−1)
.

If the q-Hodge filtration is clear from the context, we usually just write q9HdgR/A.

3.6. Remark. — In the above we’ve used the derived q-de Rham complex since many
of our examples later on will be outside of the smooth case. But note that even if R = S
is smooth over A, the underived q-de Rham complex q9ΩS/A usually doesn’t agree with the
derived q-de Rham complex q9dRS/A, because Ω˚

S/A and dRS/A usually differ in characteristic 0.
But this is not a problem. If we’re given a filtration fil⋆q9Hdg q9ΩS/A that satisfies the obvious
analogues of Definition 3.2(a)–(cp), then its pullback along the canonical map q9dRS/A ! q9ΩS/A
yields a filtration fil⋆q9Hdg q9dRR/A as in Definition 3.2. Indeed, this follows from the fact that
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Ω˚
S/A » d̂RS/A always agrees with the Hodge-completed derived de Rham complex and the fact

that any filtration is the pullback of its completion (see 1.22).
Conversely, we’ll show in Proposition 3.47 that for any (S, fil⋆q9Hdg q9dRS/A) ∈ AniAlgq9Hdg

A

such that S is smooth over A, we have an equivalence

q9ΩS/A » q9d̂RS/A

of the underived q-de Rham complex and the q-Hodge completed derived q-de Rham complex.
Finally, let us remark that in the definition of the q-Hodge complex it doesn’t matter whether we
use fil⋆q9Hdg q9dRR/A or its completion fil⋆q9Hdg q9d̂RR/A, since every element in filiq9Hdg q9dRR/A
becomes divisible by (q − 1)i in q9HdgR/A and the q-Hodge complex is (q − 1)-complete.

3.7. Proposition. — AniAlgq9Hdg
A admits a canonical symmetric monoidal structure. The

tensor product of two objects (R1, fil
⋆
q9Hdg q9dRR1/A) and (R2, fil

⋆
q9Hdg q9dRR2/A) is given by

´

R1 bL
A R2,

`

fil⋆q9Hdg q9dRR1/A bL
(q−1)⋆Arqs fil

⋆
q9Hdg q9dRR2/A

˘∧
(q−1)

¯

,

where in the second component we take the derived tensor as filtered modules over the filtered
ring (q − 1)⋆Arqs. Furthermore, the functor

q9Hdg−/A : AniAlg
q9Hdg
A −! D̂(q−1)

`

Arqs
˘

can be equipped with a canonical symmetric monoidal structure.

To prove Proposition 3.7, let us first construct a filtration on q9Hdg−/A/(q − 1).

3.8. The conjugate filtration. — Let (R,fil⋆q9Hdg q9dRR/A) be an object in AniAlgq9Hdg
A .

Let’s consider the localisation of the filtered (q − 1)⋆Arqs-module fil⋆q9Hdg q9dRR/A at (q − 1):

fil⋆q9Hdg q9dRR/A
“

1
q−1

‰

» colim
´

fil⋆q9Hdg q9dRR/A
(q−1)
−−−! fil⋆+1

q9Hdg q9dRR/A
(q−1)
−−−! . . .

¯

.

Upon completing the filtration, this filtered object becomes the (q − 1)-adic filtration on the
q-Hodge complex q9HdgR/A.

Before taking the colimit, the diagram above can be regarded as a bifiltered object, with
one ascending (“horizontal”) filtration, given by the steps in the colimit, and one descending
(“vertical”) filtration, given by the filtrations on each step fil⋆+nq9Hdg q9dRR/A. If we pass to the
associated graded in the vertical direction, we obtain

q9HdgR/A/(q − 1) » colim
´

gr0q9Hdg q9dRR/A
(q−1)
−−−! gr1q9Hdg q9dRR/A

(q−1)
−−−! . . .

¯

.

This representation as a colimit defines an exhaustive ascending filtration on q9HdgR/A/(q− 1),
which we define to be the conjugate filtration filconj⋆ (q9HdgR/A/(q − 1)).

3.9. Lemma. — The associated graded of the conjugate filtration filconj⋆ q9HdgR/A/(q − 1) is
given by

grconj˚

`

q9HdgR/A/(q − 1)
˘

» Σ−˚dR˚
R/A » gr˚

Hdg dRR/A .
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Proof. To avoid ambiguous notation, let us identify the filtered ring (q − 1)⋆Arqs with the
graded ring Arβ, ts, where |β| = 1, |t| = −1, and βt = q − 1.(3.2) The filtered structure on
Arβ, ts comes from the Arts-module structure (see 1.22), so t can be regarded as the filtration
parameter and β can be regarded as the element “(q − 1) sitting in degree 1”. If we regard
fil⋆q9Hdg q9dRR/A as a graded Arβ, ts-module, then

fil⋆q9Hdg q9dRR/A/β » fil⋆Hdg dRR/A and fil⋆q9Hdg q9dRR/A/t » gr˚
q9Hdg q9dRR/A

as graded Arts- or Arβs-modules, respectively. The first equivalence follows from Defini-
tion 3.2(b), the second follows because modding out t is the same as taking the associated
graded (see 1.22). Hence also

fil⋆q9Hdg q9dRR/A/(β, t) » gr˚
Hdg dRR/A

as filtered A-modules. Finally, by construction, we can identify q9HdgR/A/(q − 1) with
(fil⋆q9Hdg q9dRR/A bL

Arβs
Arβ±1s)0/(βt), where (−)0 denotes the restriction of a graded object to

its degree-0 part. Then the desired assertion follows from Lemma 3.10 below.

3.10. Lemma. — Let M˚ be a graded module over the graded ring Arβ, ts, where |β| = 1,
|t| = −1. Then (M˚ bL

Arβs
Arβ±1s)0/(βt) admits a canonical exhaustive ascending filtration

whose associated graded is M˚/(β, t).

Proof. We formally get (M˚ bL
Arβs

Arβ±1s)0/(βt) » (M˚/tbL
Arβs

Arβ±1s)0. Let β−⋆Arβs denote
the ascendingly filtered graded ring

β−⋆Arβs :=
´

· · · β
−! Arβs(1)

β
−! Arβs(0)

β
−! Arβs(−1)

β
−! · · ·

¯

,

where Arβs(i) denotes the shift of the graded object Arβs by i (to account for the fact that
multiplication by β shifts degrees). The colimit of this filtration is colimβ−⋆Arβs » Arβ±1s.
Hence (M˚/tbL

Arβs
β−⋆Arβs)0 defines an exhaustive ascending filtration on (M˚/tbL

Arβs
Arβ±1s)0

(by inspection, this is also precisely how the conjugate filtration from 3.8 arises). Since the
associated graded of β−⋆Arβs is

À

i∈ZA(−i), the associated graded of the filtration we’ve just
constructed is indeed

ˆ

à

i∈Z
M˚/tbL

Arβs A(−i)
˙

0

»

ˆ

à

i∈Z
M˚/(β, t)(−i)

˙

0

» M˚/(β, t) .

Proof of Proposition 3.7. AniAlgq9Hdg
A can be written as an iterated pullback of symmetric

monoidal ∞-categories along symmetric monoidal functors, so there’s a canonical way to equip
it with a symmetric monoidal structure itself. The forgetful functors

AniAlgq9Hdg
A −! AniAlgA and AniAlgq9Hdg

A −! Mod(q−1)⋆Arqs

`

FilD(A)
˘∧
(q−1)

will then be symmetric monoidal, which shows the formula for tensor products.
To construct a symmetric monoidal structure on q9Hdg−/A, we use 3.8. Since localising is

symmetric monoidal and passing to the 0th filtration step is lax symmetric monoidal, we get
(3.2)In rWag25s we’ll recognise (q − 1)⋆ZJq − 1K „= ZrβsJtK „= π2˚(ku

hS1

), where β ∈ π2(ku) is the Bott element
and t ∈ π−2(ku

hS1

) is a suitable complex orientation.
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a lax symmetric monoidal structure on q9Hdg−/A. Strict symmetric monoidality can then be
checked modulo (q − 1) because the values of q9Hdg−/A are (q − 1)-complete.

From the proof of Lemma 3.10 above, it is clear that filconj⋆ (q9Hdg−/A/(q−1)) can be equipped
with a lax symmetric monoidal structure compatible with the one on q9Hdg−/A/(q−1) (modding
out t or β as well as − bL

Arβs
β−⋆Arβs are symmetric monoidal and (−)0 is lax symmetric

monoidal). Furthermore the equivalence

grconj˚

`

q9Hdg−/A/(q − 1)
˘

» gr˚
Hdg dR−/A

is an equivalence of lax symmetric monoidal functors. Strict symmetric monoidality of
filconj⋆ (q9Hdg−/A/(q − 1)) can now be checked on the associated graded, so we win since it’s
well-known that gr˚

Hdg dR−/A is symmetric monoidal.

§3.2. The main result
We can now state the general Habiro descent result. We let q9WmΩ

˚
−/A denote the m-truncated

q-de Rham Witt complex from rWag24, Definition 3.12s and q9WmdR−/A : AniAlgA ! D(Arqs)
its non-abelian derived functor.

3.11. Theorem. — Let A be a perfectly covered Λ-ring and AniAlgq9Hdg
A be the ∞-category

of animated A-algebras equipped with a q-Hodge filtration on their q-de Rham complex.
(a) Let D̂H(Arqs) ⊆ D(Arqs) denote the full sub-∞-category of Habiro-complete objects (in

the sense of B.1). Then the q-Hodge complex functor admits a symmetric monoidal
factorisation

D̂H
`

Arqs
˘

AniAlgq9Hdg
A D̂(q−1)

`

Arqs
˘

(−)∧
(q−1)

q9Hdg−/A

q9Hdg−/A

(b) For all m ∈ N, the quotient q9Hdg−/A/(q
m − 1) admits an exhaustive ascending filtration

filq9WmΩ
⋆ (q9Hdg−/A/(q

m − 1)) with associated graded

grq9WmΩ
˚

`

q9Hdg−/A/(q
m − 1)

˘

» Σ−˚ q9WmdR
˚
−/A .

Furthermore, filq9WmΩ
⋆ (q9Hdg−/A/(q

m−1)) can be equipped with a canonical lax symmetric
monoidal structure compatible with the one on q9Hdg−/A/(q

m − 1), and the equivalence
above is an equivalence of lax symmetric monoidal functors.

3.12. Example. — If S is a smooth over A and □ : Arx1, . . . , xns! S is an étale framing,
then we can define a filtration on the coordinate-dependent q-de Rham complex q9Ω˚

S/A,□ via

filnq9Hdg,□ q9Ω
˚
S/A,□ := (q − 1)maxtn−˚,0u q9Ω˚

S/A,□ .

(compare the construction in 1.10). As explained in Remark 3.6, we can take the pullback along
q9dRS/A ! q9Ω˚

S/A,□ to get a filtration fil⋆q9Hdg,□ q9dRS/A on the derived q-de Rham complex.
It’s straightforward to equip it with the additional structure from Definition 3.2(a)–(cp): Just
construct everything on the level of complexes and then take the pullback.
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Therefore, the pair (S, fil⋆q9Hdg,□ q9dRS/A) determines an E0-algebra in AniAlgq9Hdg
A . We’ll

explain in rWag25, Remark 6.14s that it can be refined to an E∞-algebra. The derived
q-Hodge complex associated to (S,fil⋆q9Hdg,□ q9dRS/A) is the coordinate-dependent q-Hodge
complex q9Hdg˚

S/A,□. Indeed, as we’ve seen in Remark 3.6, in the definition of q9Hdg−/A it
doesn’t matter whether we work with the q-Hodge filtration on q9dR−/A or its completion.
Since fil⋆q9Hdg,□ q9Ω

˚
S/A,□ is already complete, it’s automatically the completion of its pullback

fil⋆q9Hdg,□ q9dRS/A. We conclude that the corresponding derived q-Hodge complex is

colim
´

fil0q9Hdg,□ q9Ω
˚
S/A,□

(q−1)
−−−! fil1q9Hdg,□ q9Ω

˚
S/A,□

(q−1)
−−−! · · ·

¯

„= q9Hdg˚
S/A,□ ,

as claimed.
In this case, Theorem 3.11(a) shows that q9Hdg˚

S/A,□ descends to an E∞-algebra q9HdgS/A,□

in D̂H(Arqs). As we’ll see in Corollary 3.31 below, Σ−n q9WmdR
n
S/A » q9WmΩ

n
S/A holds for all

n. Thus, Theorem 3.11(b) shows

H˚
`

q9HdgS/A,□/(q
m − 1)

˘

„= q9WmΩ
˚
S/A

as graded Arqs/(qm − 1)-modules. With a little more effort (see Corollary 3.54 below), we can
even get an equivalence as differential-graded Arqs/(qm− 1)-algebras, so we obtain an improved
version of rWag24, Theorem 4.27s.(3.3)

In fact, q9HdgS/A,□ can be described as an explicit complex; this was first presented in
rSch25, Lecture 4s. To this end, equip Arx1, . . . , xns with the toric Λ-A-algebra structure in
which the Adams operations are given by ψm(xi) = xmi and consider the relative Habiro ring
HS/Arx1,...,xns. For i = 1, . . . , n let γi be the Arqs-algebra endomorphism of Arx1, . . . , xn, qs

given by γi(xi) = qxi and γi(xj) = xj for j ̸= i. We wish to extend γi to an automorphism of
HS/Arx1,...,xns. To do so, we’ll extend γi to each of the factors of the equaliser in Lemma 2.12.
Fix m ∈ N and put S(m) := (S bArx1,...,xns,ψm Arx1, . . . , xns)rζms. Consider the diagram

Arx1, . . . , xn, ζmsJq − ζmK S(m)Jq − ζmK

S(m)Jq − ζmK S(m)

□

γi

γ
(m)
i

γ
(m)
i

where γ(m)
i is given by the identity on the tensor factor S, γ(m)

i (xi) = ζmxi, and γ(m)
i (xj) = xj

for j ̸= i. By the infinitesimal lifting property of formally étale morphisms, there exists a
unique dashed arrow γ

(m)
i making the diagram commutative. Then

`

γ
(m)
i

˘

m∈N defines the
desired automorphism γi of HS/Arx1,...,xns via Lemma 2.12. It’s also straightforward to check
that γi ≡ id mod xi.

Letting q9r∂i := (γi − id)/xi and q9r∇ :=
∑

i q9
r∂i dxi, the Koszul complex of the commuting

endomorphisms q9r∂i,
ˆ

HS/Arx1,...,xns

q9r∇
−!

à

i

HS/Arx1,...,xns dxi
q9r∇
−! · · · q9

r∇
−! HS/Arx1,...,xns dx1 · · · dxn

˙

,

is an explicit complex representing q9HdgS/A,□. This can be shown by unravelling the proof of
Theorem 3.11 (which is less horrible than it sounds).

(3.3)But this theorem is being used in the proof, so we don’t get a new proof.
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Example 3.12 covers in particular the case of étale A-algebras. In this special case, we
recover a familiar construction.

3.13. Corollary. — If R is étale over A, then q9HdgR/A is the relative Habiro ring HR/A

constructed in 2.7.

Proof. This is clear from the explicit presentation in Example 3.12, but it can also be shown
without having to unravel the proof of Theorem 3.11.

We’ll see in Corollary 3.31 that q9WmdR
n
R/A » Σ−n q9WmΩ

n
R/A holds for all n ⩾ 0 whenever

R is smooth over A. If R is étale, then combining this observation with Theorem 3.11(a) and
rWag24, Proposition 3.31s shows

q9HdgR/A/(q
m − 1) » q9Wm(R/A) » HR/A/(q

m − 1) .

By uniqueness of deformations of étale extensions, these automatically lift to a unique equivalence
of E∞-H-algebras (q9HdgR/A)

∧
(qm−1) » HR/A,m; furthermore, uniqueness also ensures that these

equivalences are compatible for varying m. It follows that q9HdgR/A » HR/A, as desired.

The proof of Theorem 3.11 has many ingredients and will occupy §§3.3–3.6. Before we get
lost in the technicalities, let us already outline the main argument and point out where the
missing pieces will be provided.

Proof outline of Theorem 3.11. The argument will proceed similarly to the proof of Propo-
sition 3.7 above; in particular, for m = 1, the arguments below will recover the proof of
Proposition 3.7. In §3.3 we’ll introduce twisted q-de Rham complexes for all m ∈ N. These are
(qm − 1)-complete E∞-Arqs-algebras q9dR(m)

R/A satisfying

q9dR(m)
R/A/(q

m − 1) » q9WmdRR/A

(see Proposition 3.19(3.4)). By animating the stupid filtration q9WmΩ
⩾n,˚
−/A , we obtain a filtration

fil⋆Hdgm
q9WmdR−/A on q9WmdR−/A. For m = 1, this is the Hodge filtration on dR−/A; for

higher m, it should be thought of as a q-Witt vector analogue of the Hodge filtration. By
construction,

grnHdgm
q9WmdR−/A » q9WmdR

n
−/A .

In §3.5, specifically in Proposition 3.39, we’ll show that for any given q-Hodge filtration
fil⋆q9Hdg q9dRR/A, we can construct a filtration fil⋆q9Hdgm

q9dR(m)
R/A satisfying

fil⋆q9Hdgm
q9dR(m)

R/A/(q
m − 1) » fil⋆Hdgm

q9WmdRR/A .

We’ll also verify that fil⋆q9Hdgm
q9dR(m)

R/A is lax symmetric monoidal in (R,fil⋆q9Hdg q9dRR/A) and
that the equivalence above can be upgraded to an equivalence of lax symmetric monoidal
functors AniAlgq9Hdg

A ! Mod(qm−1)⋆Arqs(FilD(A)).
With this construction, we’ll build the desired Habiro descent of q9HdgR/A in §3.6 by

mimicking the definition of the q-Hodge complex in 3.5. For all m ∈ N, we define

q9HdgR/A,m := colim
´

fil0q9Hdgm
q9dR(m)

R/A

(qm−1)
−−−−! fil1q9Hdgm

q9dR(m)
R/A

(qm−1)
−−−−! . . .

¯∧

(qm−1)
.

(3.4)Informally, just as the q-de Rham complex is a q-deformation of dRR/A » q9W1dRR/A, the twisted q-de
Rham complexes are qm-deformations of q9WmdRR/A.
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In Proposition 3.43, we’ll show (q9HdgR/A,m)
∧
(qd−1)

» q9HdgR/A,d whenever d | m. It follows
that q9HdgR/A := limm∈N q9HdgR/A,m determines a Habiro descent of q9HdgR/A, thus proving
Theorem 3.11(a), except for the symmetric monoidality statement. As in the proof of Proposi-
tion 3.7, it’s formal to construct a lax symmetric monoidal structure on q9Hdg−/A which reduces
to the one on q9Hdg−/A after (q − 1)-completion; see 3.45 for the details. Strict symmetric
monoidality will then be checked in Lemma 3.46, finishing the proof of Theorem 3.11(a).

To show Theorem 3.11(b), we will mimic the arguments for the conjugate filtration (and in
fact, for m = 1, the desired filtration on q9HdgR/A/(q−1) » q9HdgR/A/(q−1) is the conjugate
filtration). By the same argument as in 3.8, we obtain

q9HdgR/A,m/(q
m − 1) » colim

´

gr0q9Hdgm
q9dR(m)

R/A

(qm−1)
−−−−! gr1q9Hdgm

q9dR(m)
R/A

(qm−1)
−−−−! . . .

¯

.

The colimit defines an exhaustive ascending filtration on q9HdgR/A,m/(q
m − 1), which we take

to be our definition of filq9WmΩ
⋆ (q9HdgR/A,m/(q

m − 1)). The associated graded of this filtration
can be determined by via Lemma 3.10 (for this we identify the filtered ring (qm − 1)⋆Arqs with
the graded ring Arq, β, ts/(βt− (qm − 1)), where |q| = 0, |β| = 1, and |t| = −1): We obtain

grq9WmΩ
˚

`

q9HdgR/A,m/(q
m − 1)

˘

» Σ−˚ q9WmdR
˚
R/A » gr˚

Hdgm
q9WmdRR/A .

As in the proof of Proposition 3.7, the lax symmetric monoidality statements are formal, and
so the proof of Theorem 3.11(b) is finished.

§3.3. Deformations of q-de Rham–Witt complexes
We fix a perfectly covered Λ-ring A as before. We let ψm denote its Adams operations,
which we extend to a map ψm : Arqs ! Arqs via ψm(q) := qm. We’ll also frequently use the
Berthelot–Ogus décalage functor Lηrmsq (see rBMS18, §6s or rStacks, Tag 0F7Ns).

In this subsection, we’ll study twisted q-de Rham complexes: For S smooth over A, these
are certain (qm− 1)-complete E∞-Arqs-algebras q9Ω(m)

S/A, refining the (q− 1)-complete E∞-Arqs-
algebras Lηrmsq q9ΩS/A for all m ∈ N. The rationale behind our notation and the name twisted
q-de Rham complexes is as follows: If the global q-de Rham complex would admit Adams
operations ψm inducing equivalences

ψm :
´

q9ΩS/A bL
Arqs,ψm Arqs

¯∧

(q−1)

»
−! Lηrmsq q9ΩS/A ,

then the corresponding twisted q-de Rham complex could simply be constructed as the (qm−1)-
completion of the “Adams-twist” q9ΩS/A bL

Arqs,ψm Arqs.(3.5) However, such global Adams
operations don’t exist in general (this already fails if S is étale over A, as Λ-structures usually
don’t extend along étale maps). The best we have is, for every prime p, a Frobenius ϕp on the
p-completion (q9ΩS/A)

∧
p . Still, these p-adic Frobenii are enough to construct q9Ω(m)

S/A.

3.14. Twisted q-de Rham complexes — Let S be a smooth A-algebra. We’ll construct a
(qm − 1)-complete E∞-Arqs-algebra using Corollary 2.4. In the notation of that corollary, take

Ed :=
´

Lηrm/dsq q9ΩS/A bL
Arqs,ψd Arqs

¯∧

Φd(q)
.

(3.5)If ψm is finite (for example, this holds if A = Z or more generally if A is a polynomial ring), then
q9ΩS/A b

L
Arqs,ψm Arqs is already (qm − 1)-complete.
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We must also provide p-adic gluing equivalences. For p a prime such that pd | m, the required
gluing equivalence (Epd)

∧
p » (Ed)

∧
p should be of the form

´

Lηrm/pdsq q9ΩS/A bL
Arqs,ψpd Arqs

¯∧

(p,Φpd(q))

»
−!

´

Lηrm/dsq q9ΩS/A bL
Arqs,ψd Arqs

¯∧

(p,Φd(q))
.

To construct this, we may replace Lηrm/pdsq and Lηrm/dsq by Lηrpαsq and Lηrpα+1sq , where
α := vp(m/pd), because the factor rm/pdsq/rpαsq will be invertible on either side. It will thus
be enough to construct an equivalence

´

Lηrpαsq q9ΩS/A bL
Arqs,ψp Arqs

¯∧

(p,q−1)

»
−!

´

Lηrpα+1sq q9ΩS/A
¯∧

(p,q−1)

Now (Lηrpαsq q9ΩS/A)
∧
p » Lηrpαsq(q9ΩS/A)

∧
p . Indeed, q9ΩS/A is (q−1)-complete, so p-completion

agrees with rpαsq-completion, which always commutes with Lηrpαsq (see rBMS18, Lemma 6.20s).
Thus, we may replace q9ΩS/A by its p-completion on the left-hand side; the same argument
applies to the right-hand side as well.

Finally, if (B, J) denotes the prism (ÂpJq−1K, rpsq) and T := Ŝprζps, then (q9ΩS/A)
∧
p » ∆T/B ,

and so the desired gluing equivalence can be constructed using the general fact that the relative
Frobenius induces an equivalence (see rBS19, Theorem 15.3s)

ϕ/B : ∆T/B b̂L
B,ϕB

B
»
−! LηJ∆T/B .

According to Corollary 2.4, we can glue the Ed for all d | m to a (qm − 1)-complete E∞-Arqs-
algebra q9Ω(m)

S/A. This is the mth twisted q-de Rham complex of S over A. Via animation, we
can then define a functor

q9dR(m)
−/A : AniAlgA −! CAlg

´

D̂(qm−1)

`

Arqs
˘

¯

,

which agrees with q9Ω(m)
−/A on polynomial-A-algebras (but not on all smooth A-algebras, due to

the usual issues in characteristic 0).

The arithmetic fracture square for q9Ω(m)
S/A (in the sense of 1.22) can be read off from the

construction.

3.15. Lemma. — Fix m ∈ N and N ̸= 0 divisible by m. For any prime p | N and any divisor
d | m write m = pvp(m)mp and d = pvp(d)dp, where mp and dp are coprime to p. Let also

ϕp/Arqs : q9ΩS/A bL
Arqs,ψp Arqs −!

`

q9ΩS/A
˘∧
p

denote the relative Frobenius coming from the identification with prismatic cohomology. Then
we have a functorial pullback square

q9Ω(m)
S/A

∏
p|N

∏
dp|mp

´

q9ΩS/A bL
Arqs,ψp

vp(m)dp Arqs

¯∧

(p,Φdp (q))

∏
d|m

´

q9ΩS/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

Φd(q)

∏
p|N

∏
d|m

´

q9ΩS/A bL
Arqs,ψd Arqs

¯∧

p

“

1
p

‰∧
Φd(q)

≒
´

ϕ
vp(m/d)

p/Arqs

¯

p|N, d|m
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Proof. Using Remark 2.5, the desired pullback square can be identified with the (qm − 1)-
completed arithmetic fracture square

q9Ω(m)
S/A

∏
p|N

`

q9Ω(m)
S/A

˘∧
p

q9Ω(m)
S/A

“

1
N

‰∧
(qm−1)

∏
p|N

`

q9Ω(m)
S/A

˘∧
p

“

1
p

‰∧
(qm−1)

≒

Here we also use that rm/dsq is mapped to a unit under ψd : Arqs ! Ar1/N, qs∧Φd(q), so we
may ignore Lηrm/dsq for any d | m in the bottom left corner. Similarly, we may ignore any
Lη

rm/pvp(m)dsq
in the top or bottom right corner.

3.16. Transition maps. — Whenever n | m, there’s a map of E∞-Arqs-algebras
`

q9Ω(m)
S/A

˘∧
(qn−1)

−! q9Ω(n)
S/A ,

functorial in S. To construct this map, we once again appeal to the gluing procedure of
Corollary 2.4. On Φd-completions, where d | n, the desired map is induced by the symmetric
monoidal natural transformation Lηrm/dsq ⇒ Lηrn/dsq . It’s straightforward to check that this is
compatible with the p-adic gluings from 3.14. Alternatively, we can use the pullback square
from Lemma 3.15: On the bottom part of the diagram,

`

q9Ω(m)
S/A

˘∧
(qn−1)

! q9Ω(n)
S/A is induced

by projection to those factors where d | n. In the top right corner, we also need to apply the
relative Frobenius ϕvp(m/n)p/Arqs

in any factor where dp | np.
These maps can be assembled into a functor q9Ω(−)

S/A : N ! CAlg(D̂H(Arqs)), where N
denotes the category of natural numbers partially ordered by divisibility. Furthermore, this
functor is itself functorial in S. We’ll refrain from spelling out the argument, as it would just
add one more layer of technicalities. To construct the Habiro descent eventually, we only need
the individual maps, not the whole functor with all its higher coherences, since any limm∈N can
be replaced by the limit over the sequential subdiagram given by tn!un⩾1.

3.17. Remark. — The maps
`

q9Ω(m)
S/A

˘∧
(qn−1)

! q9Ω(n)
S/A are usually quite far from being

equivalences, as can be seen from the discrepancy between Lηrm/dsq and Lηrn/dsq . Thus, we can
form the limit

lim
m∈N

q9Ω(m)
S/A ,

but it will usually be a pathological object (unless S is étale over A, in which case we recover
2.7). In particular, it won’t be a Habiro descent of q9ΩS/A.

3.18. Remark. — To get
`

q9Ω(m)
S/A

˘∧
(qn−1)

! q9Ω(n)
S/A closer to being an equivalence, a natural

idea goes as follows: The Berthelot–Ogus décalage functors Lηrm/dsq and Lηrn/dsq come equipped
with canonical filtrations (see rBMS19, Proposition 5.8s). If these filtrations would glue to give
filtrations on q9Ω(m)

S/A and q9Ω(n)
S/A, we could modify q9Ω(m)

S/A and q9Ω(n)
S/A by “making elements in

each filtration degree i divisible by rmsiq and rnsiq, respectively”. It is then reasonable to hope
that the map between the modifications is an equivalence after (qn − 1)-completion, so that in
the limit we get a Habiro descent of q9ΩS/A.
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However, the filtrations on Lηrm/dsq do not glue. To make the idea work, we need the
additional datum of a q-Hodge filtration on q9ΩS/A; and, we won’t get a Habiro descent of
q9ΩS/A, but of q9HdgS/A. This is precisely how we’ll prove Theorem 3.11. See the outline at
the end of §3.2. Also see §3.7 for a discussion of Habiro descent for q9ΩS/A.

Let us now explain the relationship between q9Ω(m)
S/A and the q-de Rham–Witt complexes.

To this end, recall from rWag24, Proposition 3.17s that we have a map of graded Arqs/(qm− 1)-
algebras Fm/d : q9WmΩ

˚
S/A ! q9WdΩ

˚
S/A for all divisors d | m (the Frobenius on q-de Rham–Witt

complexes). This satisfies d ◦Fm/d = (m/d) ◦Fm/d. Therefore, if rFm/d is given by (m/d)nFm/d
in degree n, then

rFm/d : q9WmΩ
˚
S/A −! q9WdΩ

˚
S/A

is a map of differential-graded Arqs/(qm − 1)-algebras.

3.19. Proposition. — Let A be a perfectly covered Λ-ring and let S be a smooth A-algebra.
There’s a functorial equivalence of E∞-Arqs/(qm − 1)-algebras

q9Ω(m)
S/A/(q

m − 1)
»
−! q9WmΩS/A .

Under this identification, the map q9Ω(m)
S/A/(q

m − 1)! q9Ω(d)
S/A/(q

d − 1) induced by 3.16 agrees
with the map rFm/d above.

Proof sketch. By rWag24, Corollary 4.37s, for any N ̸= 0 divisible by m the arithmetic fracture
square for q9WmΩS/A has the the following form:

q9WmΩS/A
∏
p|N

∏
dp|mp

´

ΩS/A bL
A,ψp

vp(m)dp Arqs

¯∧

p
/Φdp(q

vp(m))

∏
d|m

´

ΩS/A bL
A,ψd A

“

1
N , q

‰

¯

/Φd(q)
∏
p|N

∏
d|m

´

ΩS/A bL
A,ψd Arqs

¯∧

p

“

1
p

‰

/Φd(q)

(ghm/d)d|m ≒
´

ϕ
vp(m/d)

p/A

¯

p|N, d|m

This agrees with the reduction modulo (qm − 1) of the arithmetic fracture square from
Lemma 3.15. Here we note that upon reduction modulo (qm − 1), every occurence of the q-de
Rham complex q9ΩS/A in Lemma 3.15 can be replaced by ΩS/A. For example, for the dth factor
in the bottom left corner, reduction modulo (qm − 1) is the same as reduction modulo Φd(q),
as (qm − 1) and Φd(q) only differ by a unit in Ar1/N, qs∧Φd(q). Now (q − 1) maps to 0 under
ψd : Arqs! Ar1/N, qs/Φd(q), so indeed q9ΩS/A can be replaced by ΩS/A in that corner. Similar
arguments apply to the other corners.

This yields the desired equivalence q9Ω(m)
S/A/(q

m − 1) » q9WmΩS/A. It’s straightforward to
check that this equivalence doesn’t depend on the choice of N (compare 3.38 below).

The additional assertion about q9Ω(m)
S/A/(q

m − 1)! q9Ω(d)
S/A/(q

d − 1) follows similarly by a
comparison of arithmetic fracture squares (where we may now choose the same N). The only non-
trivial step is to check that under the equivalence (q9WpαΩS/A)

∧
p » (ΩS/AbL

A,ψpα
Arqs/(qp

α−1))∧p
the maps rFp and ϕp/A get identified. This is explained in rWag24, Corollary 4.38s.
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§3.4. The Nygaard filtration on q-de Rham–Witt complexes
In this subsection, we’ll study an auxiliary filtration on q-de Rham–Witt complexes. Throughout
§3.4, we fix a prime p. We’ll also write ϕ instead of ψp for the pth Adams operation of the
Λ-ring A. We extend ϕ to Arqs via ϕ(q) := qp.

Let’s first recall the Nygaard filtration on q-de Rham cohomology.

3.20. The Nygaard filtration on q-de Rham cohomology. — Let S be a smooth
A-algebra. By Lemma 3.15, for all α ⩾ 0,

`

q9Ω(pα)
S/A

˘∧
p

»

´

q9ΩS/A bL
Arqs,ϕα Arqs

¯∧

(p,q−1)

agrees with the α-fold Frobenius-twist of (q9ΩS/A)∧p . Since q-de Rham cohomology is a special
case of prismatic cohomology, the general theory of Nygaard filtrations rBS19, §15s provides a
filtration fil⋆N

`

q9Ω(p)
S/A

˘∧
p

: It is the preimage of the filtered décalage filtration on LηΦp(q)(q9ΩS/A)
∧
p

under the relative Frobenius

ϕ/Arqs :
`

q9Ω(p)
S/A

˘∧
p

»
−! LηΦp(q)

`

q9ΩS/A
˘∧
p
.

Via pullback along ϕα−1 : Arqs! Arqs, we also get Nygaard filtrations fil⋆N
`

q9Ω(pα)
S/A

˘∧
p

for all
α ⩾ 2. By construction, these Nygaard filtrations are canonically filtered E∞-algebras over the
filtered ring Φpα(q)

⋆Arqs, hence over (qp
α − 1)⋆Arqs as well. By Proposition 3.19, we also have

an equivalence
`

q9Ω(pα)
S/A

˘∧
p
/(qp

α − 1) »
`

q9WpαΩS/A
˘∧
p
.

Our goal in this subsection is to identify the image of the Nygaard filtration under this
equivalence with an explicit filtration on the complex q9WpαΩ

˚
S/A.

3.21. The Nygaard filtration on q-de Rham–Witt complexes. — Let S be smooth
over A. The the Nygaard filtration is the filtration fil⋆N q9WmΩ

˚
S/A whose nth term is the

subcomplex filnN q9WpαΩ
˚
S/A ⊆ q9WpαΩ

˚
S/A given by

´

pn−1Vp
`

q9Wpα−1Ω0
S/A

˘

! · · ·! p0Vp
`

q9Wpα−1Ωn−1
S/A

˘

! q9WpαΩ
n
S/A ! · · ·

¯

.

3.22. Proposition. — For smooth A-algebras S, there exists a unique functorial equivalence
of filtered E∞-Arqs/(qp

α − 1)-algebras

fil⋆N
`

q9Ω(pα)
S/A

˘∧
p
/(qp

α − 1)
»
−! fil⋆N

`

q9WpαΩS/A
˘∧
p

(the quotient on the left-hand side is taken in accordance with Convention 3.1) which in degree 0

recovers the equivalence
`

q9Ω(pα)
S/A

˘∧
p
/(qp

α − 1) » (q9WpαΩS/A)
∧
p from 3.20.

The proof of Proposition 3.22 requires several preliminary lemmas.

3.23. Lemma. — Let S be smooth over A. For all n ⩾ 0, the Frobenius rFp, when restricted
to filnN q9WpαΩ

˚
S/A, is divisible by pn. The divided Frobenius p−n rFp induces a map

p−n rFp : gr
n
N q9WpαΩ

˚
S/A −! τ⩽n

`

q9Wpα−1Ω˚
S/A/p

˘

which is surjective in degree n and an isomorphism in all other degrees.
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Proof. It follows directly from the construction that rFp is divisible by pn on filnN q9WpαΩ
˚
S/A.

The Verschiebung Vp : q9Wpα−1Ω˚
S/A ! q9WpαΩ

˚
S/A satisfies Fp ◦ Vp = p and q9Wpα−1Ω˚

S/A is
degree-wise p-torsion free by rWag24, Proposition 4.1s, hence Vp must be injective. It follows
that

p−n rFp : gr
n
N q9WpαΩ

˚
S/A −! q9Wpα−1Ω˚

S/A/p

is an isomorphism in degrees ⩽ n − 1. Also grnN q9WpαΩ
˚
S/A vanishes in degrees ⩾ n + 1. In

degree n, the map above is given by

Fp : q9WpαΩ
n
S/A/Vp −! q9Wpα−1ΩnS/A/p .

Since d ◦ Fp = p(Fp ◦ d), this map lands in ker(d: q9Wpα−1ΩnS/A/p! q9Wpα−1Ωn+1
S/A/p), and so

rFp/p
n indeed factors through τ⩽n(q9Wpα−1Ω˚

S/A/p).
To finish the proof, we must show that Fp maps surjectively onto this kernel. First suppose

that S = P is a polynomial A-algebra. If ξ ∈ q9Wpα−1ΩnP/A satisfies dξ ≡ 0 mod p, then
rWag24, 4.3(dα)s shows that there exist ω and η satisfying ξ = Fp(ω) + pη, proving the desired
surjectivity in the polynomial case. If S admits an étale map □ : P ! S, then surjectivity
follows via base change along the étale map q9Wpα(P/A)! q9Wpα(S/A). Here we use rWag24,
Propositions 2.48 and 3.31s as well as the observation that

d: q9Wpα−1ΩnS/A/p −! q9Wpα−1Ωn+1
S/A/p

is a map of q9Wpα(S/A)-modules, as d ◦ Fp ≡ 0 mod p. For general S, we find a Zariski cover
S ! S′ such that S′ admits an étale map from a polynomial A-algebra. Then we can again
argue via base change along the étale cover q9Wpα(S/A)! q9Wpα(S

′/A).

3.24. Lemma. — Let S be smooth over A. There exists canonical isomorphisms

ΩnS/A bA,ϕα Arζpαs „= ker
´

Fp : q9WpαΩ
n
S/A ! q9Wpα−1ΩnS/A

¯

„= ker
´

Fp : q9WpαΩ
n
S/A/Vp ! q9Wpα−1ΩnS/A/p

¯

Proof. We prove the second isomorphism first. For injectivity, suppose ω ∈ q9WpαΩ
n
S/A satisfies

Fp(ω) = 0, but is also contained in the image of Vp, say, ω = Vp(η). Then 0 = Fp(ω) = pη
implies η = 0 by p-torsion freeness, hence ω = 0. For surjectivity, suppose ω ∈ q9WpαΩ

n
S/A

satisfies Fp(ω) = pη for some η. Then ω − Vp(η) is contained in the kernel of Fp. This proves
the second isomorphism.

To show the first isomorphism, consider the ghost map

gh1 : q9WpαΩ
n
S/A −! ΩnS/A bA,ϕα Arζpαs .

We claim that gh1 maps the kernel of Fp isomorphically onto (ζp−1)(ΩnS/AbA,ϕαArζpαs), which
would provide the desired isomorphism, as (ζp − 1) is a non-zerodivisor. We only need to show
this claim in the case where S = P is a polynomial A-algebra; the general case will follow by
the same base change arguments as in the proof of Lemma 3.23 above.

To show injectivity, recall from rWag24, Lemma 4.5s that gh1 is surjective with kernel
imVp + imdVp. Thus, suppose ω ∈ q9WpαΩ

n
P/A is contained both the kernel of Fp and of gh1,

then we may write ω = Vp(η0) + dVp(η1). Using Fp ◦ d ◦ Vp = d, we get 0 = Fp(ω) = pη0 + dη1.
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In particular, dη1 ≡ 0 mod p. By rWag24, 4.3(dα)s, η1 can be written as η1 = Fp(ξ0) + pξ1, so
that dη1 = pFp(dξ0)+p dξ1. Now pη0 = −dη1 and p-torsion freeness imply η0 = −Fp(dξ0)−dξ1.
Thus

ω = Vp(η0) + dVp(η1) = −VpFp(dξ0)− Vp(dξ1) + dVpFp(ξ0) + p dVp(ξ1) .

Using Vp ◦ Fp = Φpα and Vp ◦ d = p(d ◦ Vp), we conclude ω = 0. This proves injectivity.
Let us now show that the image is precisely (ζp − 1)(ΩnP/A bA,ϕα Arζpαs). By p-torsion

freeness, it’s enough to check this after p-completion and after inverting p. Once we invert p, the
q-de Rham–Witt complexes q9WpαΩ

˚
P/A and q9Wpα−1Ω˚

P/A split into products of base-changed
de Rham complexes by rWag24, Corollary 3.34s and the assertion is clear.

So let us see what happens after p-completion. First observe that we can replace (kerFp)
∧
p

by the kernel of Fp : (q9WpαΩ
˚
P/A)

∧
p ! (q9Wpα−1Ω˚

P/A)
∧
p . Indeed, to show that the image

is contained in (ζp − 1)(ΩnP/A bA,ϕα Arζpαs)∧p , this is certainly sufficient. To see that all of
(ζp − 1)(ΩnP/A bA,ϕα Arζpαs)∧p is hit, we may use base change rWag24, Lemma 3.16s and reduce
to the case where A = Z. In this case we’re dealing with finitely generated modules over a
noetherian ring rWag24, Corollary 2.39 and Proposition 3.12(a)s, so p-completion commutes
with kernels.

In any case, we can now use rWag24, Theorem 4.27s to identify the q-de Rham–Witt
Frobenius Fp : (q9WpαΩ

˚
P/A)

∧
p ! (q9Wpα−1Ω˚

P/A)
∧
p with

H˚
`

(q9Hdg˚
P/A,□)

∧
p /(q

pα − 1)
˘

−! H˚
`

(q9Hdg˚
P/A,□)

∧
p /(q

pα−1 − 1)
˘

,

where the framing □ can be any choice of coordinates of the polynomial ring P . Also note
that we can ignore the (q − 1)-completion in the cited theorem, because everything is p-
completed but also (qp

α − 1)-torsion. In rWag24, 4.28–4.30s we construct a direct summand
(q9Hdg˚,0

P/A,□)
∧
p ⊆ (q9Hdg˚

P/A,□)
∧
p that fits into a commutative diagram

H˚
`

(q9Hdg˚,0
P/A,□)

∧
p /(q

pα − 1)
˘

H˚
`

(q9Hdg˚,0
P/A,□)

∧
p /(q

pα−1 − 1)
˘

`

Ω˚
P/A bA,ϕα Arζpαs

˘∧
p

`

Ω˚
P/A bA,ϕα Arqs/(qp

α − 1)
˘∧
p

`

Ω˚
P/A bA,ϕα Arqs/(qp

α−1 − 1)
˘∧
p

„=
gh1 „=

It is also checked there that the complementary direct summand is sent to 0 under gh1. It follows
that the image of kerFp under gh1 is the image of (qpα−1 − 1)(Ω˚

P/A bA,ϕα Arqs/(qp
α − 1))∧p in

(Ω˚
P/A bA,ϕα Arζpαs)∧p , which is indeed exactly (ζp − 1)(ΩnP/A bA,ϕα Arζpαs)∧p in degree n. This

finishes the proof.

3.25. Corollary. — Let R be an animated A-algebra and let q9WpαdR−/A denote the (p-
completed) animations of the q-de Rham–Witt complex functors. For all n ⩾ 0 and all α ⩾ 0,
there exists a functorial divided Frobenius

p−n rFp : gr
n
N q9WpαdRR/A −! filconjn

`

dRR/A/p
˘

bL
A,ϕα−1 Arqs/

`

qp
α−1 − 1

˘

.

with fibre given by fib(p−n rFp) » Σ−ndRnR/A bL
A,ϕα Arζpαs. Here filconj⋆ (dRR/A/p) denotes the

conjugate filtration on the derived de Rham complex, i.e. the animation of τ⩽⋆(Ω−/A/p).

Proof. For S smooth over A, Lemmas 3.23 and 3.24 provide a short exact sequence of complexes

0 −! ΩnS/Ar−ns bA,ϕα Arζpαs −! grnN q9WpαΩS/A
p−n rFp
−−−−! τ⩽n

`

q9Wpα−1ΩS/A/p
˘

−! 0 .

34

https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.4.3
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#section*.15
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.3.34
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.3.16
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.2.39
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.3.12
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#Item.15
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.4.27
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.4.28
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.4.30


§3.4. The Nygaard filtration on q-de Rham–Witt complexes

Using q9Wpα−1ΩS/A/p » ΩS/A/p bL
A,ϕα−1 Arqs/(qp

α−1 − 1) by rWag24, Proposition 4.2s, this
provides the desired cofibre sequence. The case of general R follows by passing to animations.

3.26. Corollary. — For all animated A-algebras R and all α ⩾ 0, let us denote the animated
Nygaard filtration by filnN q9WpαdRR/A. Then:
(a) filnN (q9WpαdRR/A)

∧
p satisfies quasi-syntomic descent in R.

(b) If R is smooth over A, then filnN (q9WpαdRR/A)
∧
p agrees with its un-animated variant

filnN (q9WpαΩR/A)
∧
p .

Proof. It’s clear that (q9WpαdRR/A)
∧
p » (dRR/AbL

A,ϕαArqs/(qp
α−1))∧p satisfies quasi-syntomic

descent and agrees with its un-animated variant when R is smooth over A. To prove (a) and (b),
it will thus be enough to show that grnN (q9WpαdRR/A)

∧
p satisfies quasi-syntomic descent for

all n ⩾ 0 and agrees with grnN (q9WpαΩR/A)
∧
p when R is smooth. Both assertions follow from

Corollary 3.25.

Next we construct an analog of the fibre sequence from Corollary 3.25 for the other Nygaard
filtration fil⋆N

`

q9Ω(pα)
S/A

˘∧
p
/(qp

α−1). After that we’ll prove Proposition 3.22 by carefully comparing
these fibre sequences.

3.27. Lemma. — Let R be an animated A-algebra. For brevity, let us write

fil⋆N ,q9Ω := fil⋆N
`

q9dR(pα)
R/A

˘∧
p
/(qp

α − 1)

and let gr˚
N ,q9Ω denote the associated graded of this filtered object. Let also ϕ/A denote the

relative Frobenius on (dRR/A)
∧
p . Then for all n ⩾ 0 there are canonical maps

p−nϕ/A : gr
n
N ,q9Ω −! filconjn

`

dRR/A/p
˘

bL
A,ϕα−1 Arqs/

`

qp
α−1 − 1

˘

with fibre fib(p−nϕ/A) » Σ−n(dRnR/A bL
A,ϕα Arζpαs)∧p .

Proof. By definition of the Nygaard filtration, the Frobenius on q-de Rham cohomology is
divisible by Φpα(q)

n on filnN
`

q9dR(pα)
R/A

˘∧
p

. Therefore, for all n ⩾ 0 there’s a commutative diagram

grn−1
N

`

q9dR(pα)
R/A

˘∧
p

grnN
`

q9dR(pα)
R/A

˘∧
p

filconjn−1

`

q9dR(pα−1)
R/A /Φpα(q)

˘

filconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

(qp
α−1)

Φpα (q)
−(n−1)ϕ/Arqs » Φpα (q)

−nϕ/Arqs»

(qp
α−1−1)

The vertical arrows are equivalences by rBS19, Theorem 15.2(2)s (plus quasi-syntomic descent
and passing to animations to allow for arbitrary animated A-algebras R).

Now grnN ,q9Ω is the cofibre of the top horizontal arrow and thus also the cofibre of the bottom
horizontal arrow; we wish to compute the latter. To this end, note that

filconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

/
`

qp
α−1 − 1

˘

» filconjn

`

dRR/A/p
˘

bL
A,ϕα−1 Arqs/

`

qp
α−1 − 1

˘

.

Indeed, without the Frobenius-twists, filconjn (q9dRR/A/Φp(q)) bL
AJq−1K A » filconjn (dRR/A/p)

follows from the base change result in rBS19, Theorem 15.2(3)s plus quasi-syntomic descent,
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§3. Habiro descent for q-Hodge complexes

using that − bL
AJq−1K A commutes with all limits. To incorporate the Frobenius twists, just

take the base change along ϕα−1.
As a consequence, we obtain the desired canonical map

p−nϕ/A : gr
n
N ,q9Ω −! filconjn

`

dRR/A/p
˘

bL
A,ϕα−1 Arqs/

`

qp
α−1 − 1

˘

.

By the diagram above and the Hodge–Tate comparison for prismatic cohomology (see rBS19,
Construction 7.6s) the fibre is indeed grconjn (q9dR(pα−1)

R/A /Φpα(q)) » Σ−n(dRnR/A bL
A,ϕα Arζpαs)∧p ,

as desired.

3.28. Remark. — By contemplating the bottom row of the diagram in the proof above, we
find that fib(p−nϕ/A)! grnN ,q9Ω sits inside the following diagram for all n ⩾ 0:

filnN
`

q9dR(pα)
R/A

˘∧
p

grconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

grnN ,q9Ω filconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

grconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

Φpα (q)
−nϕ/Arqs

(qp
α−1−1)

Proof of Proposition 3.22. Thanks to Corollary 3.26, we can tackle the question using quasi-
syntomic descent. Let R be a p-complete quasi-syntomic A-algebra which is large in the sense
of rBS19, Definition 15.1s, i.e. there exists a surjection Âp⟨x1/p

∞

i | i ∈ I⟩ ↠ R for some set I.
Let fil⋆N ,q9Ω and fil⋆N ,q9W denote the two filtrations on (dRR/A bL

A,ϕα Arqs/(qp
α − 1))∧p given by

fil⋆N ,q9Ω := fil⋆N
`

q9dR(pα)
R/A

˘∧
p
/(qp

α − 1) and fil⋆N ,q9W := fil⋆N
`

q9WpαdRR/A
˘∧
p
.

Our assumptions on R ensure that (dRR/A bL
A,ϕα Arqs/(qp

α − 1))∧p is static and that fil⋆N ,q9Ω is
a descending filtrations by ordinary ideals. So once we’ve shown fil⋆N ,q9Ω = fil⋆N ,q9W as ideals,
the comparison will automatically be functorial in R (of the given form) and an equivalence of
filtered E∞-Arqs-algebras. Moreover, uniqueness will also be clear. Via quasi-syntomic descent
we can then recover the smooth case.

To prove the proposition for R, we show using induction on n that filnN ,q9Ω = filnN ,q9W as
ideals in the ring (dRR/A bL

A,ϕα Arqs/(qp
α − 1)))∧p . The case n = 0 is clear. So assume we know

filnN ,q9Ω = filnN ,q9W =: filnN for some n ⩾ 0. Let

K := fib
´

p−nϕ/A : fil
n
N ! filconjn

`

dRR/A/p
˘

bL
A,ϕα−1 Arqs/

`

qp
α−1 − 1

˘

¯

.

Via filnN = filnN ,q9Ω we know that p−nϕ/A is surjective and so K is static. According to
Corollary 3.25 we have an equivalence

cofib
`

filn+1
N ,q9W ! K

˘

» Σ−n`dRnR/A bL
A,ϕα Arζpαs

˘∧
p
.

Moreover, this equivalence can be explicitly described as follows: Consider the ghost map
gh1 for q9WpαdRR/A, which by rWag24, Proposition 4.2s just corresponds to the canonical
projection

`

dRR/A bL
A,ϕα Arqs/(qp

α − 1)
˘∧
p
−!

`

dRR/A bL
A,ϕα Arζpαs

˘∧
p
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§3.4. The Nygaard filtration on q-de Rham–Witt complexes

sending q 7! ζpα . When restricted to filnN = filnN ,q9W, this lands in (filnHdg dRR/A bL
A,ϕα Arζpαs)∧p .

Indeed, for smooth A-algebras this follows directly from 3.21, as the image of Vp dies under
gh1; the general case follows via animation. By tracing through the proof of Lemma 3.24, we
now see that the diagram

cofib(filn+1
N ,q9W ! K) K filnN

grnHdg

`

dRR/A bL
A,ϕα Arζpαs

˘∧
p

filnHdg

`

dRR/A bL
A,ϕα Arζpαs

˘∧
p

grnHdg

`

dRR/A bL
A,ϕα Arζpαs

˘∧
p

»

(ζp−1)

commutes. Thus K is mapped into the submodule (ζp − 1)(grnHdg dRR/A bL
A,ϕα Arζpαs)∧p and

filn+1
N ,q9W is the fibre of this map.

According to Lemma 3.27 and the left half of the diagram from Remark 3.28, for filn+1
N ,q9Ω we

have a similar diagram:

cofib(filn+1
N ,q9Ω ! K) K filnN

grconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

grnN ,q9Ω

grconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

»

(qp
α−1−1)

Note that (qp
α−1 − 1) is sent to (ζp − 1) under q 7! ζpα . Therefore, to show filn+1

N ,q9Ω = filn+1
N ,q9W

and thus to finish the induction, it will be enough to show that the following diagram commutes;
here we also use the right half of the diagram from Remark 3.28:

filnN
`

q9dR(pα)
R/A

˘∧
p

filnN

filconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

filnHdg

`

dRR/A bL
A,ϕα Arζpαs

˘∧
p

grconjn

`

q9dR(pα−1)
R/A /Φpα(q)

˘

grnHdg

`

dRR/A bL
A,ϕα Arζpαs

˘∧
p

Φpα (q)
−nϕ/Arqs

»

Hodge–Tate comparison

To show commutativity, let us first get rid of (α− 1) Frobenius-twists (thus reducing to α = 1),
as these Frobenius-twists just amount to a pullback. Moreover, commutativity can be checked
after the faithfully flat base change along the map A! A∞ into the colimit perfection of the
perfectly covered Λ-ring A. Since everything is p-complete, working relative to A∞ is the same
as working absolutely, so we can reduce to the case A = Z. We can then use the method from
rBS19, §12s. Let us first check commutativity in the single case R = Zp⟨x1/p

∞⟩/x.
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In this case, everything is explicit: First off, (q9dRR/Z)∧p is the ring

ZpJq − 1K
〈
x1/p

∞〉" xp

Φp(q)

*∧

(p,q−1)

»

ˆ

à

i∈Nr1/ps

ZpJq − 1K · xi

r⌊i⌋sq!

˙∧

(p,q−1)

.

The graded piece grnHdg(dRR/Z bL
Z Zrζps)

∧
p is generated by the divided power xn/n!, which is

the image of the q-divided power xn/rnsq! ∈ q9dRR/Z. We have

Φp(q)
−nϕ

ˆ

xn

rnsq!

˙

=
xpn

rnsqp ! · Φp(q)n
≡

`

xp/Φp(q)
˘n

n!
mod Φp(q)

By rBS19, Lemma 12.6s, rnsqp ! ·Φp(q)n is a unit multiple of rpnsq!. This shows that ϕ(xn/rnsq!)

is divisible by Φp(q)
n and so the image of xn/rnsq! under (q9dRR/Z)

∧
p ! (q9dR(p)

R/Z)
∧
p lies in

Nygaard filtration degree n. The proof of rBS19, Lemma 12.7s also explains that the graded
algebra grconj˚ (q9dRR/Z/Φp(q)) is generated by divided powers of xp/Φp(q) and that these
generators induce the Hodge-Tate comparison. As we’ve seen above, said divided powers are
precisely the images of xn/rnsq!, so we obtain commutativity in our special case.

The method from rBS19, §12s then shows commutativity in general: First consider the
case R = Zp⟨x1/p

∞

1 , . . . , x
1/p∞
n ⟩/(x1, . . . , xn). This follows from the special case above by

multiplicativity. Next consider the case R = R′/(f1, . . . , fr), where R′ is a perfectoid ring and
(f1, . . . , fr) is a p-completely regular sequence. If each fi admits compatible p-power roots, we
can reduce to the previous special case via base change. In general, by Andre’s lemma rBS19,
Theorem 7.14s, we find a p-completely faithfully flat cover R′ ! R′′ such that R′′ is perfectoid
again and each fi admits compatible p-power roots in R′′, so we can conclude via descent.

Now assume R is p-completely smooth over Zp. In this case we can choose a surjection
Zp⟨x1, . . . , xn⟩ ↠ R and put

R∞ :=
´

Zp
〈
x
1/p∞

1 , . . . , x1/p
∞

n

〉
bZp⟨x1,...,xn⟩ R

¯∧

p
.

Using descent for R! R∞, we only need to check the assertion for each term in the Čech nerve
(RbR•∞ )∧p . These terms are Zariski-locally of the form considered in the previous paragraph and
so the smooth case follows. Finally, the case of arbitrary R follows by passing to animations.

The same slightly convoluted method of proof can be used to show the following technical
lemma, which we’ll need below.

3.29. Lemma. — The equivalence (q9dRR/A)
∧
p r1/ps∧(q−1) » (dRR/A)

∧
p r1/psJq − 1K upgrades

uniquely to an equivalence of filtered E∞-Ar1/p, qs-algebras

fil⋆N
`

q9dR(p)
R/A

˘∧
p

“

1
p

‰∧
Φp(q)

»
−! fil⋆(Hdg,Φp(q))

`

dRR/A bL
A,ϕ A

˘∧
p

“

1
p , q

‰∧
Φp(q)

,

where fil⋆(Hdg,Φp(q))
denotes the combined Hodge and Φp(q)-adic filtration.

Proof. Let us first construct the map. It’s enough to do this in the case where R a p-
complete quasi-syntomic A-algebra which is large in the sense that there exists a surjection
Âp⟨x1/p

∞

i | i ∈ I⟩ ↠ R for some set I. Via quasi-syntomic descent, we can then recover the
case where R is smooth over A, and the general case follows via animation.
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If R is as above, then (q9dRR/A)
∧
p r1/ps∧(q−1) » (dRR/A)

∧
p r1/psJq − 1K are static and so are

the filtrations on them. So we have to compare two descending filtrations of a ring by ideals.
It follows at once that the comparison, if it exists, must be unique, and it will automatically
be compatible with the filtered E∞-Ar1/p, qs-algebra structures. Moreover, to compare the
two filtrations by ideals, we may base change along the faithfully flat map A ! A∞.(3.6)

Since working relative to the perfect δ-ring A∞ is equivalent to working absolutely, we may
thus assume A = Z. Then we use the method from rBS19, §12s as in the previous proof of
Proposition 3.22.

So we only have to check the single case R = Zp⟨x1/p
∞⟩/x. In this case, (q9dR(p)

R/Z)
∧
p is given

by a completed direct sum
`

q9dR(p)
R/Z

˘∧
p

»

ˆ

à

i∈Nr1/ps

ZpJq − 1K · xi

r⌊i⌋sqp !

˙∧

(p,Φp(q))

.

By definition, filnN (q9dR(p)
R/Z)

∧
p consists of those elements whose Frobenius becomes divisible by

Φp(q)
n. By inspection, these are precisely

filnN
`

q9dR(p)
R/Z

˘∧
p

»

ˆ

à

i∈Nr1/ps

Φp(q)
maxtn−⌊i⌋,0uZpJq − 1K · xi

r⌊i⌋sqp !

˙∧

(p,Φp(q))

.

After (−)r1/ps∧Φp(q), this becomes the ideal (x,Φp(q))n, which is the nth step in the combined
Hodge and Φp(q)-adic filtration on (dRR/Z)

∧
p r1/p, qs∧Φp(q). This finishes the discussion of the

special case and thus the construction of the comparison between the two filtrations.
To show that we get an equivalence, let A be arbitrary again and let R be any animated

A-algebra. We’ll show that both sides agree if we reduce them modulo Φp(q), where Φp(q) sits
in filtration degree 1. Since both sides also agree in filtration degree 0, it will follow inductively
that they agree everywhere. By construction,

fil⋆(Hdg,Φp(q))

`

dRR/A bL
A,ϕ A

˘∧
p

“

1
p , q

‰∧
Φp(q)

/Φp(q) » fil⋆Hdg

`

dRR/A bL
A,ϕ Arζps

˘∧
p

“

1
p

‰

is just a base change of the Hodge filtration. So let’s see what happens on the left-hand side.
Since (q − 1) becomes invertible after (−)r1/ps∧Φp(q), we may as well reduce modulo (qp − 1),
again sitting in filtration degree 1. Then Proposition 3.22 shows

fil⋆N
`

q9dR(p)
R/A

˘∧
p

“

1
p

‰∧
Φp(q)

/(qp − 1) » fil⋆N
`

q9WpdRR/A
˘∧
p

“

1
p

‰∧
Φp(q)

.

We claim that the right-hand side is equivalent to (fil⋆Hdg dRR/A bL
A,ϕArζps)

∧
p r1/ps via the ghost

map gh1. This may be checked in the case where R is smooth over A, as then the general case
follows via animation. As we’ve seen above, (−)r1/ps∧Φp(q) forces (q− 1) to be invertible, and so
all the images of Vp in 3.21 die because they’re all (q − 1)-torsion. It follows that for R smooth
over A, the ghost map

gh1 : fil
⋆
N
`

q9WpΩ
˚
R/A

˘∧
p

“

1
p

‰∧
Φp(q)

»
−! fil⋆Hdg

`

Ω˚
R/A bA,ϕ Arζps

˘∧
p

“

1
p

‰

is already an isomorphism on the level of complexes and so we’re done.
(3.6)Recall from Remark A.7 that for every fixed n ⩾ 0 there exists an N such that the canonical map

(q9dRR/A)
∧
p ! (dRR/A)

∧
p r1/psJq − 1K/(q − 1)n already factors through p−N (dRR/A)

∧
p Jq − 1K/(q − 1)n. The

existence of a map
fil⋆N

`

q9dR(p)

R/A

˘∧
p
−! fil⋆(Hdg,Φp(q))

`

dRR/A b
L
A,ϕ A

˘∧
p

“

1
p
, q
‰∧
Φp(q)

boils down to an inclusion of ideals. Using the observation above, this inclusion can be checked modulo powers
of p and Φp(q), and so we can use base change along A! A∞ without having to worry about completion issues.
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§3.5. The twisted q-Hodge filtration
For smoothA-algebras S, let fil⋆Hdgm

q9WmΩ
˚
S/A denote the stupid filtration given by q9WmΩ

⩾n,˚
S/A

in degree n. In general, let

fil⋆Hdgm
q9WmdR−/A : AniAlgA −! CAlg

´

FilD
`

Arqs/(qm − 1)
˘

¯

be the animation of this functor. In this subsection, we’ll show that once q9dRR/A is equipped
with a q-Hodge filtration, the filtration fil⋆Hdgm

q9WmdRR/A admits a canonical qm-deformation

fil⋆q9Hdgm
q9dR(m)

R/A .

This will eventually allow us to prove Theorem 3.11 in §3.6 below. Let us first explain how
fil⋆Hdgm

q9WmdRR/A is related to the Nygaard filtration from §3.4.

3.30. Lemma. — For all smooth A-algebras S, all primes p and all α ⩾ 1 the diagram

filnHdgpα
q9WpαΩ

˚
S/A filnN q9WpαΩ

˚
S/A

filnHdgpα−1
q9Wpα−1Ω˚

S/A q9Wpα−1Ω˚
S/A

≒ p−n rFp

becomes a pullback in D(Arqs) for all n ⩾ 0.

Proof. It’s enough to check that the induced map on horizontal cofibres is an equivalence. Since
filnHdgpα

q9WpαΩ
˚
S/A ! filnN q9WpαΩ

˚
S/A is injective, the cofibre agrees with the cokernel, which

is given by
´

pn−1Vp
`

q9Wpα−1Ω0
S/A

˘

! · · ·! p0Vp
`

q9Wpα−1Ωn−1
S/A

˘

! 0! 0! · · ·
¯

.

Under p−n rFp, this complex is mapped isomorphically onto
´

q9Wpα−1Ω0
S/A ! · · ·! q9Wpα−1Ωn−1

S/A ! 0! 0! · · ·
¯

,

which is the cokernel (and the cofibre) of filnHdgpα−1
q9Wpα−1Ω˚

S/A ! q9Wpα−1Ω˚
S/A

3.31. Corollary. — If S is smooth over A, then q9WmdR
n
S/A » Σ−n q9WmΩ

n
S/A for all

m ∈ N and all degrees n ⩾ 0.

Proof. It’s enough to show this rationally and after p-completion for all primes p. Rationally,
rWag24, Corollary 3.34s shows

q9WmΩ
n
S/A bZ Q „=

∏
d|m

´

ΩnS/A bA,ψd (Ab Q)rζds

¯

and it’s well-known that the values of Ωn−/A on smooth A-algebras don’t change under animation.
After p-completion, rWag24, Lemma 4.36s allows us to restrict to the case where m = pα is a
prime power. Since q9WpαdR

n
S/A » grnHdgpα

q9WpαdRS/A, it will be enough to show that the
filtration fil⋆Hdgpα

q9WpαΩ
˚
S/A is unchanged under animation. This follows via induction on α

from Lemma 3.30 and Corollary 3.26(b).
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We now set out to construct the desired qm-deformation of fil⋆Hdgm
q9WmdRR/A.

3.32. The twisted q-Hodge filtration (p-adically). — Let’s first construct the filtration
for prime powers m = pα and after p-completion. We’ll use a recursive definition. For α = 0,
q9dR(p0)

R/A » q9dRR/A is just the q-de Rham complex and we choose

fil⋆q9Hdgp0

`

q9dR(p0)
R/A

˘∧
p
:= fil⋆q9Hdg

`

q9dRR/A
˘∧
p

to be the given q-Hodge filtration. For α ⩾ 1, we consider the “rescaling” of the filtration
fil⋆q9Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

by Φpα , that is,

Φpα(q)
⋆ fil⋆q9Hdgpα−1

:=

ˆ

fil0q9Hdgpα−1

Φpα (q)
 −−−− fil1q9Hdgpα−1

Φpα (q)
 −−−− · · ·

˙

.

We also equip
`

q9dR(pα−1)
R/A

˘∧
p

with its Φpα(q)-adic filtration. Then we define fil⋆Hdgpα

`

q9dR(pα)
R/A

˘∧
p

as the following pullback of filtered objects:

fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p

fil⋆N
`

q9dR(pα)
R/A

˘∧
p

Φpα(q)
⋆ fil⋆q9Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

Φpα(q)
⋆
`

q9dR(pα−1)
R/A

˘∧
p

≒ ϕp/Arqs

Using this pullback diagram, we can also inductively equip fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p

with the
structure of a filtered module over the filtered ring (qp

α − 1)⋆Arqs.

3.33. Remark. — If we reduce the pullback diagram above modulo (qp
α − 1) (where we

invoke Convention 3.1 as usual), we obtain the pullback diagram from Lemma 3.30. Indeed,
this follows via induction on α, using Proposition 3.22. It follows that

fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p
/(qp

α − 1) » filHdgpα (q9WpαdRR/A)
∧
p .

3.34. Lax symmetric monoidal structure I. — The functor

fil⋆Hdgpα

`

q9dR(pα)
−/A

˘∧
p
: AniAlgq9Hdg

A −! Mod(qpα−1)⋆Arqs

´

FilD
`

Arqs
˘

¯∧

(p,q−1)

comes equipped with a canonical lax symmetric monoidal structure. This follows from the
recursive construction. For α = 0, Proposition 3.7 even provides a symmetric monoidal structure.
For α ⩾ 1, we must equip the legs of the pullback in 3.32 with the structure of symmetric
monoidal transformations. This is not hard. First, the Frobenius

ϕ/Arqs : fil
⋆
N
`

q9dR(pα)
R/A

˘∧
p
−! Φpα(q)

⋆
`

q9dR(pα−1)
R/A

˘∧
p

becomes a symmetric monoidal transformation by quasi-syntomic descent from the case where
R is a p-complete quasi-syntomic A-algebra with a surjection Âp⟨x1/p

∞

i | i ∈ I⟩ ↠ R. In this
case, we’re dealing with filtrations of rings by ideals, so symmetric monoidality is automatic.

Second, the functor that “rescales” a filtration by Φpα(q) as in 3.32 is lax symmetric monoidal.
Indeed, if we regard our filtered objects as graded modules over Zrq, ts, with the filtration
parameter t in graded degree −1, then rescaling corresponds to restriction along the Zrqs-linear
map Zrq, ts! Zrq, ts that sends t 7! Φpα(q)t. This is lax symmetric monoidal.
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§3. Habiro descent for q-Hodge complexes

3.35. Lax symmetric monoidal structure II. — It follows from the construction in 3.32
that we have a canonical map

fil⋆Hdgpα

`

q9dR(pα)
R/A

˘∧
p
−! fil⋆Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

compatible with the relative Frobenius ϕp/Arqs :
`

q9dR(pα)
R/A

˘∧
p
!

`

q9dR(pα−1)
R/A

˘∧
p
, because the

“rescaling” by Φpα(q) of any filtration in non-negative degrees has a canonical map back to
the original filtration. Moreover, by the discussion in 3.34, the map above can be canonically
equipped with the structure of a symmetric monoidal transformation.

3.36. Lemma. — For all primes p and all α ⩾ 0, there exists a canonical equivalence of
filtered (qp

α − 1)⋆Arqs-modules

fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p

“

1
p

‰∧
Φpα (q)

»
−! fil⋆(Hdg,Φpα (q))

`

dRR/A bL
A,ψp

α A
˘∧
p

“

1
p , q

‰∧
Φpα

,

where fil⋆(Hdg,Φpα (q))
denotes the combined Hodge and Φpα(q)-adic filtration. This equivalence is

compatible with (q9dRR/A)
∧
p r1/ps∧(q−1) » (dRR/A)

∧
p r1/psJq − 1K.

Proof. For α = 0, this is the condition from Definition 3.2(cp). So let α ⩾ 1. After applying
(−)r1/ps∧Φpα (q), the polynomial (qpα−1−1) becomes invertible, and so the filtered (qp

α−1−1)⋆Arqs-
module

fil⋆q9Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

“

1
p

‰∧
Φpα (q)

must be the constant filtration on
`

q9dR(pα−1)
R/A

˘∧
p

r1/ps∧Φpα (q). Consequently, after applying
(−)r1/ps∧Φpα (q) the bottom horizontal arrow in the pullback diagram from 3.32 becomes an
equivalence and thus the top horizontal arrow becomes an equivalence too. The desired assertion
then follows via base change from Lemma 3.29.

3.37. Lemma. — For all primes p, all α ⩾ 1, and all 0 ⩽ i ⩽ α− 1, the canonical map from
3.35 induces an equivalence of filtered (qp

α − 1)⋆Arqs-modules

fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p

“

1
p

‰∧
Φpi (q)

»
−! fil⋆q9Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

“

1
p

‰∧
Φpi (q)

.

Proof. After (−)r1/ps∧Φpi (q), the polynomial Φpα(q) becomes invertible. Consequently, the
“rescaling” of filtrations in 3.32 has no effect anymore. Moreover, it follows that the filtered
Φpα(q)

⋆Arqs-module
fil⋆N

`

q9dR(pα)
R/A

˘∧
p

“

1
p

‰∧
Φpi (q)

must be the constant filtration on
`

q9dR(pα)
R/A

˘∧
p

“

1
p

‰∧
Φpi (q)

. Thus, after applying (−)r1/ps∧Φpi (q),
the pullback from 3.32 collapses to the desired equivalence.

Let us finally construct the filtration fil⋆q9Hdgm
q9dR(m)

R/A in general.

3.38. The twisted q-Hodge filtration (globally) — Choose N ̸= 0 divisible by m (we’ll
argue below that the choice of N doesn’t matter). For every divisor d | m and every prime p | N ,
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§3.5. The twisted q-Hodge filtration

write m = pvp(m)mp and d = pvp(d)dp, where mp and dp are coprime to p. Using the animated
version of Lemma 3.15, we obtain a pullback diagram

q9dR(m)
R/A

∏
p|N

∏
dp|mp

´

q9dRR/A bL
Arqs,ψp

vp(m)dp Arqs

¯∧

(p,Φdp (q))

∏
d|m

´

q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

Φd(q)

∏
p|N

∏
d|m

´

q9dRR/A bL
Arqs,ψd Arqs

¯∧

p

“

1
p

‰∧
Φd(q)

≒
´

ϕ
vp(m/d)

p/Arqs

¯

p|N, d|m

To construct fil⋆q9Hdgm
q9dR(m)

R/A, we’ll equip each factor of the pullback above with a filtration
and then check that these filtrations are compatible.
(a) On the factor (q9dRR/A bL

Arqs,ψd
Ar1/N, qs)∧Φd(q) for any d | m, we put the base-changed

q-Hodge filtration
´

fil⋆q9Hdg q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

Φd(q)
.

(b) On the factor (q9dRR/A bL
Arqs,ψd

Arqs)∧p r1/p, qs∧Φd(q) for any prime p | N and any d | m, we
put again the base-changed q-Hodge filtration.

(c) On the factor (q9dRR/A bL
Arqs,ψp

vp(m)dp Arqs)∧(p,Φdp (q))
for any prime p | N and any dp | mp,

we put the base-changed filtration
´

fil⋆q9Hdgpvp(m)

`

q9dR(pvp(m))
R/A

˘∧
p

bL
Arqs,ψdp

Arqs

¯∧

(p,Φdp (q))
.

Moreover, each of these filtrations is canonically a module over the filtered ring (qm − 1)⋆Arqs.
It’s clear that (a) and (b) are compatible as filtered (qm − 1)⋆Arqs-modules. To check that
(c) and (b) are compatible, we may reduce via base change to the case where m = pα is a
power of p. From Lemmas 3.36 and 3.37 and our assumptions on fil⋆q9Hdg we deduce that both
filtrations can be identified with the combined Hodge and Φpα(q)-adic filtration

fil⋆(Hdg,Φpα (q))

`

dRR/A bL
A,ψpα A

˘∧
p

“

1
p , q

‰∧
Φpα (q)

,

which yields the desired compatibility.
Let us now argue that the choice of N is irrelevant. Suppose N | N ′. Then the pullback

diagrams for N ′ is obtained from the pullback square for N by replacing the bottom left corner∏
d|m(q9dRR/A bL

Arqs,ψd
Ar1/N, qs)∧Φd(q) by the pullback square

∏
d|m

´

q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

Φd(q)

∏
ℓ

∏
d|m

´

q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

(ℓ,Φd(q))

∏
d|m

´

q9dRR/A bL
Arqs,ψd A

“

1
N ′ , q

‰

¯∧

Φd(q)

∏
ℓ

∏
d|m

´

q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

ℓ

“

1
ℓ

‰∧
Φd(q)

≒

where the product is taken over all primes ℓ such that ℓ | N ′ but ℓ ∤ N . Note that for any
such prime we also have ℓ ∤ m, so each vℓ(m/d) = 0 and so each iterated Frobenius ϕvℓ(m/d)ℓ/Arqs
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§3. Habiro descent for q-Hodge complexes

is the identity. Moreover, we see that the filtrations we put on the different factors is always
fil⋆q9Hdg, base changed along ψd. It follows that the filtrations constructed using N and using
N ′ must indeed agree, as claimed. To get a canonical construction, we can let N vary through
a totally ordered initial sub-poset of N (like tn!un⩾m) and then take the limit. This finishes the
construction of fil⋆q9Hdgm

q9dR(m)
R/A.

The construction is clearly functorial. Using 3.34 and 3.35 we also see that the functor

fil⋆q9Hdgm
q9dR(m)

−/A : AniAlg
q9Hdg
A −! Mod(qm−1)⋆Arqs

´

FilD
`

Arqs
˘

¯∧

(qm−1)

comes equipped with a canonical lax symmetric monoidal structure.

3.39. Proposition. — For all m ∈ N, the equivalence q9dR(m)
R/A/(q

m − 1) » q9WmdRR/A
from the animated version of Proposition 3.19 upgrades canonically to an equivalence of filtered
Arqs/(qm − 1)-modules

fil⋆q9Hdgm
q9dR(m)

R/A/(q
m − 1)

»
−! fil⋆Hdgm

q9WmdRR/A

(the quotient on the left-hand side is taken in accordance with Convention 3.1).

Proof sketch. We analyse the effect of (−)/(qm−1) on each of the factors in 3.38. For the factors
in 3.38(c), note that (qm − 1) and Φdp(q

pvp(m)
) will only differ by a unit upon (p,Φdp(q))-adic

completion. Then the argument in Remark 3.33 plus base change shows that after modding
out (qm − 1) we get

´

fil⋆Hdgpvp(m)
q9Wpvp(m)dRR/A bL

Arqs,ψdp
Arqs

¯∧

p
/Φdp

`

qp
vp(m)˘

It follows from rWag24, Lemma 4.36s that fil⋆Hdgm
(q9WmdRR/A)

∧
p is indeed a product of factors

of this form.
For the factors in 3.38(a), note that (qm − 1) and Φd(q) will only differ by a unit after

(−)r1/N s∧Φd(q). By construction, the q-Hodge filtration becomes the Hodge filtration modulo
(q − 1). Thus, after base change along ψd : Arqs! Arqs, we get

´

fil⋆q9Hdg q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

Φd(q)
/Φd(q) » fil⋆Hdg dRR/A bL

A,ψd A
“

1
N , ζd

‰

.

It follows from rWag24, Corollary 3.34s that fil⋆Hdgm
q9WmdRR/Ar1/N s is indeed a product of

factors of this form. The same argument applies for the factors in 3.38(b).

3.40. Remark. — It follows from the proof that the equivalence in Proposition 3.39 is, in fact,
an equivalence of lax symmetric monoidal functors AniAlgq9Hdg

A ! FilD(Arqs/(qm − 1)). Thus,
if (R,fil⋆q9Hdg q9dRR/A) admits the structure of an En-algebra in AniAlgq9Hdg

A for any 0 ⩽ n ⩽ ∞,
then the equivalence in Proposition 3.39 will be one of filtered En-Arqs/(qm − 1)-algebras.

3.41. Transition maps. — Whenever n | m, there’s a canonical map of filtered objects

fil⋆q9Hdgm
q9dR(m)

R/A −! fil⋆q9Hdgn
q9dR(n)

R/A .

To construct this, we look at the factors of the pullback from 3.38 (we’re allowed to use the
same N for both m and n). For the factors from 3.38(a) and (b), we simply project to those
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§3.6. Habiro descent for q-Hodge complexes

where d | n. For the factors from 3.38(c), we first project to those where dp | np and then we
use the maps from 3.35, base changed along ψdp : Arqs! Arqs.

It’s clear from the construction that these maps fil⋆q9Hdgm
q9dR(m)

R/A ! fil⋆q9Hdgn
q9dR(n)

R/A
assemble canonically into a symmetric monoidal transformation of lax symmetric monoidal
functors. With some more effort, one can also make these transformations functorial in n,m ∈ N,
where N denotes the category of natural numbers partially ordered by divisibility. For our
purposes, the existence of the individual maps is enough, as any limm∈N can be replaced by
the limit over the sequential subdiagram given by tn!un⩾1. We will therefore not spell out the
construction of this additional functoriality.

§3.6. Habiro descent for q-Hodge complexes

In this subsection, we’ll finish the proof of Theorem 3.11, following the outline that we have
explained at the end of §3.2.

3.42. The (qm − 1)-complete descent. — For all m ∈ N, we consider the colimit

q9HdgR/A,m := colim
´

fil0q9Hdgm
q9dR(m)

R/A

(qm−1)
−−−−! fil1q9Hdgm

q9dR(m)
R/A

(qm−1)
−−−−! . . .

¯∧

(qm−1)
.

In the following, we’ll informally write

q9HdgR/A,m » q9dR(m)
R/A

«

filiq9Hdgm

(qm − 1)i

∣∣∣∣∣ i ⩾ 1

ff∧

(qm−1)

and we’ll say that q9HdgR/A,m is given by adjoining (qm − 1)−⋆ fil⋆q9Hdgm
to q9dR(m)

R/A. We’ll
also use similar notation and terminology for related filtrations such as the Nygaard filtration
or the combined Hodge and Φd(q)-adic filtration for some d | m.

3.43. Proposition. — Let m ∈ N. For all divisors n | m, the map from 3.41 induces an
equivalence

`

q9HdgR/A,m
˘∧
(qn−1)

»
−! q9HdgR/A,n .

In particular, q9HdgR/A,m is a descent of q9HdgR/A along Zrqs∧(qm−1) ! ZJq − 1K.

Proof sketch. Again, we look at the different factors from 3.38. Let’s start with those from
3.38(a) for some d | m. If d ∤ n, then Φd(q) and (qn−1) are coprime in Qrqs and so the factor will
die after (qn−1)-completion. Therefore in (q9HdgR/A,m)

∧
(qn−1) only those factors where d | n will

survive. These are precisely the factors that are also used in the construction of of q9HdgR/A,n.
Moreover, if d | n then both (qm− 1) and (qn− 1) are unit multiples of Φd(q) in Qrqs∧Φd(q), so it
doesn’t matter whether we adjoin (qm − 1)−⋆ fil⋆(Hdg,Φd(q))

or (qn − 1)−⋆ fil⋆(Hdg,Φd(q))
. It follows

that on the factors from 3.38(a) we get indeed an equivalence. The same argument applies to
the factors from 3.38(b).

It remains to show that we also get an equivalence on the factors from 3.38(c). So let’s
consider such a factor for some prime p and some dp | mp. Using induction, we may assume
that m and n differ only by a single prime factor. If that prime is different from p, then (qm−1)
and (qn − 1) will differ by a unit after (p,Φdp(q))-completion and we can argue as above. So
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assume n = m/p. Via base change along ψdp : Arqs! Arqs, we may reduce to the case where
m = pα is a prime power and n = pα−1. From 3.32 we obtain a pullback diagram

`

q9dR(pα)
R/A

˘

«

filiq9Hdgpα

(qpα − 1)i

∣∣∣∣∣ i ⩾ 0

ff∧

(p,qpα−1−1)

`

q9dR(pα)
R/A

˘

„

filiN
(qpα − 1)i

∣∣∣∣ i ⩾ 0

ȷ∧

(p,qpα−1−1)

`

q9dR(pα−1)
R/A

˘

«

filiq9Hdgpα−1

(qpα−1 − 1)i

∣∣∣∣∣ i ⩾ 0

ff∧

(p,qpα−1−1)

`

q9dR(pα−1)
R/A

˘

„

1

(qpα−1 − 1)

ȷ∧

(p,qpα−1−1)

≒

To finish the proof, we must show that the left vertical arrow is an equivalence. Since the diagram
is a pullback, it will be enough to show that the right vertical arrow is an equivalence.(3.7)

This is now purely an assertion about the Nygaard filtration. Via base change, we may
reduce to the case α = 1. This case will be shown in Lemma 3.44 below.

3.44. Lemma. — The relative Frobenius ϕp/Arqs :
`

q9dR(p)
R/A

˘∧
p
! (q9dRR/A)

∧
p induces functo-

rial equivalences

`

q9dR(p)
R/A

˘∧
p

„

filiN
Φp(q)i

∣∣∣∣ i ⩾ 0

ȷ∧

(p,q−1)

»
−!

`

q9dRR/A
˘∧
p
,

`

q9dR(p)
R/A

˘∧
p

„

filiN
(qp − 1)i

∣∣∣∣ i ⩾ 0

ȷ∧

(p,q−1)

»
−!

`

q9dRR/A
˘∧
p

„

1

(q − 1)

ȷ∧

(p,q−1)

» 0 .

Proof. We start with the first equivalence. Since both sides are Φp(q)-complete, it will be
enough to show the equivalence modulo Φp(q). The same argument as in 3.8 shows

`

q9dR(p)
R/A

˘∧
p

„

filiN
Φp(q)i

∣∣∣∣ i ⩾ 0

ȷ

/Φp(q) » colim
´

gr0N
Φp(q)
−−−! gr1N

Φp(q)
−−−! · · ·

¯

.

The divided Frobenius Φp(q)
−iϕp/Arqs maps griN isomorphically onto filconji (q9dRR/A/Φp(q))

(by rBS19, Theorem 15.2s plus quasi-syntomic descent and animation to cover all animated
A-algebras R). Since the conjugate filtration is exhaustive, this shows the first of the two
claimed equivalences.

For the second equivalence, note that the inclusion of the diagonal into any Z⩾0×Z⩾0-shaped
diagram is coinitial. Therefore, we can write

`

q9dR(p)
R/A

˘∧
p

„

filiN
(qp − 1)i

∣∣∣∣ i ⩾ 0

ȷ

» colim

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

fil0N fil1N · · ·

fil0N fil1N · · ·

...
... . . .

(q−1)

Φp(q)

(q−1)

Φp(q)

(q−1)

Φp(q)

(q−1)

Φp(q)

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(3.7)Also note that the bottom right corner vanishes, so it will follow that the top right corner vanishes as well.
But this will be irrelevant for our argument.
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By the first equivalence, the (p, q − 1)-completed colimit of every row in this diagram is
(q9dRR/A)

∧
p . If we then take the colimit in the vertical direction, the second equivalence follows

and we’re done

3.45. The Habiro descent — Let (R,fil⋆q9Hdg q9dRR/A) be an object in AniAlgq9Hdg
A . We

define the Habiro–Hodge complex of R over A to be

q9HdgR/A := lim
m∈N

q9HdgR/A,m .

The same argument as in the proof of Proposition 3.7 allows us to equip q9Hdg−/A,m with
a lax symmetric monoidal structure for all m ∈ N; thanks to 3.41, the equivalences from
Proposition 3.43 will be compatible with this lax symmetric monoidal structure. It follows that
there’s a diagram of lax symmetric monoidal functors

D̂H
`

Arqs
˘

AniAlgq9Hdg
A D̂(q−1)

`

Arqs
˘

(−)∧
(q−1)

q9Hdg−/A

q9Hdg−/A

3.46. Lemma. — The lax symmetric monoidal functor q9Hdg−/A : AniAlg
q9Hdg
A ! D̂H(Arqs)

is, in fact, symmetric monoidal.

Proof. It will be enough to show that for all m ∈ N the functor

q9Hdg−/A/(q
m − 1)

”

␣

(qd − 1)−1ud|m, d ̸=m

ı

is symmetric monoidal. The same argument as in the proof of Proposition 3.7 allows us to
equip the filtration filq9WmΩ

⋆ (q9Hdg−/A/(q
m − 1)) from Theorem 3.11(b) with a lax symmetric

monoidal structure. Symmetric monoidality can then be checked on the associated graded

grq9WmΩ
˚

`

q9Hdg−/A/(q
m − 1)

˘

» Σ−˚ q9WmdR
˚
−/A » gr˚

Hdgm
q9WmdR−/A .

Thus, it would be enough to show that fil⋆Hdgm
q9WmdR−/A is symmetric monoidal. This is not

true on the nose. However, once we invert (qd − 1) for all divisors d | m, d ̸= m, we claim that
the first ghost map

gh1 : fil
⋆
Hdgm

q9WmdR−/A
»
−! fil⋆Hdg dR−/A bL

A,ψm Arζms

becomes an equivalence. If we can show this, we’re done, since the Hodge filtration fil⋆Hdg dR−/A
is symmetric monoidal.

To prove this claim, observe that for any ordinary R-algebra A and any d | m, d ̸= m, the
q-de Rham–Witt complex q9WdΩ

˚
R/A is (qd − 1)-torsion and so it dies after inverting (qd − 1).

With this observation, a simple comparison of universal properties (compare the argument in
rWag24, Lemma 4.5s) shows that

gh1 : q9WmΩ
˚
R/A

”

␣

(qd − 1)−1ud|m, d ̸=m

ı

„=−! Ω˚
R/A bA,ψm A

”

ζm,
␣

(ζdm − 1)−1ud|m, d ̸=m

ı

is an isomorphism of complexes. In particular, it induces an isomorphism on stupid filtrations.
By passing to animations, the above claim about gh1 follows and so we’re done.

At this point, we’ve assembled all the ingredients to carry out the proof of Theorem 3.11 as
outlined at the end of §3.2, and so the proof is finally finished.
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§3.7. Habiro descent for q-de Rham complexes

In this short subsection, we discuss to what extent the q-de Rham complex q9dRR/A can or
cannot be descended to the Habiro ring. Let’s start with the case that works.

3.47. Proposition. — Let (S, fil⋆q9Hdg q9dRS/A) ∈ AniAlgq9Hdg
A be an object such that S is a

smooth A-algebra. Then:
(a) q9ΩS/A » q9d̂RS/A is the completion of q9dRS/A at the q-Hodge filtration fil⋆q9Hdg.
(b) We have Lη(q−1) q9HdgS/A » q9ΩR/A. In particular, Lη(q−1) q9HdgS/A is a Habiro descent

of q9ΩS/A.

Proof. We construct the equivalence q9ΩS/A » q9d̂RS/A using an arithmetic fracture square.
Let us first construct an equivalence after p-completion for any prime p. Note that the
canonical maps q9dRS/A ! q9ΩS/A and q9dRS/A ! q9d̂RS/A become equivalences after p-
completion for any prime p. Indeed, this can be checked modulo (q − 1), where we recover
the well-known fact (ΩS/A)

∧
p » (dRS/A)

∧
p » (d̂RS/A)

∧
p . So we obtain the desired equivalence

(q9ΩS/A)
∧
p » (q9d̂RS/A)

∧
p .

Let us now construct the equivalence rationally. We know that dRS/A bL
Z Q! ΩS/A bL

Z Q
identifies the right-hand side with the completion of the left-hand side at the Hodge filtration.
Consequently, (dRS/A bL

Z Q)Jq − 1K∧(Hdg,q−1) » (ΩS/A bL
Z Q)Jq − 1K, which yields the desired

equivalence rationally. The data from Definition 3.2(cp) ensures that the p-complete and
rational equivalences glue, which finishes the proof of (a).

To prove (b), first observe that the natural map q9dRS/A ! q9HdgS/A factors through the
completion at the q-Hodge filtration, because each filtration step filiq9Hdg becomes divisible by
(q−1)i in q9HdgS/A and q9HdgS/A is (q−1)-complete. Now consider the map of filtered objects

· · · q9d̂RS/A q9d̂RS/A fil0q9Hdg q9d̂RS/A fil1q9Hdg q9d̂RS/A · · ·

· · · q9HdgS/A q9HdgS/A q9HdgS/A q9HdgS/A · · ·

(q−1)2 (q−1)

»

(q−1) (q−1) (q−1)

We claim that the top row is the connective cover of the bottom row in the Beilinson t-structure.
If we can prove this, then rBMS19, Proposition 5.8s will show q9d̂RS/A » Lη(q−1) q9HdgS/A,
hence q9ΩS/A » Lη(q−1) q9HdgS/A by (a), as desired. Since Lη(q−1) commutes with (q − 1)-
completion rBMS18, Lemma 6.20s, we also deduce that Lη(q−1) q9HdgS/A is indeed a Habiro
descent of q9ΩS/A.

To show the claim, let us first verify that the top row is indeed connective in the Beilinson
t-structure. We must show that grnq9Hdg q9dRS/A is concentrated in cohomological degrees ⩽ n
for all n. If n < 0, this is clear as then grnq9Hdg q9dRS/A » 0. If n ⩾ 0, we have a finite-length
filtration

0 −! gr0q9Hdg q9dRS/A
(q−1)
−−−! gr1q9Hdg q9dRS/A

(q−1)
−−−! · · · (q−1)

−−−! grnq9Hdg q9dRS/A .

The ith graded piece of this filtration is Σ−iΩiS/A by Lemma 3.9, which is concentrated in coho-
mological degree i. Hence grnq9Hdg q9dRS/A is indeed concentrated in cohomological degrees ⩽ n
and so the top row is Beilinson-connective.

48

https://arxiv.org/pdf/1802.03261#theorem.5.8
https://arxiv.org/pdf/1602.03148#theorem.6.20
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Moreover, the argument shows that grnq9Hdg q9dRS/A ! q9HdgS/A/(q− 1) induces an equiva-
lence grnq9Hdg q9dRS/A » τ⩽n(q9HdgS/A/(q− 1)). By rBMS19, Theorem 5.4(2)s, this shows that
the map from the top row to the Beilinson-connective cover of the bottom row is an equivalence
on associated gradeds. As both filtered objects are complete, we’re done.

Let us now discuss what probably doesn’t work.

3.48. Remark. — For an arbitrary object (R,fil⋆q9Hdg q9dRR/A) in AniAlgq9Hdg
A , without a

smoothness assumption on R, we don’t know how to construct a Habiro descent of q9dRR/A. A
naive guess would be

lim
m∈N

q9dR(m)
R/A

«

filiq9Hdgm

rmsiq

∣∣∣∣∣ i ⩾ 0

ff∧

(qm−1)

,

but this object doesn’t exist, since fil⋆q9Hdgm
q9dR(m)

R/A is only a filtered module over the filtered
ring (qm − 1)⋆Arqs, but not necessarily over rms⋆qArqs.

3.49. Remark. — We also don’t expect that the Habiro descent of q9ΩS/A in Proposition 3.47
can be constructed without the datum of a q-Hodge filtration fil⋆q9Hdg q9dRS/A, let alone
functorially in S. While it seems hard to get any definite no-go theorem, let us at least explain
why the most natural attempt doesn’t work.

In Remark 3.18, we’ve explained an attempt to construct a filtration fil⋆Lη q9Ω
(m)
S/A: Each

Lηrm/dsq carries a natural filtration via rBMS19, Proposition 5.8s. If these filtrations could be
glued to give the desired fil⋆Lη, we could attempt to construct a Habiro descent of q9ΩS/A via

lim
m∈N

q9Ω(m)
S/A

«

filiLη
rmsiq

∣∣∣∣∣ i ⩾ 0

ff∧

(qm−1)

.

However, the filtrations on Lηrm/dsq do not glue. This can already be seen in the case m = p.
In this case we have a pullback diagram

q9Ω(p)
S/A

´

q9ΩS/A bL
Arqs,ψp Arqs

¯∧

rpsq

Lηrpsq q9ΩS/A Lηrpsq

`

q9ΩS/A
˘∧
p

≒ ϕp/Arqs

The filtration on Lηr1sq » id is trivial. But the trivial filtration on (q9ΩS/A bL
Arqs,ψp Arqs)∧

rpsq

will not be compatible with the natural filtration on Lηrpsq(q9ΩS/A)
∧
p , so gluing fails.

To make the gluing work, we should instead equip (q9ΩS/A bL
Arqs,ψp Arqs)∧

rpsq
with a global

version of the Nygaard filtration. But such a global Nygaard filtration likely doesn’t exist. To
see this, let’s attempt to construct it via an arithmetic fracture square. On the p-completion
(q9ΩS/A bL

Arqs,ψp Arqs)∧(p,rpsq)
, we put the usual Nygaard filtration. In view of Lemma 3.29, on

the rationalisation we should put the combined Hodge and rpsq-adic filtration. But then on the
ℓ-completion (q9ΩS/A bL

Arqs,ψp Arqs)∧(ℓ,rpsq)
for any prime ℓ ̸= p, we would need to put a filtration

that becomes the combined Hodge and rpsq-adic filtration after (−)r1/ℓs∧
rpsq

.
It is entirely unclear (at least to the author) how to construct such a filtration, unless we’re

already given a q-Hodge filtration fil⋆q9Hdg q9dRS/A. This explains the need for the additional
datum of fil⋆q9Hdg q9dRS/A.
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§3.8. Habiro descent in derived commutative algebras
Raksit rRak21s has introduced ∞-categories of derived commutative algebras, along with filtered,
graded, and differential-graded variants. The filtrations fil⋆Hdgm

q9WmdRR/A admit canonical
filtered derived commutative Arqs/(qm − 1)-algebra structures (if R is a polynomial A-algebra,
these structures can be constructed on the level of complexes, then one can pass to animations)
and the E∞-structure on the derived q-de Rham complex q9dRR/A can be canonically enhanced
to a derived commutative Arqs-algebra structure (see A.13).

In this subsection, we sketch how Theorem 3.11 can be made compatible with these derived
commutative structures. As a warm-up, let us instead consider En-monoidal structures for
some 0 ⩽ n ⩽ ∞.

3.50. En-monoidal upgrade. — Let (R,fil⋆q9Hdg q9dRR/A) ∈ AniAlgq9Hdg
A . Suppose that

the q-Hodge filtration fil⋆q9Hdg q9dRR/A can be equipped with the structure of an En-algebra
in filtered (q − 1)⋆Arqs-modules, compatible with the E∞-Arqs-algebra structure on q9dRR/A.
Suppose furthermore that the data from Definition 3.2(a)–(cp) can be made compatible with
this En-structure. Then (R,fil⋆q9Hdg q9dRR/A) becomes an En-algebra in AniAlgq9Hdg

A .
By the symmetric monoidality statement in Theorem 3.11(a), we can conclude that the

Habiro–Hodge complex q9HdgR/A becomes an En-algebra in D̂H(Arqs). Similarly, the lax
symmetric monoidality statements in Theorem 3.11(b) show that filq9WmΩ

⋆ (q9HdgR/A/(q
m − 1))

becomes a filtered En-algebra and the identification of its associated graded

grq9WmΩ
˚

`

q9HdgR/A/(q
m − 1)

˘

» Σ−˚ q9WmdR
˚
R/A » gr˚

Hdgm
q9WmdRR/A

becomes a graded En-monoidal equivalence.

3.51. Derived commutative upgrade I. — Similar to 3.50, suppose that fil⋆q9Hdg q9dRR/A
can be equipped with the structure of a filtered derived commutative algebra over (q − 1)⋆Arqs,
that is, an element in the slice ∞-category (Fil DAlgArqs)(q−1)⋆Arqs/, where FilDAlgArqs is
Raksit’s ∞-category of filtered derived commutative Arqs-algebras rRak21, Definition 4.3.4s.
Suppose furthermore that this derived commutative structure is compatible with the derived
commutative Arqs-algebra structure on q9dRR/A (see A.13) and that the data from Defini-
tion 3.2(a)–(cp) can be made compatible with the filtered derived commutative algebra structures
everywhere.

For example, this can be done in the special cases from Example 3.12 above and Construc-
tion 4.28 below. In the former case, we’ll verify this in rWag25, Remark 6.27s, in the latter
case see Remark 4.31.

3.52. Lemma. — In the situation of 3.51, q9HdgR/A admits a canonical derived commutative
Arqs-algebra structure. Furthermore, for all m ∈ N, filq9WmΩ

⋆ (q9HdgR/A/(q
m − 1)) admits

a filtered derived commutative Arqs/(qm − 1)-algebra structure, compatible with the derived
commutative Arqs/(qm − 1)-algebra structure on q9HdgR/A/(q

m − 1), and the equivalence

grq9WmΩ
˚

`

q9HdgR/A/(q
m − 1)

˘

» Σ−˚ q9WmdR
˚
R/A » gr˚

Hdgm
q9WmdRR/A

from Theorem 3.11(b) is an equivalence of graded derived commutative Arqs/(qm − 1)-algebras.

Proof sketch. First note that our results about the Nygaard filtration, specifically Proposi-
tion 3.22 and Lemma 3.29, also hold true as equivalences of filtered derived commutative
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algebras, since the proofs work in this setting as well. By tracing through 3.32–3.41, we now
see that each fil⋆q9Hdgm

q9dR(m)
R/A acquires a filtered derived commutative algebra structure over

(qm − 1)⋆Arqs, and that the transition maps in 3.41 are compatible with these structures.
The construction from 3.42 produces a canonical derived commutative algebra structure on

HR/A,m, because we can view the construction as a filtered localisation followed by restriction
to filtered degree 0; compare 3.8. It is then clear from 3.45 that q9HdgR/A acquires a derived
commutative Arqs-algebra structure. Moreover, since the filtration filq9WmΩ

⋆ (q9HdgR/A/(q
m−1))

and the identification of its associated graded were constructed in a completely way (see the
proofs of Lemmas 3.9 and 3.10), they will also work on the level of derived commutative algebras.
The only input this needs is that Proposition 3.39 holds as an equivalence of filtered derived
commutative Arqs/(qm − 1)-algebras, which is again apparent from the constructions.

But there’s one more piece of structure.

3.53. Derived commutative upgrade II. — Since q9WmΩ
˚
−/A is a functor with val-

ues in commutative differential-graded Arqs/(qm − 1)-algebras, we see that its animation
Σ−˚ q9WmdR

˚
−/A » gr˚

Hdgm
q9WmdR−/A upgrades to a functor with values in Raksit’s ∞-

category DG−DAlgArqs/(qm−1) of derived differential-graded Arqs/(qm − 1)-algebras rRak21,
Definition 5.1.10s.

By transfer of structure, the associated graded grq9WmΩ
˚ (q9HdgR/A/(q

m − 1)) becomes an
element in DG−DAlgArqs/(qm−1) as well. Via the following corollary, we can figure out what
the differentials are, at least in the case where R is smooth over A.

3.54. Corollary. — Let (S, fil⋆q9Hdg q9dRS/A) ∈ AniAlgq9Hdg
A be an object such that S is smooth

over A. Then:
(a) filq9WmΩ

⋆ (q9HdgS/A/(q
m − 1)) is the Whitehead filtration τ⩾⋆(q9HdgS/A/(q

m − 1)).
(b) The equivalence from Theorem 3.11(b) becomes an isomorphism of graded Arqs/(qm − 1)-

modules
H˚

`

q9HdgS/A/(q
m − 1)

˘

„= q9WmΩ
˚
S/A

(and an isomorphism of graded Arqs/(qm − 1)-algebras as soon as (S, fil⋆q9Hdg q9dRS/A) is
at least an E1-algebra in AniAlgq9Hdg

A ).
(c) Under the isomorphism from (b), the canonical differential on q9WmΩ

˚
S/A corresponds to

the Bockstein differential on H˚(q9HdgS/A/(q
m − 1)).

Proof. We’ve seen in Corollary 3.31 that q9WmΩ
n
S/A » q9WmdR

n
S/A for all n. It follows that

each graded piece grq9WmΩ
n (q9HdgS/A/(q

m−1)) is concentrated in cohomological degree n. Since
filq9WmΩ
⋆ (q9HdgS/A/(q

m − 1)) is bounded below and thus complete, it has to be the Whitehead
filtration. This shows (a) as well as the graded Arqs/(qm − 1)-module isomorphism from (b).
The isomorphism as graded Arqs/(qm − 1)-algebras follows from 3.50.

It remains to show (c). Similar to the proof of Lemma 3.9, let us identify the filtered ring
(qm − 1)⋆Arqs with the graded ring Arq, β, tms/(βtm − (qm − 1)), where |q| = 0, |β| = 1, and
|tm| = −1.(3.8) The filtered structure comes from the Artms-module structure. In particular,
modding out tm is the same as passing to the associated graded. Let us also regard the

(3.8)In rWag25s, we’ll recognise Zrq, β, tms/(βtm − (qm − 1)) „= π˚(ku
Cm).
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filtrations fil⋆q9Hdgm
q9dR(m)

S/A and fil⋆Hdgm
q9WmdRS/A as graded Arq, β, tms/(βtm − (qm − 1))-

modules fil˚q9Hdg and fil˚Hdg. Finally, let us denote by β−⋆Arβs the ascendingly filtered graded
ring

β−⋆Arβs :=
´

· · · β
−! Arβs(1)

β
−! Arβs(0)

β
−! Arβs(−1)

β
−! · · ·

¯

,

As explained in the proof of Lemma 3.10, the filtration filq9WmΩ
⋆ (q9HdgS/A/(q

m − 1)) can be
written as follows:

filq9WmΩ
⋆

`

q9HdgS/A/(q
m − 1)

˘

»
`

fil˚q9Hdg /tm bL
Arβs β

−⋆Arβs
˘

0

(note that ˚ on the right-hand side refers to the graded degree whereas ⋆ corresponds to the
filtration degree). Now consider the Bockstein cofibre sequence for fil˚q9Hdg /tm. It fits into a
commutative diagram of graded Arq, β, tms/(βtm − (qm − 1))-modules

fil˚q9Hdg(−1)/tm fil˚q9Hdg /t
2
m fil˚q9Hdg /tm

fil˚q9Hdg /tm

tm

β
(qm−1)

If we apply (− bL
Arβs

Arβ±1s)0 to this diagram, the left vertical arrow becomes an equivalence
and so the cofibre sequence from the top row will become equivalent to the Bockstein cofibre
sequence

q9HdgR/A/(q
m − 1)

(qm−1)
−−−−! q9HdgR/A/(q

m − 1)2 −! q9HdgR/A/(q
m − 1) .

If we apply (− bL
Arβs

β−⋆Arβs)0 to the top row, we get a filtration on this cofibre sequence.
By (a), this filtration will be of the form

τ⩽⋆+1
`

q9HdgS/A/(q
m − 1)

˘

−!
`

filq9Hdg /t
2
m bL

Arβs β
−⋆Arβs

˘

0
−! τ⩽⋆

`

q9HdgS/A/(q
m − 1)

˘

where
`

filq9Hdg /t
2
m bL

Arβs
β−⋆Arβs

˘

0
is an ascending filtration on q9HdgS/A/(q

m − 1)2 that lies
between τ⩽⋆ and τ⩽⋆+1. After passing to associated gradeds, the connecting morphism will
then necessarily be the usual Bockstein differential

H˚
`

q9HdgS/A/(q
m − 1)

˘

−! H˚+1
`

q9HdgS/A/(q
m − 1)

˘

.

On the other hand, the associated graded of β−⋆Arβs is given by
À

i∈ZA(−i). If we apply
(− bL

Arβs

À

i∈ZA(−i))0 to the top row of the diagram, we get the Bockstein cofibre sequence

fil˚Hdg(−1)/tm
tm−! fil˚Hdg /t

2
m −! fil˚Hdg /tm ,

because fil˚Hdg » fil˚q9Hdg /β by Proposition 3.39. Since fil⋆Hdg q9WmdRR/A is the stupid filtration
on the complex q9WmΩ

˚
R/A, the differential of q9WmΩ

˚
R/A agrees with the connecting morphism

for the Bockstein cofibre sequence of fil˚Hdg /tm. This finishes the proof of (c).
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§4. Functorial q-Hodge filtrations
Fix a perfectly covered Λ-ring A. We’ve seen in Lemma 3.3 that it’s impossible to get a
functorial q-Hodge filtration for all animated A-algebras, or even just for smooth A-algebras.
Despite this general no-go result, we’ll see in this section that functorial q-Hodge filtrations
exist for fairly large full subcategories of AniAlgA.

A further ample source of examples comes from homotopy theory and will be discussed at
length in the companion paper rWag25s.

§4.1. Functorial q-Hodge filtrations away from small primes
In this subsection, we’ll give an elementary construction of a functorial q-Hodge filtration on
certain smooth A-algebras. In the introduction (see 1.14), we’ve already explained the idea in
the case of relative dimension ⩽ 1. The general case follows the same simple idea.

4.1. Canonical q-Hodge filtrations I. — Let S be smooth of arbitrary dimension over A
and let n be a positive integer such that all primes p ⩽ n are invertible in S. This assumption
ensures that the canonical map q9ΩS/A ! ΩS/A factors through an E∞-AJq − 1K-algebra map

q9ΩS/A −! ΩS/AJq − 1K/(q − 1)n .

Indeed, by construction of the global q-de Rham complex (see Construction A.12), it’s enough
to check this after completion at any prime p. In general, (q9ΩS/A)∧p ! (ΩS/A)

∧
p factors through

(q9ΩS/A)
∧
p ! (ΩS/A)

∧
p Jq − 1K/(q − 1)p−1 by Lemma A.6. For primes p > n, this does what we

want. For p ⩽ n, our assumption on S ensures that (q9ΩS/A)
∧
p vanishes, so this case is fine too.

Let us now equip ΩS/AJq − 1K/(q − 1)n with the following filtration: We first define
fil⋆(Hdg,q−1)ΩS/AJq − 1K := (fil⋆Hdg ΩS/A bL

Z (q − 1)⋆ZJq − 1K)∧(q−1) to be the combined Hodge
and (q − 1)-adic filtration, as usual. We then let fil⋆(Hdg,q−1)ΩS/AJq − 1K/(q − 1)n denotes its
reduction modulo (q − 1)n, which we regard as an element in filtration degree n.(4.1) We may
then form the following pullback of filtered objects in degrees ⩽ n:

fil⋆⩽nq9Hdg,n q9ΩS/A q9ΩS/A

fil⋆⩽n(Hdg,q−1)ΩS/AJq − 1K/(q − 1)n ΩS/AJq − 1K/(q − 1)n

≒

Here fil⋆⩽n(Hdg,q−1)ΩS/AJq − 1K/(q − 1)n denotes the restriction of the to degrees ⋆ ⩽ n; more
precisely, we apply the truncation functor τ˚

n from Lemma 4.2 below.
We then wish to extend fil⋆⩽nq9Hdg,n q9ΩS/A to degrees ⋆ ⩾ n+ 1. Intuitively, this should be

done via the (q − 1)-adic filtration (q − 1)⋆−n filnq9Hdg,n q9ΩS/A as in 1.14. To do this formally
and make the resulting filtered (q − 1)⋆AJq − 1K-module structure apparent, we need to show a
technical lemma.

4.2. Lemma. — Let Fil⩾0D(Z) denote the full sub-∞-categories of filtered objects that are
constant in filtration degrees ⋆ ⩽ 0. Let Filr0,ns D(Z) ⊆ Fil⩾0D(Z) denote the full sub-∞-
category of filtered objects that also vanish in filtration degree ⋆ ⩾ n+ 1.

(4.1)Said differently, we wish to equip ZJq−1K/(q−1)n with the finite filtration given by (q−1)iZJq−1K/(q−1)n

in degree i. This is not the (q − 1)-adic filtration in our sense, since the latter would be ZJq − 1K/(q − 1)n in
every degree, with transition maps given by multiplication by (q − 1).
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(a) The inclusion Filr0,ns D(Z)! Fil⩾0D(Z) has a left adjoint τ˚
n , which on objects is given

by replacing all filtration degrees ⋆ ⩾ n+ 1 by 0. Moreover, if fil⋆M and fil⋆N are filtered
Z-modules, the canonical map

τ˚
n

`

fil⋆M bL
Z τ

˚
n (fil

⋆N)
˘ »
−! τ˚

n

`

fil⋆M bL
Z fil⋆N

˘

is an equivalence. Consequently there’s a canonical way to equip Filr0,ns D(Z) and the
functor τ˚

n : Fil
⩾0D(Z)! Filr0,ns D(Z) with symmetric monoidal structures.

(b) For any filtered E∞-algebra T ∈ CAlg(Fil⩾0D(Z)), the induced symmetric monoidal
functor

τ˚
n : ModT

`

Fil⩾0D(Z)
˘

−! Modτ˚
n T

`

Filr0,ns D(Z)
˘

admits an oplax symmetric monoidal left adjoint

τTn,! : Modτ˚
n T

`

Filr0,ns D(Z)
˘

−! ModT
`

Fil⩾0D(Z)
˘

(if T is clear from the context, we’ll often just write τn,!).

(c) Let T1 ! T2 be any map in CAlg(Fil⩾0D(Z)) and let fil⋆M ∈ Modτ˚
n T

(Filr0,ns D(Z)).
Then there’s a natural equivalence

τT2n,!
`

fil⋆M bτ˚
n T1

τ˚
nT2

˘ »
−! τT1n,!(fil

⋆M) bT1 T2 .

Proof. We start with (a). It’s straightforward to see that τ˚
n exists and is given as claimed.

To show the equivalence, since τ˚
n and the inclusion preserve colimits, it will be enough

to check the case where fil⋆M » Z(i) and fil⋆N » Z(j), where i, j ⩾ 0. If j ⩽ n, then
τ˚
nZ(j)! Z(j) is an equivalence and the claim is clear. If j ⩾ n+ 1, then we must check that
τ˚
nZ(i+ j)! τ˚

nZ(i+ n) is an equivalence. This is clear as both sides are just Z(n). The final
claim in (a) is general abstract nonsense about symmetric monoidal structures on localisations
(see rL-HA, Proposition 2.2.1.9s for example).

Let us now prove (b) and (c) simultaneously. For any map T1 ! T2 in CAlg(Fil⩾0D(Zp)),
the diagram

ModT2
`

Fil⩾0D(Z)
˘

Modτ˚
n T2

`

Filr0,ns D(Z)
˘

ModT1
`

Fil⩾0D(Z)
˘

Modτ˚
n T1

`

Filr0,ns D(Z)
˘

τ˚
n

τ˚
n

commutes. In the special case where T1 = Z is the filtered tensor unit and T2 = T , this
allows us to show that τ˚

n : ModT (Fil
⩾0D(Z))! Modτ˚T (Fil

r0,ns D(Z)) preserves all limits and
colimits. Therefore the claimed left adjoint τTn,! exists by Lurie’s adjoint functor theorem. By
abstract nonsense, τTn,! will automatically acquire an oplax symmetric monoidal structure. This
shows (b). By passing to left adjoints in the diagram above, we immediately obtain (c).

4.3. Canonical q-Hodge filtrations II. — We resume the discussion from 4.1. As we know
now, the pullback defining fil⋆⩽nq9Hdg,n q9ΩS/A can be taken in Modτ˚

n ((q−1)⋆AJq−1K)(Fil
r0,ns D(Z)).

Applying the functor τn,! from Lemma 4.2(b), we obtain a filtered (q − 1)⋆AJq − 1K-module

fil⋆q9Hdg,n q9ΩS/A := τn,!

´

fil⋆⩽nq9Hdg,n q9ΩS/A
¯∧

(q−1)
.

We can also take the pullback along q9dRS/A ! q9ΩS/A to construct fil⋆q9Hdg,n q9dRS/A (in order
to be in line with Definition 3.2).
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4.4. Remark. — If S satisfies the assumptions of 4.3 and is additionally equipped with an
étale framing □ : Arx1, . . . , xns! S, then there exists an equivalence of filtered (q−1)⋆AJq−1K-
modules

fil⋆q9Hdg,n q9ΩS/A
»
−! fil⋆q9Hdg,□ q9Ω

˚
S/A,□

between the q-Hodge filtration from 4.3 and the one from Example 3.12. Indeed, we observe
fil⋆⩽nq9Hdg,n q9ΩS/A » τ˚

n (fil
⋆
q9Hdg,□ q9Ω

˚
S/A,□), since both sides fit into the same pullback diagram

by construction. Since τn,! was defined as a the left adjoint of τ˚
n , we obtain the map above.

To see that it is an equivalence, we may reduce modulo (q − 1), where we get the identity on
fil⋆Hdg ΩS/A by inspection and Lemma 4.6 below.

4.5. Remark. — Here’s another way to do the construction from 4.1 and 4.3. Fix a
prime p. Recall that Bhatt–Lurie rBL22a, Construction 4.8.3s have defined a rp-de Rham
complex rp9ΩŜp/Âp . Explicitly, it is the homotopy-fixed points of the action of µp−1 ⊆ Z×

p on
(q9ΩS/A)

∧
p . Here u ∈ Z×

p acts on the prism (ZpJq− 1K, rpsq) via q 7! qu, which induces an action
of Z×

p on (q9ΩS/A)
∧
p via the comparison with prismatic cohomology (Theorem A.1(b)).

We can then define fil⋆⩽n
rp9Hdg,n rp9ΩŜp/Âp as the pullback of the Hodge filtration along the

canonical map rp9ΩŜp/Âp ! (ΩS/A)
∧
p (no combined Hodge and (q − 1)-adic filtration is needed

here), extend via τn,!, and then finally base change to (q− 1)⋆ZpJq− 1K to define a p-completed
q-Hodge filtration fil⋆q9Hdg,n(q9ΩS/A)

∧
p .

These filtrations for all p can be glued with the combined Hodge and (q − 1)-adic filtration
on (ΩS/A bL

Z Q)Jq − 1K to get the same filtration fil⋆q9Hdg,n q9ΩS/A as in 4.3. We prefer the
construction in 4.3, since spelling out the gluing argument is a bit of a pain.

4.6. Lemma. — With notation as in 4.1, assume additionally that dim(S/A) ⩽ n. Then
fil⋆q9Hdg,n q9dRS/A can naturally be equipped with the structure of a q-Hodge filtration as in
Definition 3.2.

Proof. In the following, we’ll regard (q−1) as sitting in filtration degree 1, as per Convention 3.1.
We first compute

fil⋆q9Hdg,n q9ΩS/A/(q − 1) » τZn,!

´

fil⋆⩽nq9Hdg,n q9ΩS/A bL
τ˚
n ((q−1)⋆ZJq−1K) Z

¯

» τZn,!τ
˚
n (fil

⋆
Hdg ΩS/A)

» fil⋆Hdg ΩS/A .

In the first equivalence we apply Lemma 4.2(c) to (q−1)⋆ZJq−1K! Z. The second equivalence
follows by construction. To see the third equivalence, first observe that the Hodge filtration
fil⋆Hdg ΩS/A is already contained in Filr0,ns D(Z) because we assume dim(S/A) ⩽ n. Since the
right adjoint of τ˚

n : Fil
⩾0D(Z)! Filr0,ns D(Z) is fully faithful, so is the left adjoint τZn,!, which

yields the third equivalence. Similarly,
`

fil⋆q9Hdg,n q9ΩS/A bL
Z Q

˘∧
(q−1)

» τn,!

´

`

fil⋆⩽nq9Hdg,n q9ΩS/A bL
Z Q

˘∧
(q−1)

¯

» τn,!

´

`

fil⋆Hdg ΩS/A bL
Z τ

˚
n

`

(q − 1)⋆QJq − 1K
˘˘∧

(q−1)

¯

» fil⋆(Hdg,q−1)

`

ΩS/A bL
Z Q

˘

Jq − 1K .

The first equivalence is Lemma 4.2(c) applied to Z ! Q. For the second equivalence, we
apply (− bL

Z Q)∧(q−1) to the pullback defining fil⋆q9Hdg,n q9ΩS/A in 4.3 and use the fact that
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(q9ΩS/A bL
Z Q)∧(q−1) » (ΩS/A bL

Z Q)Jq − 1K. The third equivalence is Lemma 4.2(c) applied to
Z! (q − 1)⋆QJq − 1K.

In a completely analogus way, we obtain natural equivalences

fil⋆q9Hdg,n

`

q9ΩS/A
˘∧
p

“

1
p

‰∧
(q−1)

»
−! fil⋆(Hdg,q−1)

`

ΩS/A
˘∧
p

“

1
p

‰

Jq − 1K

for all primes p. Via pullback along q9dRS/A ! q9ΩS/A, we obtain analogous equivalences for
fil⋆q9Hdg,n q9dRS/A. The required compatibilities from Definition 3.2 can all be induced from
those for q9dRS/A, and so fil⋆q9Hdg,n q9dRS/A can indeed be equipped with the structure of a
q-Hodge filtration.

4.7. Lemma. — With assumptions as in Lemma 4.6, fil⋆q9Hdg,n q9ΩS/A is automatically the
completion of fil⋆q9Hdg,n q9dRS/A.

Proof. By Proposition 3.47, q9ΩS/A is automatically the completion of q9dRS/A at the filtration
fil⋆q9Hdg,n q9dRS/A. Since fil⋆q9Hdg,n q9dRS/A is defined as the pullback of fil⋆q9Hdg,n q9ΩS/A along
q9dRS/A ! q9ΩS/A, the desired assertion follows.

We will now make the construction from 4.3 functorial.

4.8. Functoriality across dimensions. — For all non-negative integers n and d let
Sm⩽d

Arn!−1s
be the category of all smooth A-algebras S of relative dimension dim(S/A) ⩽ d such

that all primes p ⩽ n are invertible in S. Then 4.3 and Lemma 4.6 provide us with a functor
`

−,fil⋆q9Hdg,n q9dR−/A
˘

: Sm⩽n
Arn!−1s

−! AniAlgq9Hdg
A .

We let Sm⩽n
Ardim!−1s

⊆ SmA be the full subcategory spanned by
⋃
d⩽n Sm

⩽d
Ard!−1s

and we put

SmArdim!−1s :=
⋃
n⩾0

Sm⩽n
Ardim!−1s

.

Our goal is to show that the functors above for varying n combine into a single functor defined
on all of SmArdim!−1s. This will be achieved by the technical Lemmas 4.9 and 4.10 below.

4.9. Lemma. — For all n ⩾ 0, the following diagram is a pushout of ∞-categories:

Sm⩽n
Ar(n+1)!−1s

Sm⩽n+1
Ar(n+1)!−1s

Sm⩽n
Ardim!−1s

Sm⩽n+1
Ardim!−1s

≓

Proof. Let P denote the pushout. Since the diagram above commutes, we get a functor
P ! Sm⩽n+1

Ardim!−1s
. This functor is clearly essentially surjective. To show that it is fully faithful,

we must show that
HomP(S1, S2)

»
−! Hom

Sm⩽n+1

Ardim!−1s

(S1, S2)

is an equivalence for all S1, S2 ∈ P. We may assume without loss of generality that S1 and S2
are the images of objects in Sm⩽n

Ardim!−1s
or Sm⩽n+1

Ar(n+1)!−1s
.
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By an observation of Maxime Ramzi rRams, fully faithful functors are preserved under
pushouts. Since both legs of our pushout are fully faithful, the claimed equivalence is clear if
S1 and S2 come from the same cofactor. It remains to deal with the following two cases.

Case 1: S1 ∈ Sm⩽n
Ardim!−1s

and S2 ∈ Sm⩽n+1
Ar(n+1)!−1s

. Observe that the fully faithful functor

Sm⩽n
Ar(n+1)!−1s

−! Sm⩽n
Ardim!−1s

has a left adjoint given by localisation at (n+ 1)!. It follows formally that Sm⩽n+1
Ardim!−1s

! P
also has a left adjoint and that the diagram of left adjoints is still a pushout (and in particular
commutative). Indeed, we can simply define unit and counit by taking the pushout of the
original unit and counit; the triangle identities will automatically be satisfied. Therefore, we
can replace S1 by S1r(n+ 1)!−1s and thus reduce to the case where S1 and S2 come from the
same cofactor.

Case 2: S1 ∈ Sm⩽n+1
Ar(n+1)!−1s

and S2 ∈ Sm⩽n
Ardim!−1s

. We may additionally assume that (n+1)!

is not invertible in S2; otherwise we would be in a case already covered. But then

Hom
Sm⩽n+1

Ardim!−1s

(S1, S2) » ∅

and so the map in question must be an equivalence, since only ∅ maps to ∅.

4.10. Lemma. — For all n ⩾ 0, in the ∞-category of functors Sm⩽n
Ar(n+1)!−1s

! AniAlgq9Hdg
A ,

there exists a natural equivalence
`

−, fil⋆q9Hdg,n q9dR−/A
˘

»
`

−,fil⋆q9Hdg,n+1 q9dR−/A
˘

.

Proof. First observe that every morphism in Fil⩾0D(Z) that is sent to an equivalence by
τ˚
n+1 : Fil

⩾0D(Z)! Filr0,ns D(Z) is also sent to an equivalence by τ˚
n . Since τ˚

n+1 is a symmetric
monoidal localisation, there exists a unique (up to contractible choice) symmetric monoidal
functor τ˚

n,n+1 such that

Fil⩾0D(Z) Filr0,ns D(Z)

Filr0,n+1s D(Z)

τ˚
n+1

τ˚
n

τ˚
n,n+1

commutes. Moreover, arguing as in Lemma 4.2(b), we see that for any filtered E∞-algebra
T ∈ CAlg(Fil⩾0D(Z)), the induced symmetric monoidal functor

τ˚
n,n+1 : Modτ˚

n+1T

`

Filr0,n+1s D(Z)
˘

−! Modτ˚
n T

`

Filr0,ns D(Z)
˘

admits an oplax symmetric monoidal left adjoint

τn,n+1,! : Modτ˚
n T

`

Filr0,ns D(Z)
˘

−! Modτ˚
n+1T

`

Filr0,n+1s D(Z)
˘

.

Let us now apply this in the case where T = (q − 1)⋆AJq − 1K. Let S be a smooth A-algebra
such that dim(S/A) ⩽ n and all primes p ⩽ n+ 1 are invertible in S. Plugging the canonical
projection fil⋆(Hdg,q−1)(ΩS/AJq − 1K/(q − 1)n+1) ! fil⋆(Hdg,q−1)(ΩS/AJq − 1K/(q − 1)n) into the
pullback from 4.1, we obtain a morphism

τ˚
n,n+1 fil

⋆⩽n+1
q9Hdg,n+1 q9ΩS/A −! fil⋆⩽nq9Hdg,n q9ΩS/A .
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Applying τn,!(−)∧(q−1) on both sides and using the counit τn,n+1,! ◦ τ˚
n,n+1 ⇒ id, we obtain a

canonical zigzag

fil⋆q9Hdg,n+1 q9ΩS/A
»
 − τn,!

´

τ˚
n,n+1 fil

⋆⩽n+1
q9Hdg,n+1 q9ΩS/A

¯∧

(q−1)

»
−! fil⋆q9Hdg,n q9ΩS/A

It is now straightforward to check that both morphisms are equivalences. Indeed, everything is
filtered (q−1)-complete, so we may check this after reduction modulo (q−1). For the outer two
terms, the reduction is fil⋆Hdg ΩS/A by the calculation in the proof of Lemma 4.6. An analogous
calculation shows that the inner term also becomes fil⋆Hdg ΩS/A and that the morphisms become
the identity.

The zigzag above provides a functorial equivalence fil⋆q9Hdg,n+1 q9Ω−/A » fil⋆q9Hdg,n q9Ω−/A.
Taking the pullback along q9dRS/A ! q9ΩS/A, we get what we want.

In total we’ve shown:

4.11. Theorem. — Let A be a perfectly covered Λ-ring and let S be a smooth A-algebra such
that all primes p ⩽ dim(S/A) are invertible in S. Then q9dRS/A admits a canonical q-Hodge
filtration. More precisely, there exists a functor

`

−, fil⋆q9Hdg q9dR−/A
˘

: SmArdim!−1s −! AniAlgq9Hdg
A

which is a partial section of the forgetful functor AniAlgq9Hdg
A ! AniAlgA.

Proof. This is the quintessence of 4.1–4.10.

4.12. Monoidality. — We wish to study to what extent the q-Hodge filtrations from 4.3 can
be equipped with multiplicative structures. To this end, it would be nice to equip the functor
from Theorem 4.11 with a symmetric monoidal structure. This is made complicated by the
following issue:
( ! ) SmArdim!−1s is not closed under tensor products in SmA and we don’t see a way of equipping

it with a symmetric monoidal structure.
To address this problem, let Smb

A ! Fin˚ be the ∞-operad associated with the symmetric
monoidal structure on SmA. We define a sub-∞-operad Smb

Ardim!−1s
⊆ Smb

A as follows:

(a) An object (S1, . . . , Si) ∈ Smi
A in the fibre over ⟨i⟩ ∈ Fin˚ is contained in SmArdim!−1s if

and only S1, . . . , Si are all contained in SmArdim!−1s.
(b) A morphism (S1, . . . , Si) ! (S′

1, . . . , S
′
i′) over α : ⟨i⟩ ! ⟨i′⟩ is contained in SmArdim!−1s

if and only if both source and target satisfy the condition from (a) and the target
of a cocartesian lift of α with source (S1, . . . , Si) also satisfies the condition from (a).
Equivalently, we only retain those morphisms that factor through a cocartesian lift of
their image in Fin˚.

Let us immediately warn the reader that Smb

Ardim!−1s
is not the full sub-∞-operad of Smb

A

spanned by the full subcategory SmArdim!−1s ⊆ SmA, precisely because the condition from (b)
yields a non-full sub-∞-operad.

Below we’ll sketch how to make the functor from Theorem 4.11 into a functor of ∞-operads
(this wouldn’t work if we had used the full sub-∞-operad spanned by SmArdim!−1s). Let us
discuss what kind of multiplicative structures this induces on fil⋆q9Hdg q9dRS/A. In general,
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any multiplicative structure on S as an object in SmArdim!−1s will induce the same kind of
multiplicative structure on fil⋆q9Hdg q9dRS/A. For arbitrary S ∈ SmArdim!−1s there’s nothing we
can say. But as soon as all primes p ⩽ 2 dim(S/A) are invertible in S, the multiplication map
S bA S ! S is a morphism in SmArdim!−1s, and so S will have an A2-structure in Smb

Ardim!−1s
;

that is, a homotopy-unital multiplication. If for some r ⩾ 3 all primes p ⩽ r dim(S/A) are
invertible in S, then the multiplication will be Ar; that is, coherently associative for up to r
factors. A similar analysis works for commutativity.

We’ll now sketch how to make the functor from Theorem 4.11 into a functor of ∞-operads.
Let us temporarily fix n ⩾ 0.

4.13. Lemma. — Let Modτ˚
n ((q−1)⋆AJq−1K)(Fil

r0,ns D(Z)) be as in 4.3 and equip the full sub-
∞-category of (q − 1)-complete objects Modτ˚

n ((q−1)⋆AJq−1K)(Fil
r0,ns D(Z))∧(q−1) with the (q − 1)-

completed tensor product. Then the functor

fil⋆q9Hdg,n q9dR−/A : SmArn!−1s −! Modτ˚
n ((q−1)⋆AJq−1K)

`

Filr0,ns D(Z)
˘∧
(q−1)

from 4.3 can be equipped with a symmetric monoidal structure.

Proof sketch. From the construction it’s straightforward to get a lax symmetric monoidal
structure. Whether it is symmetric monoidal can be checked modulo (q − 1), where we reduce
to the fact that τ˚

n (fil
⋆
Hdg dR−/A) is symmetric monoidal.

4.14. Lax vs. oplax symmetric monoidal functors. — For every symmetric monoidal
∞-category with associated cocartesian fibration Cb ! Fin˚, let (Cb)∨ ! Finop˚ denote the
dual cartesian fibration. Lax symmetric monoidal functors C ! D are then encoded as functors
Cb ! Db in Cat∞/Fin˚

that preserve cocartesian lifts of inert morphisms, whereas oplax
symmetric monoidal functors are encoded as functors (Cb)∨ ! (Db)∨ in Cat∞/Finop˚

that
preserve cartesian lifts of inert morphisms.

In general, the dual cartesian fibration (Cb)∨ ! Fin˚ has a very nice description in terms
of span ∞-categories. This is due to Barwick–Glasman–Nardin; see rBGN18, 1.2s. We will now
apply this to the oplax symmetric monoidal structure on

`

−,fil⋆q9Hdg,n q9dR−/A
˘

: SmArn!−1s −! AniAlgq9Hdg
A

that we obtain by composing the symmetric monoidal functor from Lemma 4.13 with the oplax
symmetric monoidal functor τn,!(−)∧(q−1).

4.15. Lemma. — If φ : (S′
1, . . . , S

′
i′)! (S1, . . . , Si) is a cartesian morphism in (Smb

Arn!−1s
)∨

such that S′
1, . . . , S

′
i′ are all of relative dimension ⩽ n over A, then φ is sent to a cartesian

morphism under
`

Smb

Arn!−1s

˘∨
−!

`

AniAlgq9Hdg,b
A

˘∨
.

Proof sketch. This essentially reduces to the observation that whenever a tensor product of
smooth Arn!−1s-algebras S1 bA · · · bA Si has relative dimension ⩽ n over A, the q-Hodge
filtration fil⋆q9Hdg,n q9dRS1bA···bASi/A will agree with

´

fil⋆q9Hdg,n q9dRS1/A bL
(q−1)⋆AJq−1K · · · bL

(q−1)⋆AJq−1K fil
⋆
q9Hdg,n q9dRSi/A

¯∧

(q−1)
.

Indeed, this can be checked modulo (q − 1), where the desired claim follows using symmetric
monoidality of fil⋆Hdg dR−/A.
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4.16. Corollary. — The functor from Theorem 4.11 underlies a functor of ∞-operads

Smb

Ardim!−1s
−! AniAlgq9Hdg,b

A ,

which preserves all cocartesian lifts that exist in the source.

Proof sketch. As in 4.12, we can define a sub-∞-operad Sm⩽n,b
Arn!−1s

⊆ Smb

Arn!−1s
given by those

objects whose entries are of dimension ⩽ n and those morphisms that factor through a
cocartesian lift of their image in Fin˚. Analogously, we can define (Sm⩽n,b

Arn!−1s
)∨ ⊆ (Smb

Arn!−1s
)∨

given by those objects whose entries are of dimension ⩽ n and those morphisms that factor
through a cartesian lift of their image in Finop˚ .

The dualising construction from rBGN18, 1.2s can not only be applied to cartesian fibrations,
but also to (Sm⩽n,b

Arn!−1s
)∨, and it is straightforward to check that we get back Sm⩽n,b

Arn!−1s
in this

case. Moreover, by Lemma 4.15, the functor
`

Sm⩽,b
Arn!−1s

˘∨
−!

`

AniAlgq9Hdg,b
A

˘∨

preserves all cartesian lifts that exist in the source. We may thus dualise via rBGN18, 1.2s to
obtain a functor

Sm⩽,b
Arn!−1s

−! AniAlgq9Hdg,b
A .

Now the ∞-operad Smb

Ardim!−1s
is built from Sm⩽,b

Arn!−1s
for all n ⩾ 0 via a sequence of pushouts

as in Lemma 4.9. Combining this with a straightforward analogue of Lemma 4.10, we can
inductively construct the desired map of ∞-operads.

§4.2. Functorial q-Hodge filtrations for certain quasi-regular quotients

In this subsection, we’ll explain another elementary construction of functorial q-Hodge filtrations.
To this end, let us first fix a prime p and work in a p-complete setting (at the end of this
subsection, we’ll get back to the global case). Throughout this subsection, all (q-)de Rham
complexes or cotangent complexes relative to p-complete rings will be implicitly p-completed.

4.17. Rings of interest. — Temporarily, A will not be a perfectly covered Λ-ring, but a
p-completely perfectly covered δ-ring, by which we mean a p-complete δ-ring for which the map
A! A∞ into its p-completed colimit perfection is p-completely faithfully flat. Equivalently,
the Frobenius ϕ : A ! A is p-completely flat (as being faithful is automatic). Since perfect
δ-rings are p-torsion free, it follows that A must be p-torsion free too.

Throughout, we will consider p-quasi-lci algebras over A: These are p-complete rings R
for which the cotangent complex LR/A (which, by our convention above, we always take to
be implicitly p-completed) has p-complete Tor-amplitude over R concentrated in degree r0, 1s.
Additionally, we’ll usually assume that R/p is relatively semiperfect over A: That is, the relative
Frobenius R/p bA,ϕ A ↠ R/p is surjective. This forces Ω1

R/A/p to vanish, so LR/A will have
p-complete Tor-amplitude over R concentrated in degree 1.

An important special case are A-algebras of perfect-regular presentation: These are the
quotients R „= B/J , where B is a p-complete relatively perfect δ-A-algebra, by which we mean
that the relative Frobenius ϕB/A : (B bA,ϕ A)

∧
p ! B is an isomorphism, and J ⊆ B is an ideal

generated by a Koszul-regular sequence. We’ll sometimes refer to B/J as a perfect-regular
presentation of R.
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The reason for restricting to rings R as above is the following lemma.

4.18. Lemma. — Let R be a p-torsion free A-algebra such that LR/A has p-complete Tor-
amplitude over R concentrated in degree 1.
(a) The de Rham complex dRR/A, its Hodge-completion d̂RR/A, every degree in the completed

Hodge filtration fil⋆Hdg d̂RR/A, and the q-de Rham complex q9dRR/A are all static and
p-torsion free.

(b) The un-completed Hodge filtration fil⋆Hdg dRR/A is static in every degree if and only if R/p
is relatively semiperfect over A.

Proof. To show that every degree in the completed Hodge filtration is static and p-torsion
free, just observe that the same is true for the associated graded gr˚

Hdg d̂RR/A » Σ−˚
∧˚ LR/A,

because our assumption on R guarantees that Σ−1LR/A is a p-completely flat module over the
p-torsion free ring R. To show that the (q − 1)-complete object q9dRR/A is static and p-torsion
free, it will be enough to show the same for q9dRR/A/(q − 1) » dRR/A. Now all assertions
about dRR/A and its Hodge filtration can be checked after base change along the p-completely
faithfully flat map A! A∞.

So let us put R∞ := (R bA A∞)∧p and consider dRR∞/A∞ and let R∞ := R∞/p. Since A∞
is a perfect δ-ring, LA∞/Zp » 0, so we may as well consider dRR∞/Zp . To see that dRR∞/Zp is
static and p-torsion free, it suffices to check that its modulo p reduction dRR∞/Zp/p » dRR∞/Fp
is static. The latter admits an ascending exhaustive filtration, the conjugate filtration, whose
associated graded Σ−˚

∧˚ LR∞/Fp » Σ−˚
∧˚ LR∞/Zp/p is static in every degree since Σ−1LR∞/Zp

is p-completely flat over the p-torsion free ring R∞. This shows that dRR∞/Fp is indeed static
and we’ve finished the proof of (a).

For (b), we’ve already seen that dRR∞/Zp and the associated graded of the Hodge filtration are
static and p-torsion free in every degree. Hence fil⋆Hdg dRR∞/Zp is degree-wise static if and only
if it consists of sub-modules of dRR∞/Zp , which must be p-torsion free too. Thus fil⋆Hdg dRR∞/Zp
is degree-wise static if and only if the same is true for fil⋆Hdg dRR∞/Zp/p » fil⋆Hdg dRR∞/Fp . In
the case where R∞ is semiperfect, this holds by rBMS19, Proposition 8.14s. Conversely, assume
fil⋆Hdg dRR∞/Fp is degree-wise static. If fil⋆N WdRR∞/Fp denotes the Nygaard filtration on the
derived de Rham–Witt complex, then

filnN WdRR∞/Fp/pfil
n−1
N WdRR∞/Fp » filnHdg dRR∞/Fp

holds for all n by deriving rBMS19, Lemma 8.3s. Inductively it follows that WdRR∞/Zp and
each step in its Nygaard filtration must be static too. By definition, filnN WdRR∞/Fp is the fibre
of

WdRR∞/Fp
ϕ
−!WdRR∞/Fp −!WdRR∞/Fp/p

n ,

so this composition must be surjective for all n. Then ϕ : WdRR∞/Fp !WdRR∞/Fp must be
surjective as well. Since WdRR∞/Fp/p » dRR∞/Fp ! R∞ is surjective by our assumption that
fil1Hdg dRR∞/Fp is static, we conclude that the Frobenius on R∞ must be surjective too.

4.19. Remark. — In the case where R „= B/J is of perfect-regular presentation over A,
everything can be made explicit: dRR/A » DB(J) is the (p-completed) PD-envelope of J ,
the Hodge filtration is just the PD-filtration, and the q-de Rham complex q9dRR/A is the
corresponding q-PD-envelope in the sense of rBS19, Lemma 16.10s.
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4.20. Remark. — There exist p-complete Zp-algebras whose cotangent complex has p-
complete Tor-amplitude concentrated in degree 1, but whose reduction modulo p is not
semiperfect. For example, if p ⩾ 3, the Fp-algebra constructed in rGul21s can be lifted
in a straightforward way to a p-complete Zp-algebra with this property.

Let us now define a q-Hodge filtration for rings R as in Lemma 4.18.

4.21. Construction. — Suppose R is a p-torsion free quasi-lci A-algebra such that R/p is
relatively semiperfect over A. By Lemma A.4, after rationalisation, dRR/A and q9dRR/A are
related via a functorial equivalence

q9dRR/A
“

1
p

‰∧
(q−1)

» dRR/A
“

1
p

‰

Jq − 1K .

By Lemma 4.18, both sides are static rings. Let us equip the right-hand side with the combined
Hodge and (q − 1)-adic filtration fil⋆(Hdg,q−1) dRR/Ar1/psJq − 1K as in Definition 3.2(cp). This is
a descending filtration by ideals.

We now construct fil⋆q9Hdg q9dRR/A as the 1-categorical (!) preimage of this filtration under
q9dRR/A ! dRR/Ar1/psJq − 1K; in other words, as the pullback

fil⋆q9Hdg q9dRR/A fil⋆(Hdg,q−1) dRR/A
“

1
p

‰

Jq − 1K

q9dRR/A dRR/A
“

1
p

‰

Jq − 1K

≒

taken in the 1-category of filtered (q − 1)⋆AJq − 1K-modules. We remark that fil⋆q9Hdg q9dRR/A
will be a descending filtration of ideals in the static ring q9dRR/A, hence it’s automatically a
filtered E∞-algebra over (q − 1)⋆AJq − 1K.

Let us also remark that the canonical projection q9dRR/A ! dRR/A induces a (necessarily
unique) filtered map

fil⋆q9Hdg q9dRR/A −! fil⋆Hdg dRR/A .

Indeed, to see this, we must check that fil⋆Hdg dRR/A is the preimage of fil⋆Hdg dRR/Ar1/ps under
dRR/A ! dRR/Ar1/ps. Since any filtration is the preimage of its completion, we may further
replace the Hodge filtration fil⋆Hdg dRR/Ar1/ps by its completion fil⋆Hdg dRR/Ar1/ps∧Hdg. To check
that fil⋆Hdg dRR/A is the preimage, it will thus be enough to check that the map on associated
gradeds is injective. Now

Σ−n
n∧
LR/A ! Σ−n

n∧
LR/A

“

1
p

‰

will be injective for all n ⩾ 0, because Σ−n∧n LR/A is a p-completely flat module over the
p-torsion free ring R and thus p-torsion free itself.

In general, the q-Hodge filtration from Construction 4.21 will be nonsense. But it does
behave as desired in the following cases:

4.22. Theorem. — Let A be a p-completely perfectly covered δ-ring and let R be a p-torsion
free quasi-lci A-algebra such that R/p is relatively semiperfect over A. Suppose that one of the
following two additional assumptions is satisfied:
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(a) There exists a perfect-regular presentation R „= B/J , where the ideal J ⊆ B is generated by
a Koszul-regular sequence of higher powers, that is, a Koszul-regular sequence (xα1

1 , . . . , xαrr )
with αi ⩾ 2 for all i.

(b) The ring R∞ := (R bA A∞)∧p admits a lift to a p-complete connective E1-ring spectrum
SR∞ satisfying R∞ » SR∞ bSp Zp.

Then fil⋆q9Hdg q9dRR/A is a q-deformation of fil⋆Hdg dRR/A in the sense that the canonical map
from Construction 4.21 induces an equivalence

fil⋆q9Hdg q9dRR/A/(q − 1)
»
−! fil⋆Hdg dRR/A .

Here we take the quotient in filtered (q − 1)⋆AJq − 1K-modules, with (q − 1) regarded as an
element in filtration degree 1.

4.23. Remark. — For primes p > 2, Theorem 4.22(b) implies (a). Indeed, if we put
B∞ := (B bA A∞)∧p , then B∞ is a perfect δ-ring and so it lifts uniquely to a connective
p-complete E∞-ring spectrum. We can then use Burklund’s theorem on En-structures on
quotients rBur22, Theorem 1.5s to construct an E1-structure on

SR∞ := SB∞/
`

xα1
1 , . . . , xαrr

˘

.

More precisely, since p > 2, each SB∞/xi admits a right-unital multiplication (the relevant
obstruction Q1(xi) is 2-torsion), and so Burklund’s result provides E1-structures on SB∞/x

αi
i

in ModSB∞ (Sp), of which we can take the tensor product.
For p = 2, SB∞/x

2
i still admits a right-unital multiplication (see rBur22, Remark 5.5s) and

so the same argument shows that Theorem 4.22(b) implies (a) if all αi are even and ⩾ 4. It is
somewhat surprising that Theorem 4.22(a) is true without this additional restriction at p = 2.

Before we prove Theorem 4.22, let us discuss two examples.

4.24. Example. — Let A := Zptxu∧p be the free p-complete δ-ring on a generator x and let
R := Zptxu∧p /x

α for some α ⩾ 1. Then Theorem 4.22(a) will apply as soon as α ⩾ 2, but not for
α = 1. So let’s see what goes wrong for α = 1 and how higher powers (or divine intervention?)
fix the issue.

In the case at hand, dRR/A and q9dRR/A are the usual PD-envelope and the q-PD envelope

Dα := Zptxu

"

ϕ(xα)

p

*∧

p

and q9Dα := ZptxuJq − 1K
"

ϕ(xα)

rpsq

*∧

(p,q−1)

,

respectively. If the q-Hodge filtration were to be a q-deformation of the Hodge filtration, then
filpq9Hdg q9Dα would need to contain a lift rγq(xα) of the divided power γ(xα) := xαp/p ∈ filpHdgDα.
Certainly, q9Dα itself contains such a lift; namely, the q-divided power

γq(x
α) :=

ϕ(xα)

rpsq
− δ(xα) .

The problem is that γq(xα) is usually not contained in filpq9Hdg q9Dα. So for the q-Hodge
filtration to be a q-deformation of the Hodge filtration, it must be possible to modify γq(xα) by
elements from (q − 1) q9Dα to get an element in filpq9Hdg q9Dα. As we’ll see momentarily, this is
impossible for α = 1, but it works for α ⩾ 2.
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By definition, fil⋆q9Hdg q9dRR/A is the preimage of the combined Hodge and (q−1)-adic filtra-
tion on Dαr1/psJq− 1K. Since every filtration is the preimage of its completion, we may replace
the latter by its completion, which is the (xα, q−1)-adic filtration on Qp⟨δ(x), δ2(x), . . . ⟩Jx, q−1K.
So our task is to modify γq(x

α) by elements from the (q − 1) q9Dα such that the result is
contained in the ideal (xα, q − 1)p ⊆ Qp⟨δ(x), δ2(x), . . . ⟩Jx, q − 1K.

Write rpsq = pu + (q − 1)p−1, where u ≡ 1 mod q − 1. In particular, u is a unit in q9Dα.
In Qp⟨δ(x), δ2(x), . . . ⟩Jx, q − 1K, we can rewrite γq(xα) as

xαp

rpsq
+

ˆ

p

rpsq
− 1

˙

δ(xα) =
xαp

rpsq
+

ˆ

(u−1 − 1)− u−2 (q − 1)p−1

p
+O

`

(q − 1)p
˘

˙

δ(xα) .

Here O((q − 1)p) denotes “error terms” which are divisible by (q − 1)p. Observe that these
error terms are contained in (xα, q − 1)p, so we can safely ignore them. Also xαp/rpsq is clearly
contained in (xα, q − 1)p. The term (u−1 − 1)δ(xα) is contained in (q − 1) q9Dα, so we can just
kill it. This leaves the term u−2(q − 1)p−1δ(xα)/p.

If α = 1, there’s nothing we can do: No modification by elements from (q−1) q9Dα will ever
get rid of a non-integral multiple of δ(x), as δ(x) is a polynomial variable in Zptxu. This shows
that for α = 1, the q-Hodge filtration on q9Dα is not a q-deformation of the Hodge filtration.
For α = 2, however, we have δ(x2) = 2xpδ(x) + pδ(x)2. Now the term 2xpδ(x)u−2(q − 1)p−1/p
is contained in (x2, q − 1)p and so

rγq(x
α) := γq(x

α)− (u−1 − 1)δ(x2) + u−2(q − 1)p−1δ(x)2

is contained in filpq9Hdg q9Dα and satisfies rγq(xα) ≡ x2p/p mod q − 1, as desired. For α ⩾ 3, we
can similarly decompose δ(xα) into a multiple of xp(α−1) and a multiple of p.

This explains what goes wrong at α = 1 and how the objection is resolved for α ⩾ 2. In the
latter case, it is possible to continue the analysis above and construct for all n ⩾ 1 a lift of the
divided power xαn/n! that lies in in filnq9Hdg q9dRR/A. This is explained in rMW24, §3.2s and
leads to an elementary proof of Theorem 4.22(a).

4.25. Example. — An example for Theorem 4.22(b) that is not covered by Theorem 4.22(a)
is the case A „= Zprxs∧p , with δ-structure defined by δ(x) = 0, and R „= A/(x− 1) „= Zp. Then A
lifts to the p-complete E∞-ring spectrum Sprxs∧p and A! R lifts to an E∞-map Sprxs∧p ! Sp.
Base changing along Sprxs∧p ! Sprx1/p

∞
s∧p yields a lift of R∞, even as an E∞-ring. In this case,

q9dRR/A is the q-PD envelope

q9D := ZprxsJq − 1K
"

xp − 1

rpsq

*∧

(p,q−1)

.

It can be shown that this ring contains elements of the form (x− 1)(x− q) · · · (x− qn−1)/rnsq!
for all n ⩾ 1 (see rWag25, Lemma 6.11s for an argument). After completed rationalisation, these
elements are visibly contained in the ideal (x−1, q−1)n. Hence they belong to filnq9Hdg q9dRR/A
and lift the usual divided powers.

Let us now prove Theorem 4.22. We start with a simple observation, which says that only
surjectivity is critical.

4.26. Lemma. — Let R be a p-torsion free p-quasi-lci A-algebra such that R/p is relatively
semiperfect over A. Then the canonical map from Construction 4.21 induces a degree-wise
injection

fil⋆q9Hdg q9dRR/A/(q − 1) ↪−! fil⋆Hdg dRR/A .
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Proof. We need to check

(q − 1) filn−1
q9Hdg q9dRR/A = filnq9Hdg q9dRR/A ∩ (q − 1) q9dRR/A

for all n. This immediately reduces to the analogous assertion for the combined Hodge and
(q − 1)-adic filtration on dRR/Ar1/psJq − 1K, which is straightforward to check.

The q-Hodge filtration from Construction 4.21 enjoys a general flat base change property.
This will allow us to reduce the proof of Theorem 4.22 to the case where A is perfect.

4.27. Lemma. — Let R be a p-torsion free p-quasi-lci A-algebra such that R/p is relatively
semiperfect over A. Let A! A′ be a p-completely flat morphism of δ-rings, where A′ is also
p-completely perfectly covered, and put R′ := (R bA A

′)∧p . Then the canonical map
`

fil⋆q9Hdg q9dRR/A bL
A A

′˘∧
(p,q−1)

»
−! fil⋆q9Hdg q9dRR′/A′

is an equivalence.

Proof. This is not completely automatic since we have to be careful with completions. Fix n.
By Remark A.7, the canonical map q9dRR/A ! (dRR/A bZ Q)Jq − 1K/(q − 1)n already factors
through p−NdRR/AJq − 1K/(q − 1)n for sufficiently large N . Since filnq9Hdg q9dRR/A contains
(q − 1)n q9dRR/A, we can also express it as a pullback of AJq − 1K-modules

filnq9Hdg q9dRR/A q9dRR/A

p−N filn(Hdg,q−1) dRR/AJq − 1K/(q − 1)n p−NdRR/AJq − 1K/(q − 1)n

≒

(here the combined Hodge and (q − 1)-adic filtration fil⋆(Hdg,q−1) dRR/AJq − 1K/(q − 1)n is
constructed as in 4.1 above).

It will be enough to show that the pullback is preserved (−bL
AA

′)∧(p,q−1). To this end, let P
denote the derived pullback (that is, the pullback taken in the derived ∞-category D(AJq− 1K))
and recall that derived tensor products preserve derived pullbacks. It is then enough to check
that (H−1(P ) bL

A A
′)∧(p,q−1) is static. We claim that H−1(P ) is (q − 1)n-torsion and pm-torsion

for sufficiently large m. Believing this for the moment, p-complete flatness of A! A′ guarantees
that H−1(P ) bL

A A
′ is static. Since it is also pm- and (q − 1)n-torsion, the completion doesn’t

change anything and we’re done.
To prove the claim, observe that the cokernel of q9dRR/A ! p−NdRR/A must clearly be

pN -torsion. Hence the cokernel of the right vertical map

q9dRR/A −! p−NdRR/AJq − 1K/(q − 1)n

is pnN -torsion and also (q − 1)n-torsion. Since H−1(P ) is a quotient of that cokernel (explicitly
the quotient by the bottom left corner of the pullback diagram), we conclude that H−1(P ) is
pnN -torsion and (q − 1)n-torsion too, as desired.

Proof of Theorem 4.22. By Lemma 4.26, we only need to check surjectivity. By Lemma 4.27,
we can check this after the p-completely faithfully flat base change A! A∞ and thus assume
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that A is perfect. Since in this case q9dRR/A » q9dRR/Zp , we may further reduce to the case
A = Zp. Then part (b) is a special case of rWag25, Theorem 4.17s.

To show surjectivity in the case of (a), it’ll be enough to show that for each of the generators
of J = (xα1

1 , . . . , xαrr ) and all n ⩾ 0, the n-fold iterated divided power γ(n)(xαii ) admits a
lift which lies in the (pn)th step of the q-Hodge filtration. This reduces the problem to the
universal case A = Zptxu and R = Zptxu/xα for α ⩾ 2. In this case the desired lifts have been
constructed in rMW24, Lemma 3.17s.

To finish this subsection, we’ll extract a global construction from the above. From now on,
we cancel the assumptions from 4.17 and return to our usual notation, where A is a perfectly
covered Λ-ring.

4.28. Construction. — Let R be an A-algebra such that for all primes p, R is p-torsion
free, the p-completion R̂p is p-quasi-lci over Âp, and R/p is relatively semiperfect over Âp. We
construct fil⋆q9Hdg q9dRR/A as the pullback

fil⋆q9Hdg q9dRR/A
∏
p

fil⋆q9Hdg q9dRR̂p/Âp

fil⋆(Hdg,q−1)

`

dRR/A bL
Z Q

˘

Jq − 1K fil⋆(Hdg,q−1)

ˆ∏
p

dRR̂p/Âp bL
Z Q

˙

Jq − 1K

≒

taken in the ∞-category filtered E∞-algebras over (q−1)⋆AJq−1K. To see that the right vertical
map in the pullback exists, observe that we’re dealing with two filtrations by submodules,
so there’s only a set-level condition to check, which follows directly from the definition of
fil⋆q9Hdg q9dRŜp/Âp .

4.29. Theorem. — Let A be a perfectly covered Λ-ring and let QRegq9Hdg
A be the category

of all A-algebras R such that for all primes p, R is p-torsion free, the p-completion R̂p is
p-quasi-lci over Âp, R/p is relatively semiperfect over Âp, and the canonical morphism from
Construction 4.21 induces an equivalence

fil⋆q9Hdg q9dRR̂p/Âp/(q − 1)
»
−! fil⋆Hdg dRR̂p/Âp .

Then Construction 4.28 determines a functor
`

−, fil⋆q9Hdg q9dR−/A
˘

: QRegq9Hdg
A −! CAlg

`

AniAlgq9Hdg
A

˘

,

which is a partial section of the forgetful functor CAlg(AniAlgq9Hdg
A )! AniAlgA.

Proof sketch. Let us construct the required data from Definition 3.2. In degree 0, the pullback
square from Construction 4.28 becomes the one from Construction A.12, which provides the
datum from Definition 3.2(a). If we reduce the pullback from Construction 4.28 modulo (q− 1),
we’ll get the arithmetic fracture square for fil⋆Hdg dRR/A by our assumptions on R. This provides
the data from Definition 3.2(b). Similarly, if we apply (− bL

Z Q)∧(q−1) or (−)∧p r1/ps∧(q−1) to the
pullback, we get the data from Definition 3.2(c) and (cp).
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So (R,fil⋆q9Hdg q9dRR/A) can be made into an object of AniAlgq9Hdg
A . Since all constructions

above can also be done on the level of filtered E∞-algebras, it immediately upgrades to
an object of CAlg(AniAlgq9Hdg

A ). Finally, all steps of the construction can easily be made
functorial in R. To this end, one writes CAlg(AniAlgq9Hdg

A ) as an iterated pullback of CAlg(−)
of various symmetric monoidal ∞-categories of filtered objects. We know how to make
fil⋆(Hdg,q−1)(dRR/A bL

Z Q)Jq − 1K functorial; in the other factors of the iterated pullback, the
objects in question will be 1-categorical in nature, so all functorialities and compatibilities can
easily be constructed by hand.

4.30. Remark. — Thanks to Theorem 4.22, it’s easy to write down objects of QRegq9Hdg
A .

For example, it contains the category QReg A of A-algebras R which are p-torsion free for all
primes p and can be written in the form R „= B/J , where B is a relatively perfect Λ-A-algebra
(by which we mean that the relative Adams operations ψmB/A : BbA,ψmA! B are isomorphisms)
and J ⊆ B is an ideal generated by a Koszul-regular sequence of higher powers, that is, a
Koszul-regular sequence (xα1

1 , . . . , xαrr ) with αi ⩾ 2 for all i.

4.31. Remark. — We can not only equip fil⋆q9Hdg q9dRR/A with a filtered E∞-algebra
structure, but even with the structure of a filtered derived commutative (q−1)⋆AJq−1K-algebra
as in 3.51, and the various compatibilities all respect this structure.

4.32. Monoidality. — Similar to 4.12, the functor from Theorem 4.29 can be equipped with
an ∞-operad structure. To this end, let

QRegq9Hdg,b
A ⊆ AniAlgb

A

be the non-full sub-∞-operad spanned by those objects whose entries are all contained in
QRegq9Hdg

A and those morphisms that factor through a cocartesian lift of its image in Fin˚

(compare the construction of Smb

Ardim!−1s
in 4.12).

Note that QRegq9Hdg,b
A ! Fin˚ is not a cocartesian fibration, because QRegq9Hdg

A is not
closed under tensor products in AniAlgA. The problem is that R1 bL

A R2 might not be static
or not p-torsion free for some prime p. As we’ll see momentarily, this is the only obstruction.

4.33. Lemma. — Let R1, R2 ∈ QRegq9Hdg
A and put R := R1 bL

A R2.

(a) If R is static and p-torsion free for all primes p, then also R ∈ QRegq9Hdg
A .

(b) In the situation from (a) the canonical map
´

fil⋆q9Hdg q9dRR1/A bL
(q−1)⋆AJq−1K fil

⋆
q9Hdg q9dRR2/A

¯∧

(q−1)

»
−! fil⋆q9Hdg q9dRR/A

is an equivalence of filtered E∞-algebras over (q − 1)⋆AJq − 1K.

Proof. Let p be any prime. Using LR/A » (LR1/A bL
A R2) ‘ (R1 bL

A LR2/A), it’s clear that R̂p is
again p-quasi-lci over Âp. Similarly, R/p will still be relatively semiperfect over Âp. To show
R ∈ QRegq9Hdg

A , it remains to verify that

fil⋆q9Hdg q9dRR̂p/Âp/(q − 1)
»
−! fil⋆Hdg dRR̂p/Âp .

is an equivalence. By Lemma 4.26, only surjectivity needs to be checked. But since we have
fil⋆Hdg dRR̂p/Âp » (fil⋆Hdg dRR̂1,p/Âp bL

A fil⋆Hdg dRR̂2,p/Âp)
∧
p , surjectivity for R follows from the

analogous assertions for R1 and R2. This shows (a).
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To show (b), we can reduce both sides modulo (q − 1) and then once again reduce to the
well-known fact that fil⋆Hdg dR−/A is symmetric monoidal.

4.34. Corollary. — The functor from Theorem 4.29 underlies a functor of ∞-operads

QRegq9Hdg,b
A −! CAlg

`

AniAlgq9Hdg
A

˘b
,

which preserves all cocartesian lifts that exist in the source. In particular, when we restrict
to the full subcategory QRegq9Hdg,♭

A ⊆ QRegq9Hdg
A spanned by those R that are flat over A, the

functor from Theorem 4.29 is symmetric monoidal.

Proof sketch. To construct the functor of ∞-operads, we repeat the argument from the proof
of Theorem 4.29: Write CAlg(AniAlgq9Hdg

A )b as an iterated pullback of CAlg(−)b of various
symmetric monoidal ∞-categories of filtered objects. For fil⋆(Hdg,q−1)(dR−/A bL

Z Q)Jq − 1K we
know what to do, for all other factors of the iterated pullbacks the objects in question are
1-categorical in nature, so everything can be constructed by hand.

That all existing cocartesian lifts are preserved boils down to Lemma 4.33(b). Finally, if
R1, R2 ∈ QRegq9Hdg

A are flat over A, then R1 bL
A R2 will be static and p-torsion free for all p,

so Lemma 4.33(a) implies that the full sub-∞-operad of QRegq9Hdg,b
A spanned by QRegq9Hdg,♭

A

will be a cocartesian fibration. Since our map preserves all cocartesian lifts, we deduce that we
indeed get a symmetric monoidal functor

`

−, fil⋆q9Hdg q9dR−/A
˘

: QRegq9Hdg,♭
A −! CAlg

`

AniAlgq9Hdg
A

˘

.
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Appendix A. The q-de Rham complex
Let p be a prime. In rBS19, §16s, Bhatt and Scholze construct a functorial (p, q − 1)-complete
q-de Rham complex relative to any q-PD pair (D, I). This verifies Scholze’s conjecture rSch17,
Conjecture 3.1s after p-completion, but leaves open the global case. There are (at least) two
strategies to tackle the global case:
(a) One can glue the global q-de Rham complex from its p-completions and its rationalisation

using an arithmetic fracture square.
(b) Following Kedlaya rKed21, §29s, one can construct the global q-de Rham complex as the

cohomology of a global q-crystalline site.
Strategy (a) is what Bhatt and Scholze originally had in mind, but they never published the
argument. It is essentially straightforward, but not entirely trivial. Since all our global con-
structions proceed similarly by gluing p-completions and rationalisations, it will be worthwhile
to fill in the missing details of strategy (a). Our goal is to show the following theorem.

A.1. Theorem. — Let A be a Λ-ring that is p-torsion free for all primes p. Then there exists
a functor

q9Ω−/A : SmA −! CAlg
´

D̂(q−1)

`

AJq − 1K
˘

¯

from the ∞-category of smooth A-algebras into the ∞-category of (q − 1)-complete E∞-algebras
over AJq − 1K, satisfying the following properties:
(a) q9Ω−/A/(q − 1) » Ω˚

−/A agrees with the usual de Rham complex functor. In other words,
the q-de Rham complex q9Ω−/A is a q-deformation of the de Rham complex Ω˚

−/A.

(b) For all primes p, the p-completion

(q9Ω−/A)
∧
p » ∆(−)(p)rζps/ÂpJq−1K

agrees with prismatic cohomology relative to the q-de Rham prism (ÂpJq − 1K, rpsq). Here
we denote the p-adic Frobenius twist by (−)(p) := (− bA,ψp A)

∧
p .

(c) After rationalisation, (q9Ω−/A bL
Z Q)∧(q−1) » (Ω−/A bL

Z Q)Jq − 1K becomes the trivial q-
deformation.

(d) For every framed smooth A-algebra (S,□), the underlying object of q9ΩS/A in the derived
∞-category of AJq − 1K can be represented as

q9ΩS/A » q9Ω˚
S/A,□ ,

where q9Ω˚
S/A,□ denotes the coordinate-dependent q-de Rham complex as in rSch17, §3s.

Moreover, if A! A′ is a map of Λ-rings such that A′ is also p-torsion free for all primes p,
there’s a canonical base change equivalence

`

q9Ω−/A bL
A A

′˘∧
(q−1)

»
−! q9Ω(−bAA′)/A′ .

Modulo (q − 1) this reduces to the usual base change equivalence of the de Rham complex.

A.2. Remark. — It will be apparent from our proof of Theorem A.1 (and we’ll give a precise
argument in A.13) that the q-de Rham complex functor lifts canonically to a functor

q9Ω−/A : SmA −!
`

DAlgAJq−1K
˘∧
(q−1)
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Appendix A. The q-de Rham complex

into (q − 1)-complete objects of the the ∞-category of derived commutative AJq − 1K-algebras
DAlgAJq−1K as defined in rRak21, Definition 4.2.22s.

A.3. Convention. — Throughout §A, to increase readability and avoid excessive use of
completions, all (q-)de Rham complexes or cotangent complexes relative to a p-complete ring
will be implicitly p-completed.

§A.1. Rationalised q-crystalline cohomology
Fix a prime p. Then (ÂpJq − 1K, (q − 1)) is a q-PD pair as in rBS19, Definition 16.1s and so
we can use q-crystalline cohomology to construct a functorial (p, q − 1)-complete q-de Rham
complex q9ΩS/Âp for every p-completely smooth Âp-algebra S. We let q9dR−/Âp denote its
non-abelian derived functor (or animation), which is now defined for all p-complete animated
Âp-algebras. Observe that animation leaves the values on p-completely smooth Âp-algebras
unchanged, as can be seen modulo (p, q − 1), where it reduces to a well-known fact about
derived de Rham cohomology in characteristic p.

Our first goal is to show that after rationalisation derived q-de Rham cohomology is just a
base change of derived de Rham cohomology relative to Âp. In coordinates, such an equivalence
was already constructed in rSch17, Lemma 4.1s (see A.8 for a review), but here we need a
different argument: We want a coordinate-independent equivalence, so we have to work with
the definition of the q-de Rham complex via q-crystalline cohomology.

A.4. Lemma. — For all p-complete animated Âp-algebras R there is a functorial equivalence
of E∞-(Âp bZ Q)Jq − 1K-algebras

`

q9dRR/Âp bL
Z Q

˘∧
(q−1)

»
`

dRR/Âp bL
Z Q

˘

Jq − 1K .

Proof. By passing to non-abelian derived functors, it’s enough to construct such a functorial
equivalence for p-completely smooth Âp-algebras S. In this case, we can identify derived (q-)de
Rham and (q-)crystalline cohomology:

q9dRS/Âp » RΓq9crys
`

S/ÂpJq − 1K
˘

and dRS/Âp » RΓcrys

`

S/Âp
˘

.

To construct the desired identification between q-crystalline and crystalline cohomology after
rationalisation, let P ↠ S be a surjection from a p-completely ind-smooth δ-Âp-algebra. Extend
the δ-structure on P to P Jq−1K via δ(q) := 0. Let J be the kernel of P ↠ S and let D := DP (J)
be its p-completed PD-envelope. Finally, let q9D denote the corresponding q-PD-envelope as
defined in rBS19, Lemma 16.10s. It will be enough to construct a functorial equivalence

`

q9D bZ Q
˘∧
(q−1)

»
`

D bZ Q
˘

Jq − 1K .

If D◦ denotes the un-p-completed PD-envelope of J , then P ! q9D ! (q9DbZQ)∧(q−1) uniquely
factors through D◦ ! (q9D bZ Q)∧(q−1). The tricky part is to show that this map extends over
the p-completion. Since D◦ is p-torsion free, its p-completion agrees with D◦JtK/(t − p). By
Lemma A.6 below, for every fixed n ⩾ 0, every p-power series in D◦ converges in the p-adic
topology on (q9DbZ Q)/(q− 1)n, so we indeed get our desired extension D ! (q9DbZ Q)∧(q−1).

Extending further, we get a map (D bZ Q)Jq − 1K! (q9D bZ Q)∧(q−1) of the desired form.
Whether this is an equivalence can be checked modulo (q− 1) by the derived Nakayama lemma.
Then the base change property from rBS19, Lemma 16.10(3)s finishes the proof—up to verifying
convergence for p-power series in D◦.
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§A.1. Rationalised q-crystalline cohomology

To complete the proof of Lemma A.4, we need to prove two technical lemmas about (q-)di-
vided powers. Let’s fix the following notation: According to rBS19, Lemmas 2.15 and 2.17s, we
may uniquely extend the δ-structure from q9D to (q9D bZ Q)∧(q−1). We still let ϕ and δ denote
the extended Frobenius and δ-map. Furthermore, we denote by

γ(x) =
xp

p
and γq(x) =

ϕ(x)

rpsq
− δ(x)

the maps defining a PD-structure and a q-PD structure, respectively. Note that γ(x) and γq(x)
make sense for all x ∈ (q9D bZ Q)∧(q−1) since p and rpsq are invertible.

A.5. Lemma. — With notation as above, the following is true for the self-maps δ and γq of
(q9D bZ Q)∧(q−1):

(a) For all n ⩾ 1 and all α ⩾ 1, the map δ sends (q− 1)n q9D into itself, and p−α(q− 1)n q9D
into p−(pα+1)(q − 1)n q9D.

(b) For all n ⩾ 1 and all α ⩾ 1, the map γq sends (q − 1)n q9D into (q − 1)n+1 q9D, and
p−α(q − 1)n q9D into p−(pα+1)(q − 1)n+1 q9D.

Proof. Let’s prove (a) first. Let x = p−α(q − 1)ny for some y ∈ q9D. Since q9D is flat over
ZpJq − 1K and thus is p-torsion free, we can compute

δ(x) =
ϕ(x)− xp

p
=

(qp − 1)nϕ(y)

pα+1
− (q − 1)pnyp

ppα+1
.

As qp − 1 is divisible by q − 1, the right-hand side lies in p−(pα+1)(q − 1)n q9D. If α = 0, then
the right-hand side must also be contained in q9D. But q9D ∩ p−1(q − 1)n q9D = (q − 1)n q9D
by flatness again. This proves both parts of (a). Now for (b), we first compute

γq(q − 1) =
ϕ(q − 1)

rpsq
− δ(q − 1) = −(q − 1)2

p−1∑
i=2

1

p

ˆ

p

i

˙

(q − 1)i−2 .

Hence γq(q − 1) is divisible by (q − 1)2. In the following, we’ll repeatedly use the relation
γq(xy) = ϕ(y)γq(x)− xpδ(y) from rBS19, Remark 16.6s repeatedly. First off, it shows that

γq
`

(q − 1)nx
˘

= ϕ
`

(q − 1)n−1x
˘

γq(q − 1)− (q − 1)pδ
`

(q − 1)n−1x
˘

.

It follows from (a) that δ((q − 1)n−1x) and ϕ((q − 1)n−1x) are divisible by (q − 1)n−1. Hence
γq((q − 1)nx) is indeed divisible by (q − 1)n+1. Moreover, we obtain

γq
`

p−α(q − 1)nx
˘

= ϕ(p−α)γq
`

(q − 1)nx
˘

− (q − 1)npxpδ(p−α) .

Now ϕ(p−α) = p−α and δ(p−α) is contained in p−(pα+1) q9D, hence γq(p−α(q−1)nx) is contained
in p−(pα+1)(q − 1)n q9D. This finishes the proof of (b).

A.6. Lemma. — Let x ∈ J . For every n ⩾ 1, there are elements y0, . . . , yn ∈ q9D such that
y0 admits q-divided powers in q9D and

γ(n)(x) = y0 +
n∑
i=1

p−2(pi−1+···+p+1)(q − 1)(p−2)+iyi

holds in q9D bZ Q, where γ(n) = γ ◦ · · · ◦ γ denotes the n-fold iteration of γ.
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Proof. We use induction on n. For n = 1, we compute

γ(x) =
xp

p
= γq(x) +

rpsq − p

p

`

γq(x) + δ(x)
˘

.

Note that x admits q-divided powers in q9D since we assume x ∈ J . Then γq(x) admits
q-divided powers again by rBS19, Lemma 16.7s. Moreover, writing rpsq = pu+ (q − 1)p−1, we
find that (rpsq − p)/p = (u− 1) + p−1(q − 1)p−1. Then (u− 1)(γq(x) + δ(x)) admits q-divided
powers since u ≡ 1 mod (q − 1). This settles the case n = 1. We also remark that the above
equation for γ(x) remains true without the assumption x ∈ J as long as the expression γq(x)
makes sense.

Now assume γ(n) can be written as above. We put zi = p−2(pi−1+···+p+1)(q − 1)(p−2)+iyi for
short, so that γn(x) = y0 + z1 + · · ·+ zn. Recall the relations

γq(a+ b) = γq(a) + γq(b) +

p−1∑
i=1

1

p

ˆ

p

i

˙

aibp−i , δ(a+ b) = δ(a) + δ(b)−
p−1∑
i=1

1

p

ˆ

p

i

˙

aibp−i .

The first relation implies that γq(y0+z1+ · · ·+zn) is equal to γq(y0)+γq(z1)+ · · ·+γq(zn) plus
a linear combination of terms of the form yα0

0 zα1
1 · · · zαnn with 0 ⩽ αi < p and α0 + · · ·+αn = p.

Now γq(y0) admits q-divided powers again. Moreover, Lemma A.5(b) makes sure that each
γq(zi) is contained in p−2(pi+···+p+1)(q − 1)(p−2)+i+1 q9D. It remains to consider monomials
yα0
0 zα1

1 · · · zαnn . Put m := maxti | αi ̸= 0u. If α0 = p− 1, then all other αi must vanish except
αm = 1. In this case, the monomial is contained in p−2(pm−1+···+p+1)(q − 1)(p−2)+m q9D. If
α0 < p− 1, we get at least one more factor (q− 1) and the monomial yα0

0 zα1
1 · · · zαnn is contained

in p−2(pm+···+p+1)(q − 1)(p−2)+m+1 q9D.
A similar analysis, using the second of the above relations as well as Lemma A.5(a), shows

that (u−1)δ(y0+z1+ · · ·+zn) and p−1(q−1)p−1δ(y0+z1+ · · ·+zn) can be decomposed into a
bunch of terms, each of which is either a multiple of (q − 1) in q9D, so that it admits q-divided
powers, or contained in p−2(pi+···+p+1)(q − 1)i+1 q9D for some 1 ⩽ i ⩽ n+ 1. We conclude that

γ(n+1)(x) = γq
`

γ(n)(x)
˘

+
rpsq − p

p

´

γq
`

γ(n)(x)
˘

+ δ
`

γ(n)(x)
˘

¯

can be written in the desired form.

The following remark is irrelevant for our proof of Theorem A.1, but it is occasionally useful
for technical arguments.

A.7. Remark. — There’s also an analogue of Lemma A.6 with the roles of D and q9D
reversed. For every x ∈ J and n ⩾ 1, there’s an infinite sequence y0, y1, . . . ,∈ D such that y0
admits divided powers and

γ(n)q (x) = y0 +
∑
i⩾1

p−2(pi−1+···+1)(q − 1)(p−2)+iyi

holds in (D bZ Q)Jq − 1K. The proof is very similar to Lemma A.6: We write

γq(x) =

ˆ

γ(x) +
rpsq − p

p
δ(x)

˙

p

rpsq
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and rpsq = pu+ (q − 1)p−1. Then we use induction on n ⩾ 1. For the inductive step, we first
check that the operations γ(−), (u − 1)δ(−) and p−1(q − 1)p−1δ(−) all preserve expressions
of the desired form. Then we observe that u is a unit in ZpJq − 1K and so multiplication by
p/rpsq = u−1

∑
i⩾0 p

−iu−i(q − 1)(p−1)i also preserves expressions of the desired form.

A.8. The equivalence on q-de Rham complexes. — Suppose we’re given a p-completely
smooth Âp-algebra S together with a p-completely étale framing □ : Âp⟨T1, . . . , Td⟩ ! S. In
this case, the q-crystalline cohomology can be computed as a q-de Rham complex

RΓq9crys
`

S/ÂpJq − 1K
˘

» q9Ω˚
S/Âp,□

by rBS19, Theorem 16.22s. Similarly, it’s well-known that the crystalline cohomology is given
by the ordinary de Rham complex Ω˚

S/Âp
(recall that according to Convention A.3, all (q-)de

Rham complexes of the p-complete ring S will implicitly be p-completed). In this case, an
explicit isomorphism of complexes

`

q9Ω˚
S/Âp,□ bZ Q

˘∧
(q−1)

„=−!
`

Ω˚
S/Âp

bZ Q
˘

Jq − 1K

can be constructed as explained in rSch17, Lemma 4.1s: One first observes that, after rationali-
sation, the partial q-derivatives q9∂i can be computed in terms of the usual partial derivative
∂i via the formula

q9∂i =

˜

log(q)

q − 1
+
∑
n⩾2

log(q)n

n!(q − 1)
(∂iTi)

(n−1)

¸

∂i ;

see rBMS18, Lemma 12.4s. Here log(q) refers to the usual Taylor series for the logarithm around
q = 1. Noticing that the first factor is an invertible automorphism, one can then appeal to
the following general fact: If M is an abelian group together with commuting endomorphisms
g1, . . . , gd and commuting automorphisms h1, . . . , hd such that hi commutes with gj for i ̸= j
one always has an isomorphism Kos˚(M, (g1, . . . , gd)) „= Kos˚(M, (h1g1, . . . , hdgd)) of Koszul
complexes.(A.1)

We would like to show that this explicit isomorphism is compatible with the one constructed
in Lemma A.4. To this end, let’s put ourselves in a slightly more general situation: Instead of
a p-completely étale framing □ as above, let’s assume we’re given a surjection P ↠ S from a
p-completely ind-smooth Âp-algebra P , which is in turn equipped with a p-completely ind-étale
framing □ : Âp⟨xi | i ∈ I⟩! P for some (possible infinite) set I. Then Âp⟨xi | i ∈ I⟩ carries a
δ-Âp-algebra structure characterised by δ(xi) = 0 for all i ∈ I. By rBS19, Lemma 2.18s, this
extends uniquely to a δ-Âp-algebra structure on P . If J denotes the kernel of P ↠ S, we can
form the usual PD-envelope D := DP (J)

∧
p and the q-PD-envelope q9D as before. Furthermore,

we let Ω̆˚
D/Âp

and q9Ω̆˚
q9D/Âp,□

denote the usual PD-de Rham complex and the q-PD-de Rham
complex from rBS19, Construction 16.20s, respectively (both are implicitly p-completed).

A.9. Lemma. — With notation as above, there is again an explicit isomorphism of complexes

`

q9Ω̆˚
q9D/Âp,□ bZ Q

˘∧
(q−1)

„=−!
`

Ω̆˚
D/Âp

bZ Q
˘

Jq − 1K .

(A.1)We don’t require hi to commute with gi (and it’s not true in the case at hand).
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Appendix A. The q-de Rham complex

Proof. This follows from the same recipe as in A.8, provided we can show that the formula for
q9∂i in terms of ∂i remains true under the identification (q9D bZ Q)∧(q−1)

„= (D bZ Q)Jq − 1K
from the proof of Lemma A.4. But for every fixed n, the images of the diagonal maps in the
diagram

pP bZ QqJq − 1K

pq9D bZ Qq/(q − 1)n pD bZ QqJq − 1K/(q − 1)n
„=

are dense for the p-adic topology and for elements of (P bZ Q)Jq − 1K the formula is clear.

A.10. Lemma. — With notation as above, the following diagram commutes:

´

RΓq9crys
`

S/ÂpJq − 1K
˘

bL
Z Q

¯∧

(q−1)

´

RΓcrys

`

S/Âp
˘

bL
Z Q

¯

Jq − 1K

`

q9Ω̆˚
q9D/Âp,□ bZ Q

˘∧
(q−1)

`

Ω̆˚
D/Âp,□ bZ Q

˘

Jq − 1K

»

(A.4)

» »

„=

(A.9)

Here the left vertical arrow is the quasi-isomorphism from rBS19, Theorem 16.22s and the right
vertical arrow is the usual quasi-isomorphism between crystalline cohomology and PD-de Rham
complexes.

Proof. Let P • be the degreewise p-completed Čech nerve of Âp ! P and let J• ⊆ P • be the
kernel of the augmentation P • ↠ S. Let D• := DP •(J•)∧p be the PD-envelope and let q9D• be
the corresponding q-PD-envelope. Finally, form the cosimplicial complexes

M•,˚ := Ω̆˚
D•/Âp

and q9M•,˚ := q9Ω̆˚
q9D•/Âp,□ .

In the proof of rBS19, Theorem 16.22s it’s shown that the totalisation Tot(q9M•,˚) of q9M•,˚

is quasi-isomorphic to the 0th column q9M0,˚ „= q9Ω̆˚
q9D/Âp,□

, but also to the totalisation of the
0th row Tot(q9M•,0) „= Tot(q9D•). This provides the desired quasi-isomorphism

q9Ω̆˚
q9D/Âp,□ » Tot(q9M•,˚) » Tot(q9D•) » RΓq9crys

`

S/ÂJq − 1K
˘

.

In the exact same way, the quasi-isomorphism Ω̆˚
D/Âp

» RΓcrys(S/Âp) is constructed using the
cosimplicial complex M•,˚ in rStacks, Tag 07LGs. Applying Lemma A.9 column-wise gives
an isomorphism of cosimplicial complexes (q9M•,˚ bZ Q)∧(q−1)

„= (M•,˚ bZ Q)Jq − 1K. On 0th

columns, this is the isomorphism from Lemma A.9, whereas on 0th rows it is the isomorphism
from Lemma A.4. This proves commutativity of the diagram.

§A.2. The global q-de Rham complex

From now on, we no longer work in a p-complete setting, but we keep Convention A.3.

A.11. Doing §A.1 for all primes at once. — Fix n and put Nn :=
∏
ℓ⩽n ℓ

2(ℓn−1+···+ℓ+1),
where the product is taken over all primes ℓ ⩽ n. Now fix an arbitrary prime p and let P , D,
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and q9D be as in §A.1. We’ve verified that the map P ! q9D ! q9D/(q − 1)n bZ Q admits a
unique continuous extension

P q9D/(q − 1)n bZ Q

D

But in fact, Lemma A.6 shows that this extension already factors through N−1
n q9D/(q − 1)n,

no matter how our implicit prime p is chosen. This observation allows us to construct canonical
maps dRR̂p/Âp ! N−1

n q9dRR̂p/Âp/(q − 1)n for all animated rings R and all n ⩾ 0. Taking the
product over all p and the limit over all n allows us to construct a map

ˆ∏
p

q9dRR̂p/Âp bL
Z Q

˙∧

(q−1)

»
 −

ˆ∏
p

dRR̂p/Âp bL
Z Q

˙

Jq − 1K .

compatible with the one from Lemma A.4. This map is an equivalence as indicated, as one
immediately checks modulo q − 1.

A.12. Construction. — For all smooth A-algebras S, we construct the q-de Rham complex
of S over A as the pullback

q9ΩS/A
∏
p

q9ΩŜp/Âp

`

Ω˚
S/A bL

Z Q
˘

Jq − 1K
ˆ∏

p

Ω˚

Ŝp/Âp
bL

Z Q
˙

Jq − 1K

≒

Here the right vertical map is the one constructed in A.11 above.

Proof of Theorem A.1. We’ve constructed q9ΩS/A in Construction A.12. Functoriality is clear
since all constituents of the pullback are functorial and so are the arrows between them. Modulo
(q − 1), the pullback reduces to the usual arithmetic fracture square for ΩR/A, proving (a). By
construction, (q9ΩS/A)∧p » q9ΩŜp/Âp , and so (b) follows from rBS19, Theorem 16.18s. Part (c)
follows again from the construction.

For (d), suppose S is equipped with an étale framing □ : Arx1, . . . , xds ! S. The same
argument as in A.8 provides an isomorphism (q9Ω˚

S/A,□ bZ Q)∧(q−1)
„= (Ω˚

S/A bZ Q)Jq − 1K. The
compatibility check from Lemma A.10 now allows us to identify the pullback square for q9ΩS/A
with the usual arithmetic fracture square for the complex q9Ω˚

S/A,□, completed at (q − 1). This
shows q9ΩS/A » q9Ω˚

S/A,□, as desired.
For the additional assertion, it’s clear from the construction that a base change morphism

`

q9Ω−/A bL
A A

′˘∧
(q−1
−! q9Ω(−bAA′)/A′

exists and that it reduces modulo (q− 1) to the usual base change equivalence for the de Rham
complex. In particular, it must be an equivalence as well. This finishes the proof.
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A.13. Upgrade to derived commutative AJq − 1K-algebras. — Let us explain how to
lift the q-de Rham complex to a functor

q9Ω−/A : SmA −!
`

DAlgAJq−1K
˘∧
(q−1)

into the ∞-category of (q − 1)-complete derived commutative AJq − 1K-algebras. The key
observation is that all limits and colimits in derived commutative AJq − 1K-algebras can be
computed on the level of underlying E∞-AJq − 1K-algebras by rRak21, Proposition 4.2.27s.
Thus, by compatibility with pullbacks, it’ll be enough to lift the three components of the
pullback from Construction A.12 to derived commutative AJq − 1K-algebras. By compatibility
with cosimplicial limits, it’ll be enough to construct functorial cosimplicial realisations of ΩS/A,
ΩŜp/Âp , and q9ΩŜp/Âp .

For the latter two, the comparison with (q-)crystalline cohomology easily provides such
realisations. But the same trick works just as well for ΩS/A: Let P ↠ S be any surjection from
an ind-smooth-A-algebra (which can be chosen functorially; for example, take P := ArtTsus∈Ss),
form the Čech nerve P • of A! P , let J• ⊆ P • be the kernel of the augmentation P • ↠ S, and
let D• := DP •(J•) be its PD-envelope. Then ΩS/A » TotDP •(J•) holds by a straightforward
adaptation of the proof of rBS19, Theorem 16.22s: Namely, one considers the cosimplicial
complex

M•,˚ := Ω̆˚
D•/A

and checks that each column M i,˚ is quasi-isomorphic to M0,˚ (this is the Poincaré lemma)
and that each row M•,j for j > 0 is nullhomotopic (e.g. by rStacks, Tag 07L7s applied to the
cosimplicial ring D•).

In fact, this argument can be used to show something even better: Since the de Rham
complex Ω˚

S/A and its PD-variants Ω̆˚
DP• (J•)/A are commutative differential-graded A-algebras,

they define elements in Raksit’s ∞-category DG−DAlgA rRak21, Definition 5.1.10s, which gives
another construction of a derived commutative algebra structure on ΩS/A. But the argument
above shows that ΩS/A » TotDP •(J•) holds true as derived commutative A-algebras.
A.14. Derived global q-de Rham complexes. — We let q9dR−/A denote the animation
of q9Ω−/A. For all animated A-algebras R, we call q9dRR/A the derived q-de Rham complex of
R over A. By construction, it sits inside a pullback square

q9dRR/A
∏
p

q9dRR̂p/Âp

`

dRR/A bL
Z Q

˘

Jq − 1K
ˆ∏

p

dRR̂p/Âp bL
Z Q

˙

Jq − 1K

≒

where the right vertical map again comes from A.11. It’s still true that q9dR−/A/(q−1) » dR−/A
and that q9dR−/A lifts canonically to (q − 1)-complete derived commutative AJq − 1K-algebras
(this follows immediately from compatibility with colimits as explained in A.13).

However, in contrast to the p-complete situation, it’s no longer true that the values on smooth
A-algebras remain unchanged under animation (only the values on polynomial algebras do). In
fact, this already fails for the derived de Rham complex in characteristic 0. If q9dRR/A can be
equipped with a q-deformation of the Hodge filtration, this problem can be fixed by considering
the q-Hodge-completed derived q-de Rham complex q9d̂RR/A (see Proposition 3.47(a)).
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Appendix B. Habiro-completion
In this appendix we’ll study the Habiro completion functor (−)∧H := limm∈N(−)∧(qm−1) and show
that it behaves for all practical purposes like completion at a finitely generated ideal. We’ll
also study Habiro completion in the setting of solid condensed mathematics.

In the following, we’ll use the notion of killing an idempotent algebra, which is nicely reviewed
in rCS24, Lecture 13s.

B.1. Habiro-complete spectra. — Following Manin rMan10, §0.2s, let us denote the local-
isation Z

“

q±1, t(qm − 1)−1um∈N
‰

by R and let SR := S
“

q±1, t(qm − 1)−1um∈N
‰

be its obvious
spherical lift. Then SR is an idempotent algebra over Srq±1s and we define the ∞-category of
Habiro-complete spectra

ModSH(Sp)
∧
H ⊆ ModSrq±1s(Sp)

to be the full sub-∞-category obtained by killing the idempotent SR. That is, ModSH(Sp)
∧
H

consists of those M ∈ ModSrq±1s(Sp) such that HomSrq±1s(SR,M) » 0.
It’ll be apparent from Lemma B.2 below that the inclusion ModSH(Sp)

∧
H ⊆ ModSrq±1s(Sp)

has a left adjoint (−)∧H := limm∈N(−)∧(qm−1) which we call Habiro-completion. When applied to
the tensor unit, we obtain the spherical Habiro ring

SH := lim
m∈N

Srqs∧(qm−1) .

Note that q is already a unit in SH, so it doesn’t matter whether we complete Srqs or Srq±1s.
We let − b̂SH − denote the Habiro-completed tensor product in ModSH(Sp)

∧
H. We also let

D̂(H) ⊆ D(Zrq±1s) denote the full sub-∞-category of Habiro-complete objects and denote its
completed tensor product by − b̂L

H −.

B.2. Lemma. — For a Srq±1s-module spectrum M , the following conditions are equivalent.
(a) M is Habiro-complete.
(b) HomSrq±1s(SR,M) » 0.
(c) The canonical Srq±1s-module morphism

M −! lim
n⩾1

M/(q; q)n » lim
m∈N

M∧
(qm−1)

is an equivalence. Here (a; q)n := (1−a)(1−aq) · · · (1−aqn−1) denotes the q-Pochhammer
symbol, as usual.

(d) All homotopy groups πn(M), n ∈ Z, are Habiro-complete.

Proof. The proof is analogous to rStacks, Tag 091Ps. Equivalence of (a) and (b) follows
by definition of what it means to kill the idempotent SR. Condition (b) is equivalent to
M » HomSrq±1s(fib(Srq±1s! SR),M). Writing

fib
`

Srq±1s! SR
˘

» Σ−1 colim

ˆ

Srq±1s/(q; q)1
(1−q2)
−−−−! Srq±1s/(q; q)2

(1−q3)
−−−−! · · ·

˙

we see that this condition is equivalent to M » limn⩾1M/(q; q)n, thus (b) ⇔ (c). Finally, to
show (a) ⇔ (d), consider the Postikov filtration τ⩾⋆(M). This allows us to define a descending
filtration on HomSrq±1s(SR,M) via

fil⋆HomSrq±1s(SR,M) := HomSrq±1s

`

SR, τ⩾⋆(M)
˘

.
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This filtration is complete, because 0 » limn!∞ τ⩾n(M) can be pulled into HomSrq±1s(SR,−).
To show that the filtration is exhaustive, we need to check that M » colimn!−∞ τ⩾n(M) can
similarly be pulled into HomSrq±1s(SR,−). This works because SR is connective, whereas the
cofibres cofib(τ⩾n(M)!M) » τ⩽n−1(M) become more and more coconnective as n! −∞.

Since each πn(M) is already a Zrq±1s-module, the associated graded of this filtration is
given by

grnHomSrq±1s(SR,M) » HomSrq±1s

`

SR,Σnπn(M)
˘

» ΣnRHomZrq±1s

`

R, πn(M)
˘

.

Now R has a two-term resolution by free Zrq±1s-modules. For example, take

0 −!
à

i⩾0

Zrq±1s −!
à

i⩾0

Zrq±1s −! R −! 0 ,

where the first arrow sends (ai)i⩾0 7! (ai− (q; q)iai−1)i⩾0 (with a−1 := 0) and the second arrow
sends (ai)i⩾0 7!

∑
i⩾0 ai/(q; q)i. It follows that ΣnRHomZrq±1s(R, πn(M)) is concentrated in

homological degrees rn − 1, ns. Combined with the fact that the filtration is complete and
exaustive(B.1), we obtain short exact sequences

0 −! Ext1Zrq±1s

`

R, πn+1(M)
˘

−! πnHomSrq±1s(SR,M) −! HomZrq±1s

`

R, πn(M)
˘

−! 0

for all n ∈ Z. Therefore, HomSrq±1s(SR,M) vanishes if and only if RHomZrq±1s(R, πn(M))
vanishes for all n ∈ Z, which proves that M is Habiro-complete if and only if each πn(M) is.

We have the following “derived Nakayama lemma”.

B.3. Lemma. — Let M be a Habiro-complete spectrum. If M/Φm(q) » 0 for all m ∈ N,
then M » 0. If M is an ordinary Zrq±1s-module, the same conclusion is already true if the
quotients are taken in the underived sense.

Proof. By the usual derived Nayama lemma, if M/Φm(q) » 0, then M∧
Φm(q) » 0, hence

M∧
(qm−1) » 0. By Lemma B.2(c), this implies M » 0. Now suppose M is an ordinary Zrq±1s-

module such that the underived quotients M/Φm(q) vanish for all m ∈ N. We argue as in
rStacks, Tag 09B9s. The assumption implies that multiplication by (q; q)n is surjective on M
for all n ⩾ 1. It follows that the underived limit of

ˆ

M
(q;q)1
 −−−M

(q;q)2
 −−−M

(q;q)3
 −−− · · ·

˙

is non-zero. Then the derived limit is non-zero as well, which forces HomSrq±1s(SR,M) ̸» 0, so
M is not Habiro-complete.

B.4. Corollary. — Let M be a Habiro-complete spectrum and fix n ∈ Z. If πn(M/Φm(q)) „= 0
for all m ∈ N, then already πn(M) „= 0.

Proof. The underived quotient πn(M)/Φm(q) is a sub-Zrq±1s-module of πn(M/Φm(q)), so if
πn(M/Φm(q)) vanishes, then the underived quotient πn(M)/Φm(q) vanishes as well. If this is
happens for all m ∈ N, Lemma B.3 implies πn(M) „= 0, because πn(M) is Habiro-complete by
Lemma B.2(d).
(B.1)Alternatively, observe that the spectral sequence associated to the filtered spectrum fil⋆HomSrq±1s(SR,M)

collapses on the E2-page.
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B.5. Remark. — In Lemma B.3 and Corollary B.4, we could equally well replace tΦm(q)um∈N
by t(qm − 1)um∈N, or t(q; q)nun⩾1, or any set of polynomials in which each Φm(q) occurs as a
factor at least once.

To finish this appendix, we’ll show that bounded below Habiro-complete objects are closed
under the solid tensor product. To this end, let us first briefly review the (solid) condensed
formalism of Clausen–Scholze rCS24s.

B.6. Solid condensed recollections. — Let Cond(Sp) denote the ∞-category of (light)
condensed spectra, that is, hypersheaves of spectra on the site of light profinite sets as defined
by Clausen and Scholze rCS24s. The evaluation at the point (−)(˚) : Cond(Sp)! Sp admits a
fully faithful symmetric monoidal left adjoint (−) : Sp! Cond(Sp), sending a spectrum X to
the discrete condensed spectrum X.

One can develop a theory of solid condensed spectra along the lines of rCS24, Lectures 5–6s.
Let Null := cofib(Srt∞us! SrN∪t∞us) be the free condensed spectrum on a null sequence. Let
σ : Null! Null be the endomorphism induced by the shift map (−) + 1: N ∪ t∞u! N ∪ t∞u.
Recall that a condensed spectrum M is called solid if

1− σ˚ : HomS(Null,M)
»
−! HomS(Null,M)

is an equivalence, where HomS denotes the internal Hom in Cond(Sp). We let Sp■ ⊆ Cond(Sp)
denote the full sub-∞-category of solid condensed spectra. Then Sp■ is closed under all
limits and colimits. This implies that the inclusion Sp■ ⊆ Cond(Sp) admits a left adjoint
(−)■ : Cond(Sp) ! Sp■. It satisfies (M b N)■ » (M■ b N)■, which allows us to endow Sp■

with a symmetric monoidal structure, called the solid tensor product, via M b■N := (M bN)■.

B.7. Habiro-complete solid condensed spectra. — We can also define Habiro-complete
objects and Habiro completion inside ModSrq±1s(Sp■). To every ordinary Habiro-complete
spectrum M , we can associate a Habiro-complete solid condensed spectrum by taking the
condensed Habiro-completion of the associated discrete condensed spectrum M . By abuse of
notation, this Habiro-complete solid condensed spectrum will be denoted M again, and then
“M 7!M” defines a fully faithful functor

ModSH(Sp)
∧
H −! ModSH(Sp■) ,

which is still fully faithful, since it’s straightforward to check that the unit is still an equivalence.

B.8. Lemma. — The solidified tensor product − b■
SH − preserves bounded below Habiro-

complete objects. In particular, the fully faithful functor ModSH(Sp)
∧
H ! ModSH(Sp■) from B.7

is symmetric monoidal when restricted to bounded below objects.

Proof sketch. The proof is analogous to the proof that the solid tensor product preserves
bounded below p-complete objects (see rCS24, Lecture 6s or rBos23, Proposition A.3s), but let
us still sketch the argument.

First we claim that SH is idempotent in ModSrq±1s(Sp■). Indeed, each stage of the limit
SH » limn⩾1 Srq±1s/(q; q)n is a finite direct sum of copies of S. Limits of this form interact well
with the solid tensor product (as

∏
N S b■

∏
N S »

∏
N×N S) and we obtain

SH b■ SH » lim
m,n⩾1

´

Srq±1
1 s/(q1; q1)m b■ Srq±1

2 s/(q2; q2)n

¯

» lim
m∈N

Srq1, q2s∧(qm1 −1,qm2 −1) .
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Taking the solidified tensor product over Srq±1s instead amounts to identifying q1 and q2, which
implies SH b■

Srq±1s
SH » SH, as desired. A similar argument shows

∏
N S b■ SH »

∏
N SH, so

ModSH(Sp■) is compactly generated by shifts of
∏

N SH.
Now let M and N be bounded below and Habiro-complete. We wish to show that M b■

SH N
is Habiro-complete again. Using that Habiro-completion is a countable limit and thus commutes
with ω1-filtered colimits, we can reduce to the case where M and N are the Habiro-completions
of countable direct sums of the form

À

n∈N
∏
In

SH, where each In is countable as well. For
ease of notation, let us assume |In| = 1 for all n; the argument in the general case is exactly
the same. The Habiro completion of

À

n∈N SH can be written as
ˆ

à

n∈N
SH

˙∧

H
» colim

f : N!N,
f(n)!∞

∏
n∈N

(q; q)f(n)SH ,

where the colimit is taken over all functions f : N ! N such that f(n) ! ∞ as n ! ∞. It
follows that

M b■
SH N » colim

f, g : N!N,
f(n), g(n)!∞

∏
(m,n)∈N×N

(q; q)f(m)(q; q)g(n)SH .

Observe that (q; q)f(m)(q; q)g(n) divides (q; q)f(m)+g(n), because q-binomial coefficients are poly-
nomials in Zrqs. Moreover, for every h : N × N ! N such that h(m,n) ! ∞ as m + n ! ∞
there exist f, g : N! N such that f(n), g(n)!∞ and h(m,n) ⩾ f(m) + g(n) for all m, n. By
the same argument as for p-completions, it follows that the colimit above can be rewritten as

M b■
SH N » colim

h : N×N!N,
h(m,n)!∞

∏
(m,n)∈N×N

(q; q)h(m,n)SH »

ˆ

à

m∈N
SH b■

SH
à

n∈N
SH

˙∧

H
.
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