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Abstract. — As a consequence of Efimov’s proof of rigidity of the ∞-category
of localising motives rEfi-Rigs, Scholze and Efimov have constructed refinements
of localising invariants such as TC−. In this article we compute the homotopy
groups of the refined invariants TC−,refpku b Q/kuq and TC−,refpKU b Q/KUq.
The computation involves a surprising connection to q-de Rham cohomology. In
particular, it suggests a construction of a q-Hodge filtration on q-de Rham complexes
in certain situations, which can be used to construct a functorial derived q-Hodge
complex for many rings. This is in contrast to the no-go result from rWag24s, which
showed that such a q-Hodge complex (and thus also a q-Hodge filtration) cannot
exist in full generality.
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§1. Introduction

§1. Introduction
This article studies q-de Rham cohomology, refined TC−, and a surprising connection between
the two. This connection enables us to construct, for a certain full subcategory of rings, a
functorial q-Hodge filtration on derived q-de Rham cohomology, and to compute the homotopy
groups of TC−,refppku b Qq/kuq and TC−,refppKU b Qq/KUq.

We’ll first introduce the two main characters in §1.1 and §1.2, and then explain their relation
in §1.3. In §1.4, we’ll speculate on how this work should give rise to an interesting cohomology
theory for varieties over Q.

§1.1. q-de Rham and q-Hodge complexes
In the following, we’ll work over Z for simplicity. Everything in this subsection can (and will,
in the main body of the text) be developed over a Λ-ring A which is perfectly covered, meaning
that the Adams operations ψm : A! A are faithfully flat; equivalently, A admits a faithfully
flat Λ-map A! A∞ into a perfect Λ-ring (see rWag24, Remark 2.46s).

1.1. The q-de Rham complex. — For a polynomial ring Zrxs, one can define a q-derivative
(or Jackson derivative after rJac10s) q9∂ : Zrx, qs! Zrx, qs via

q9∂fpx, qq := fpqx, qq − fpx, qq

qx− x
.

For example, q9∂pxmq = rmsqx
m−1, where rmsq := 1 + q + · · · + qm−1 denotes the Gaussian

q-analogue of m. For a polynomial ring in several variables Zrx1, . . . , xns, one can similarly
define partial q-derivatives q9∂i for i = 1, . . . , n and organise them into a q-de Rham complex,
as was first done by Aomoto rAom90s.

In rSch17s, Scholze observed that, upon completing at pq − 1q, this construction can be
extended to more general situations as follows: Define a framed smooth Z-algebra to be a pair
pS,□q of a smooth algebra S over Z and an étale map □ : ZrT1, . . . , Tns! S. Scholze shows
that the partial q-derivatives can be extended to maps q9∂i : SJq − 1K ! SJq − 1K. Putting
q9∇ :=

∑n
i=1 q9∂i dxi, one can then construct a pq − 1q-complete q-de Rham complex

q9Ω˚
S/Z,□ :=

´

SJq − 1K q9∇
−−! Ω1

S/ZJq − 1K q9∇
−−! · · · q9∇

−−! Ωn
S/ZJq − 1K

¯

.

This is a q-deformation of the usual de Rham complex in the sense that q9Ω˚
S/Z,□/pq−1q „= Ω˚

S/Z.
In general, q9Ω˚

S/Z,□ is not just a completed base change Ω˚
S/Z b̂Z ZJq − 1K.

As a complex, q9Ω˚
S/Z,□ depends on the choice of étale coordinates □. However, Bhatt and

Scholze proved that as an object in the derived category DpZJq − 1Kq, q9Ω˚
S/Z,□ is independent

of □. More precisely, they showed that there exists a functor

q9Ω−/Z : SmZ −! CAlg
´

D̂pq−1q

`

ZJq − 1K
˘

¯

such that q9ΩS/Z » q9Ω˚
S/Z,□ for all framed smooth Z-algebras pS,□q. The essential step rBS19,

Theorem 16.22s is to identify the p-completion pq9Ω˚
S/Z,□q∧

p with the prismatic cohomology
∆Ŝprζps/ZpJq−1K of Ŝprζps relative to the q-de Rham prism pZpJq − 1K, prpsqqq. Here ζp denotes a
pth root of unity and q 7! ζp. Using the p-complete result, one can construct the global q-de
Rham complex functor q9Ω−/Z in a more or less formal way; we’ll explain this in the appendix
to this paper, in §A.
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§1. Introduction

1.2. The q-Hodge filtration. — It’s a natural question whether the q-de Rham complex
can be equipped with a q-analogue of the Hodge filtration. For a framed smooth Z-algebra
pS,□q, there’s an obvious guess: We could define Filiq9Hdg q9Ω˚

S/Z,□ to be the complex
´

pq − 1qiSJq − 1K! pq − 1qi−1Ω1
S/ZJq − 1K! · · ·! Ωi

S/ZJq − 1K! · · ·! Ωn
S/ZJq − 1K

¯

.

This q-Hodge filtration is a q-deformation of the Hodge filtration on the usual de Rham complex
in the sense that Fil˚q9Hdg q9Ω˚

S/Z,□/pq− 1q „= Fil˚Hdg Ω˚
S/Z, where the quotient is taken in filtered

abelian groups, with pq − 1q in filtration degree 1.
The question then becomes: Can this filtration be made functorial as well? As it turns

out, this is most likely not the case. To formulate a precise objection, let us introduce another
construction: The q-Hodge complex of pS,□q is the complex

q9Hdg˚
S/Z,□ :=

ˆ

SJq − 1K
pq−1q q9∇
−−−−−−! Ω1

S/ZJq − 1K
pq−1q q9∇
−−−−−−! · · · pq−1q q9∇

−−−−−−! Ωn
S/ZJq − 1K

˙

given by multiplying all the differentials in the de Rham complex by pq − 1q. Observe that if
the q-Hodge filtration could be made functorial, then the same would be true for the q-Hodge
complex, as it can also be obtained as

q9Hdg˚
S/Z,□

„= colim
ˆ

Fil0q9Hdg q9Ω˚
S/Z,□

pq−1q
−−−! Fil1q9Hdg q9Ω˚

S/Z,□
pq−1q
−−−! · · ·

˙∧

pq−1q

.

The q-Hodge complex was first introduced (with different notation) by Pridham rPri19s and
was studied by the second author in rWag24s, where the following result was shown:

1.3. Theorem (see rWag24, Theorems 4.28 and 5.1s). — Let pS,□q be a framed smooth
Z-algebra and let q9WmΩ˚

S/Z denote the mth q-de Rham–Witt complex as introduced in rWag24,
Definition 3.13s.
paq For every m ∈ N the cohomology of q9Hdg˚

S/Z,□/pqm − 1q is independent of the choice of
□. More precisely, there’s an isomorphism of differential-graded Zrqs-algebras

H˚
`

q9Hdg˚
S/Z,□/pqm − 1q

˘

„=
`

q9WmΩ˚
S/Z

˘∧
pq−1q

,

where the differential on the left-hand side is the Bockstein differential. Under this
isomorphism, for all d | m the projection q9Hdg˚

S/Z,□/pqm − 1q ! q9Hdg˚
S/Z,□/pqd − 1q

induces the Frobenius on q-de Rham–Witt complexes.
pbq pS,□q 7! q9Hdg˚

S/Z,□ cannot be extended to a functor q9Hdg−/Z : SmZ ! D̂pq−1qpZJq− 1Kq

in such a way that the identifications from (a) also become functorial.

Theorem 1.3 is by all means a weird result. Part (a) promises functoriality and a wealth of
extra structure. But then part (b) shows that functoriality of the q-Hodge complex (and thus of
the q-Hodge filtration) is impossible, at least not in a way compatible with the extra structure.

1.4. Remark. — It’s not known to the authors whether the q-Hodge complex can be made
functorial in a way that’s incompatible with the extra structure, but we consider this unlikely.

In this article, we would like to propose the following partial fix for this lack of functoriality.
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§1.1. q-de Rham and q-Hodge complexes

1.5. The q-Hodge filtration, revisited. — In the following, dR−/Zp
denotes the p-complete

derived de Rham complex (that is, the p-completed non-abelian derived functor of the de Rham
complex), Fil˚Hdg dR−/Zp

its derived Hodge filtration, and q9dR−/Zp
denotes the p-complete

derived q-de Rham complex.
Let R be a p-torsion free p-complete ring which is a quasiregular quotient over Zp and

such that the Frobenius on R/p is semiperfect. We’ll introduce the technical terms in 3.1; for
now, we remark that these assumptions ensure that dRR/Zp

and q9dRR/Zp
are actual rings and

Fil˚Hdg dRR/Zp
is a filtration of dRR/Zp

by a descending chain of ideals. After pq− 1q-completed
rationalisation, the q-de Rham complex becomes a base change of the de Rham complex (see
Lemma A.3) and so

q9dRR/Zp
b̂ZJq−1K QJq − 1K »

`

dRR/Zp
bZ Q

˘

Jq − 1K .

Observe that the left-hand side carries two filtrations: The Hodge filtration and the pq− 1q-adic
filtration. We can combine both of them into one and then define:

1.6. Definition. — The q-Hodge filtration Fil˚q9Hdg q9dRR/Zp
is the preimage of the combined

Hodge- and pq − 1q-adic filtration under q9dRR/Zp
! pdRR/Zp

bZ QqJq − 1K. The derived
q-Hodge complex of R over Zp is the ring

q9HdgR/Zp
:= colim

´

Fil0q9Hdg q9dRR/Zp

pq−1q
−−−! Fil1q9Hdg q9dRR/Zp

pq−1q
−−−! · · ·

¯∧

pp,q−1q
.

A priori, it seems outrageous to hope that Fil˚q9Hdg q9dRR/Zp
would be a well-behaved

construction, and indeed, usually, it’s not true that the q-Hodge filtration is a q-deformation of
the Hodge filtration. For example, this provably fails if R is a p-torsion free perfectoid ring
(that’s essentially how Theorem 1.3(b) is proved). However, we’ll show the following:

1.7. Theorem (Theorem 3.10(b)). — Suppose that, in addition to the assumptions of 1.5,
R admits a lift to a p-complete E1-ring spectrum SR such that R » SR b̂Sp Zp. Then
Fil˚q9Hdg q9dRR/Zp

is a q-deformation of the Hodge filtration Fil˚Hdg dRR/Zp
.

1.8. Remark. — Let us stress that Fil˚q9Hdg q9dRR/Zp
is completely functorial in R. The

choice of a lift SR is not part of the functoriality and the condition from Theorem 1.7 is really
just an existence condition.

1.9. Remark. — Thanks to Burklund’s breakthrough on the existence of E1-structures on
quotients rBur22s, it’s easy to construct examples of rings R that satisfy the condition. For
example, if B is a p-complete perfect δ-ring and px1, . . . , xrq is a Koszul-regular sequence in B
such that B/px1, . . . , xrq is p-torsion free, then R „= B/pxα1

1 , . . . , xαr
r q admits such a lift SR as

soon as αi ⩾ 2 for all i.(1.1) We’ll explain how this works in 3.11.
Let us also remark the following curious consequence: If R „= Ainf/d is a perfectoid ring,

then we’ve claimed above that the q-Hodge is ill-behaved. However, it becomes well-behaved as
soon as one passes to the nil-thickenings Ainf/d

α, α ⩾ 2.

(1.1)This assumes p ⩾ 3. In the case p = 2, we need all αi to be even and ⩾ 4 for Burklund’s result to apply.
Interestingly, the conclusion of Theorem 1.7 is still true for p = 2 if we only assume αi ⩾ 2. This will be shown
in Theorem 3.10(a).
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§1. Introduction

In the situation of Remark 1.9, everything can be made explicit: The derived q-de Rham
complex is the prismatic envelope

q9dRR/Zp
» BJq − 1K

"

ϕpxα1
1 q

rpsq
, . . . ,

ϕpxαr
r q

rpsq

*∧

pp,q−1q

and the q-Hodge filtration is the preimage of the pxα1
1 , . . . , xαr

r , q − 1q-adic filtration on the
completed rationalisation. If γp−q := p−qp/p denotes the p-adic divided power, then q9dRR/Zp

contains lifts of the iterated divided powers γpnqpxαi
i q for all n ⩾ 0. What Theorem 1.7 essentially

says in this case is that if αi ⩾ 2 then we can always find such a lift that also lies in the ideal
pxα1

1 , . . . , xαr
r , q − 1qp

n after completed rationalisation.
It’s possible to give an elementary proof of Theorem 1.7 in this case and we’ll do so in §5.3.

For general R, we’ll derive Theorem 1.7 instead from a homotopy-theoretical result. We let
ku and KU denote the connective and the periodic complex K-theory spectrum. We also let
β ∈ π2pkuhS1

q is the Bott element and t ∈ π−2pkuhS1
q the complex orientation generator for

which 1 + βt classifies the standard representation of S1 on C.

1.10. Theorem (Theorem 3.22). — Let kuR := pku b SRq∧
p and KUR := pKU b SRq∧

p . Then
the spectra TC−pkuR/kuq∧

p and TC−pKUR/KUq∧
p are concentrated in even degrees and their

even homotopy groups are given as follows:

π2˚

`

TC−pkuR/kuq∧
p

˘

„= Fil˚q9Hdg q9d̂RR/Zp
, π2˚

`

TC−pKUR/KUq∧
p

˘

„= q9HdgR/Zp
rβ±1s .

Here q9d̂RR/Zp
denotes the completion of the q-de Rham complex at the q-Hodge filtration and

the isomorphisms identify q − 1 = βt.

1.11. The q-de Rham complex and ku. — The connection between ku and q-de Rham
cohomology(1.2), of which Theorem 1.10 is an instance, was discovered by Arpon Raksit. In
unpublished work, reviewed in rDM23, Remark 4.3.24s, he showed

gr0
ev TP

`

kurxs/ku
˘

» q9Ω˚
Zrxs/Z,□ and gr0

ev TC−`KUrxs/KU
˘

» q9Hdg˚
Zrxs/Z,□ .

Here gr0
ev refers to the 0th graded piece of the even filtration as introduced in rHRW22s and

□ : Zrxs! Zrxs is the identical framing.
To the authors’ knowledge, this computation doesn’t imply Theorem 1.10 yet. Instead, the

heart of our proof is another unpublished result, which we learned from Arpon Raksit, who in
turn learned it from Thomas Nikolaus: There exists an S1-equivariant equivalence of E1-ring
spectra

THH
`

Zprζps/SJq − 1K
˘∧
p

»
−! τ⩾0

`

kutCp
˘

(see Theorem 3.18). This equivalence allows us to construct a map

ψ
p1q

R : TC−`Rrζps/SJq − 1K
˘∧
p
−! TPpkuR/kuq∧

p

(see 3.19). Via the rBMS19s-approach to prismatic cohomology, one can show that the left-hand
side computes the q-de Rham cohomology of R, except with a Frobenius twist and completed at

(1.2)We wish to propose the following slogan for this connection: “q-de Rham cohomology is the de Rham
cohomology of a lift along ku ! Z”, similar to how crystalline cohomology is the de Rham cohomology of a lift
along Zp ! Fp. Here “de Rham cohomology over ku” is realised as TC−

p−/kuq or TPp−/kuq, equipped with
their even filtrations.
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§1.2. Refined THH and TC−

the Nygaard filtration. The rest of the proof of Theorem 1.10 proceeds as follows: We massage
this map until its domain is really q9dRR/Zp

, then we verifiy that it is an equivalence up to
completion at some filtration (which can be done modulo pq − 1q), and finally we identify the
filtration (via comparison with the rationalisation).

1.12. Higher chromatic deformations? — In fact, for the purpose of Raksit’s computation,
there’s nothing special about ku. For any even periodic E∞-ring spectrum E with connective
cover e » τ⩾0pEq, Raksit computes gr0

ev TPperxs/eq to be a certain deformation of Ω˚
Zrxs/Z

attached to the formal group law of E, and gr0
ev TC−pErxs/Eq is again a “Hodge-variant” of

this. As for the q-de Rham complex and the q-Hodge complex in 1.1 and 1.2, these deformations
depend on a choice of coordinates, so it’s not clear whether they can be defined functorially.
But we suspect that they show up in the picture that we’ll sketch in §1.4 (see 1.22 specifically).

§1.2. Refined THH and TC−

In the following, we use the notation and conventions for symmetric monoidal ∞-categories
from 1.25. Recall the following notion due to Gaitsgory and Rozenblyum (see rGR17, Defini-
tion I.9.1.2s, which is different but equivalent):

1.13. Definition. — A presentable stable symmetric monoidal ∞-category E is rigid if the
following two conditions are satisfied:
paq The tensor unit 1 ∈ E is compact.
pbq E is generated under colimits by objects of the form X » colimpX1 ! X2 ! · · · q, where

each Xn ! Xn+1 is trace-class, that is, induced by a morphism 1! X∨
n+1 bXn (see §2.2).

A deep result of Efimov rEfi-Rigs shows that whenever E is rigid, the ∞-category Motloc
E of

localising motives over E (introduced in rBGT16s) is rigid as well. The following construction,
due to Scholze and Efimov, uses this to construct refinements of localising invariants. As we’ll
see, these refinements often contain a lot more information than the original invariant.

1.14. Refined localising invariants. — Suppose E : Motloc
E ! D is a symmetric monoidal

localising invariant whose target is not rigid. Then there exists a unique localising invariant
Eref that fits into a diagram

Motloc
E D

Drig

E

Eref

where Drig ! D is the universal functor from a rigid symmetric monoidal ∞-category. We call
Eref the refined invariant of E.

If k is an E∞-ring spectrum, we can consider E » ModkpSpq. Then topological Hochschild ho-
mology relative to k, THHp−/kq : Motloc

k ! ModkpSpqBS1 is an example of a localising invariant
with rigid source but non-rigid target. We let THHrefp−/kq denote its refinement. In this case
the ridificitation pModkpSpqBS1

qrig is the ∞-category of nuclear objects in IndpModkpSpqBS1
q,

as introduced in Definition 2.8.(1.3) If k is complex orientable and t ∈ π−2pkhS1
q is a complex

(1.3)Here we use that ModkpSpq
BS1

is locally rigid: Its tensor unit isn’t compact, but ModkpSpq
BS1

still satisfies
Definition 1.13(b), because it is compactly generated and all compact objects are dualisable. In general, Drig is
not NucpIndpDqq, but its full sub-∞-category generated under colimits by Q⩾0-indexed diagrams in which all
transition maps are trace-class.
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§1. Introduction

orientation generator, then taking S1-fixed points induces a symmetric monoidal equivalence

p−qhS1 : ModkpSpqBS1 »
−! Mod

khS1 pSpq∧
t

between k-modules with S1-action and t-complete khS1-modules (see Lemma 4.7). Scholze
and Efimov then define the refined TC− relative to k, TC−,refp−/kq, to be the composi-
tion of THHrefp−/kq with this equivalence. This identifies the rigidification of ModkpSpqBS1

with Efimov’s ∞-category NucpkhS1
q of nuclear khS1-modules, defined as the full sub-∞-

category of IndpMod
khS1 pSpq∧

t q generated under colimits by sequential ind-objects of the form
“colim”pM1 !M2 ! · · · q such that each Mn !Mn+1 is trace-class.

1.15. Remark. — The refinement procedure from 1.14 offers a lot of flexibility, even if
we stick to THH, since the refinement is very sensitive to the choice of E . For example, if
C is a complete non-archimedean algebraically closed field, one can look at the refinement
THHref

/OC
p−;Zpq of the functor

THHp−;Zpq : Motloc
OC
−! ModTHHpOC ;Zpq

`

SpBS1˘∧
p

;

that is, we refine (p-completed) absolute THH, but only accept motives over OC as input.(1.4)

Scholze and Efimov rSch24s have sketched a computation of THHref
/OC

pC;Zpq (or TC−,ref
/OC

pC;Zpq,
which is equivalent by Lemma 4.7), by reducing the problem to the known computation of
THHpOC/p

α;Zpq for all α ⩾ 1.
The result is still vastly different from THHrefpC;Zpq, where we would allow all localising

motives as input—which brings us to the main question that motivated this work.

§1.3. What’s THHref
pQq?

We’ll explain in §1.4 why the answer to this question should be interesting, but let us already
remark that it has to be non-trivial: While THHpQq » Q, one has THHrefpQq∧

p ̸» 0 for all
primes p. Indeed, this follows fromTheorem 1.19, but also from Scholze’s and Efimov’s result
in Remark 1.15. But actually computing THHrefpQq, or just its p-completions, is a highly
non-trivial task: We’ll explain in §4.1 how to reduce this to a computation of THHpS/pαq for
all sufficiently large α, but computing these spectra seems out of reach.

Scholze and Efimov have suggested that a more approachable goal would be to compute
the base change THHrefpQq b MU » THHrefppMU b Qq/MUq and then to attack the original
question—to the extent in which that’s possible—via Adams–Novikov descent. Since MU is
complex orientable, this contains the same information as TC−,refppMU b Qq/MUq. While we
still don’t know what happens for MU, the purpose of this article is to give an answer for ku.
To formulate the result, we need the notion of killing a pro-idempotent algebra, which we review
in §2.3, as well as the following ad-hoc construction.

1.16. More q-Hodge filtrations. — We wish to define a q-Hodge filtration on q9dRpZ/pαq/Zp

(since Z/pα is not p-torsion free, it doesn’t fall within the scope of 1.5). Let Zptxu∞ be the
free p-complete perfect δ-ring on a generator x and let Zptxu∞ ! Zp be the unique δ-ring map
sending x 7! p. Then Z/pα » Zptxu∞/x

α b̂L
Zptxu∞

Zp, and so it makes sense to define

Fil˚q9Hdg q9dRpZ/pαq/Zp
:= Fil˚q9Hdg q9dRpZptxu∞/xαq/Zp

b̂L
Zptxu∞Jq−1K ZpJq − 1K .

(1.4)Historically, THHref
/OC

p−;Zpq is the first refined invariant considered by Scholze and Efimov.
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§1.3. What’s THHrefpQq?

For α ⩾ 2 (the case p = 2 needs α even and ⩾ 4), this is a reasonable object, as Theorem 1.7
and Remark 1.9 show that it’s a q-deformation of the usual Hodge filtration on dRpZ/pαq/Zp

.
For an arbitrary m ∈ N with prime factorisation m =

∏
p p

αp , we put

Fil˚q9Hdg q9dRpZ/mq/Z :=
∏
p

Fil˚q9Hdg q9dRpZ/pαp q/Zp
.

One can then also define the q-Hodge completed derived de Rham complex q9d̂RpZ/mq/Z and
the derived q-Hodge complex q9HdgpZ/mq/Z.

1.17. Theorem (Theorem 4.20). — TC−,refppku b Qq/kuq and TC−,refppKU b Qq/KUq are
concentrated in even degrees. Moreover, their even homotopy groups are described as follows:
paq π2˚ TC−,refppku b Qq/kuq „= A˚

ku, where A˚
ku is the idempotent nuclear graded ZrβsJtK-

algebra obtained by killing the pro-idempotent “lim”m∈N Fil˚q9Hdg q9d̂RpZ/mq/Z.

pbq π2˚ TC−,refppKU b Qq/KUq „= AKUrβ±1s, where AKU is the idempotent nuclear ZJq − 1K-
algebra obtained by killing the pro-idempotent “lim”m∈N q9HdgpZ/mq/Z.

1.18. Remark. — Burklund rBur22s showed that there exists a compatible system of E1-
structures on S/m for m ranging through a coinitial subset of Nop, where N is the poset of
positive integers ordered by divisibility. Then TC−,refppku b Qq/kuq itself is the idempotent
nuclear kuhS1-algebra obtained by killing the pro-idempotent “lim”TC−ppku b S/mq/kuq. This
is more or less formal, except for the following input: For fixed m0, the base change functor

− bS/m S/m0 : RModS/mpSpq −! RModS/m0pSpq

is trace-class as a morphism in the ∞-category PrL
S,ω of stable compactly generated ∞-categories

and left adjoint functors that preserve compact objects. We’ll explain the argument in §4.1.
An analogous conclusion holds for TC−,refppKU b Qq/KUq.

After that, the proof of Theorem 1.17 essentially reduces to a computation of the homotopy
groups π˚ TC−ppku b S/mq/kuq, and then further to the case where m = pα is a prime power.
This is the origin of the constructions in §1.1: We realised that the S1-equivariant E1-equivalence
THHpZprζps/SJq − 1Kq∧

p » τ⩾0pkutCpq constructed by Thomas Nikolaus could be used to show
that π0 TPppku/pαq/kuq is the derived q-de Rham complex of Z/pα, completed at some filtration.
An investigation of that filtration and a generalisation of our argument then naturally lead us
to Definition 1.6 and Theorem 1.7.

Theorem 1.17 provides a description of the desired homotopy rings, but it relies on the
q-Hodge filtrations on q9dRpZ/pαq/Zp

. In §5.3, we’ll show that these guys can be explicitly
understood. This leads to a much more explicit description of A˚

ku and AKU in terms of
rings of overconvergent functions on certain adic spaces. For simplicity, we’ll work with
TC−,refppku∧

p b Qq/ku∧
p q and TC−,refppKU∧

p b Qq/KU∧
p q instead. Let us first formulate the

result for KU∧
p , as it is easier to state. We put

AKU,p := π0 TC−,ref`pKU∧
p b Qq/KU∧

p

˘

,

so π2˚ TC−,refppKU∧
p b Qq/KU∧

p q „= AKU,prβ
±1s. Let also X := SpaZpJq − 1K ∖ tp = 0, q = 1u

be the “Tate locus”(1.5) where p or q− 1 is invertible. Then AKU,p has the following description,
confirming a conjecture of Scholze and Efimov.

(1.5)Following Clausen–Scholze, we’ll call an adic space Tate (rather than analytic) if, locally, there exists a
topologically nilpotent unit.

9



§1. Introduction

1.19. Theorem. — Let Z ⊆ X denote the union of the closed subsets SpapFpppq−1qq,FpJq−1Kq

and SpapQppζpnq,Zprζpnsq for all n ⩾ 0. Let Z† denote the overconvergent neighbourhood of Z
in X and OpZ†q the nuclear ZpJq − 1K-algebra of overconvergent functions on Z. Then

AKU,p „= OpZ†q .

In Fig. 1 we show a picture of Z†. It should be reminiscent of Scholze’s famous prismatic pic-
ture (a nice depiction of which can be found in rHN20, p. 4s), but the rays are “overconvergently
blurred” and the “origin” tp = 0, q = 1u has been removed.

p = 0

q
=

1

q
=
ζ p

q
=
ζ p

2

q =
ζ p3

Figure 1: The analytic spectrum of AKU,p „= OpZ†q.

Since Z† visibly contains the entire infinitesimal neighbourhood of tp = 0u except for
the “origin”, we see that TC−,refppKU∧

p b Qq/KU∧
p q∧
p ̸= 0. In particular, it follows that

THHrefpQq∧
p ̸» 0, as we’ve claimed above.

To formulate a similar geometric result for ku∧
p , consider the ungraded ring Zrβ, ts∧

pp,tq with
its pp, tq-adic topology. We wish to encode the graded pp, tq-complete ring ZprβsJtK in terms
of an action of Gm on SpaZrβ, ts∧

pp,tq, as usual—but we have to be careful: Since we wish
that t is a topologically nilpotent elements in non-zero graded degree, we can only act by
units u “of norm |u| = 1”. More precisely, we have to replace Gm by the “adic unit circle”
T := SpapZru±1s,Zru±1sq.

With this modification, everything works (as we’ll elaborate in §5.2): Declaring β and t to
have degree 2 and −2, respectively, determines an action of T on SpaZrβ, ts∧

pp,tq, and we can
identify ZprβsJtK with the structure sheaf on pSpaZrβ, ts∧

pp,tqq/T, where the quotient is always
taken in the derived (or “stacky”) sense. We also let X˚ := SpaZrβ, ts∧

pp,tq ∖ tp = 0, βt = 0u.
Since p and βt are homogeneous, X˚ inherits an action of T. Putting

A˚
ku,p := π2˚ TC−,ref`pku∧

p b Qq/ku∧
p

˘

,

we see that A˚
ku,p is a graded ZprβsJtK-module, hence we can regard it as a quasi-coherent sheaf

on pSpaZrβ, ts∧
pp,tqq/T. As we’ll see, it is already a sheaf on the open substack X˚/T. Then

A˚
ku,p can be described as follows:
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§1.4. Synthesis: A new cohomology theory for Q-varieties

1.20. Theorem. — Let Z˚ ⊆ X˚ be union of the T-equivariant closed subsets tp = 0u and
trpnskuptq = 0u for all n ⩾ 0, where rpnskuptq := pp1 + βtqp

n − 1q/β denotes the pn-series of the
formal group law of ku. Let Z˚,† denote the overconvergent neighbourhood of Z˚. Then Z˚,†

inherits a T-action and
A˚

ku,p
„= OZ˚,†/T .

§1.4. Synthesis: A new cohomology theory for Q-varieties
Let us end with a bit of speculation. It should be possible to adapt the formalism of even
filtrations from rHRW22s to TC−,refp−/kuq. For a smooth variety X over Q, the graded
pieces gr˚

ev TC−,refppku bXq/kuq should define a cohomology theory RΓkupXq together with a
filtration Fil˚ RΓkupXq. Morally, this should be the “q-Hodge-filtered q-de Rham cohomology
of X”.(1.6) Similarly, we can also put a filtration on TC−,refp−/KUq. By 2-periodicity, the
information contained in the associated graded is already fully captured by the 0th graded
piece gr0

ev TC−,refppKU b Xq/KUq =: RΓKUpXq. Morally, RΓKUpXq should be the “q-Hodge
cohomology of X”.

These cohomology theories could be very interesting: Even though the input X is rational,
their output will also contain non-trivial p-complete information. This article can be viewed as
a computation of the coefficients of Fil˚ RΓkup−q and RΓKUp−q.

1.21. Relation to q-de Rham/q-Hodge cohomology — We expect that for a framed
smooth Z-algebra pS,□q as in 1.1, the value of Fil˚ RΓkup−q on the generic fibre SQ := S bZ Q
should be

Fil˚ RΓkupSpecSQq » Fil˚q9Hdg q9Ω˚
S/Z,□ bL■

ZrβsJtK A˚
ku

where the coordinate-dependent q-Hodge filtration is defined as in 1.2. Similarly, we expect

RΓKUpSpecSQq » q9HdgS/Z,□ bL■
ZJq−1K AKU

The philosophy is that after base change to the “period rings” A˚
ku and AKU, the constructions

from 1.2 become functorial, but also only depend on the generic fibre. We hope to study these
questions in future work.

But let us already point out that Fil˚ RΓkup−q is still far from the finest possible information
that one can squeeze out of refined THH.

1.22. Higher chromatic refinements. — First off, a finer cohomology theory should arise
from working with TC−,refp−/MUq, or directly with the absolute THHrefp−q. We would be very
interested in seeing the calculation for MU or any higher chromatic base like BP⟨n⟩ or En. The
heart of our approach is the S1-equivariant E1-equivalence THHpZprζps/SJq−1Kq∧

p » τ⩾0pkutCpq

from 1.11. This has conjectural higher chromatic analogues (see rDev23, Conjecture 2.2.18s),
but even assuming those its not clear to us how to proceed. It would also be nice to see Raksit’s
deformed de Rham complexes from 1.12 appear.

We should also point out that THHrefpQq is an E∞-algebra over the K-theory spectrum
KpQq, which vanishes upon Kpnq-localisation for n ⩾ 2. Due to the delicate nature of the
refinement, this doesn’t mean that the answer over a higher chromatic base would be trivial,

(1.6)Note that the naive q-de Rham cohomology of Q-varieties (obtained, for example, by applying Theorem A.1
for A = Q) would just be a pq − 1q-completed base change of ordinary de Rham cohomology. So RΓkupXq also
gives a non-trivial answer to what the q-de Rham cohomology of X is supposed to be.
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§1. Introduction

and TC−,refp−/MUq should still contain strictly more information than TC−,refp−/kuq, but
that information will necessarily be rather subtle.

1.23. Habiro refinements. — There’s another direction in which the theory can be refined:
THHp−q naturally takes values in the ∞-category CycSp of cyclotomic spectra, so we can lift
its refinement THHrefp−q to a functor with values in the rigidification pCycSpqrig. This doesn’t
work over ku, since ku is not a cyclotomic base.(1.7)

However, already over ku, we can take into account that the S1-action on THHp−/kuq can
be enhanced to a genuine action with respect to the finite subgroups Cm ⊆ S1. In particular,
for all m ∈ N, we can consider the symmetric monoidal functor

`

THHp−/kuqΦCm
˘hpS1/Cmq : Motloc

ku −! Mod
pkuΦCm qhpS1/CmqpSpq∧

pqm−1q/β

given by first taking geometric Cm-fixed points and then the usual homotopy fixed points for
the residual S1/Cm-action. These functors can then be fed into the refinement machine from
1.14. Via the resulting refinements, we expect that RΓKUp−q naturally descends from ZJq − 1K
to the Habiro ring H := limm∈N Zrqs∧

pqm−1q
. In particular, its ring of coefficients AKU should

admit a Habiro descent AKU satisfying AKU „= AKU b■
H ZJq − 1K.

In rW-Habs, we’ll show that whenever the q-Hodge filtration is a q-deformation of the Hodge
filtration, q9HdgR/Z admits a functorial descent to the Habiro ring. This descent satisfies a
derived analogue of Theorem 1.7 and a version of Theorem 1.10 for the functors above (more
precisely, a version for genuine Cm-fixed points).

§1.5. Overview of this article

1.24. Leitfaden. — §2 is a collection of technical results that will be needed later. In §3 we
study the q-Hodge filtration on q-de Rham cohomology and the derived q-Hodge complex: §3.1
contains the constructions. In §3.2 we show that the q-Hodge filtration is often a q-deformation
of the Hodge filtration and explain the connection to ku. In §§3.3–3.4 we study some formal
properties of the q-Hodge filtration/complex and explain how to globalise the constructions
(that is, define them over Z rather than Zp).

In §4, we compute π˚ TC−,refppku b Qq/kuq and π˚ TC−,refppKU b Qq/KUq. In §4.1 we
explain how, in general, the computation of THHrefppk b Qq/kq reduces to a computation of
THHppk b S/pαq/kq. In §4.2 we do the computation for k = ku and k = KU. Finally, in §5, we
make the q-Hodge filtration on q9dRpZ/pαq/Zp

explicit enough to derive the simpler descriptions
of Theorems 1.19 and 1.20.

1.25. Notation and conventions. — Throughout the article, we’ll use the following
notation and conventions:
paq ∞-categories. We freely use the language of ∞-categories. We let Sp denote the ∞-

category of spectra. For an ordinary ring R, we let DpRq denote the derived ∞-category
of R. We often implicitly regard objects of DpRq as spectra via the Eilenberg–MacLane
functor H, but we’ll always suppress this functor in our notation. For a stable ∞-category
C, we let HomCp−,−q denote the mapping spectra in C. The shift functor and its inverse
will always be denoted by Σ and Σ−1 (even for DpRq), to avoid confusion with shifts in
graded or filtered objects.

(1.7)But it could be interesting over MU.
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§1.5. Overview of this article

pbq Symmetric monoidal ∞-categories. If no confusion can occur, we denote the tensor
unit by 1 and the tensor product by b. If C is symmetric monoidal, we let AlgpCq and
CAlgpCq denote the ∞-categories of E1-algebras and E∞-algebras in C, respectively.

Whenever we consider a symmetric monoidal ∞-category C which is stable or pre-
sentable, we always implicitly assume that the tensor product commutes with finite colimits
or arbitrary colimits, respectively. In the presentable case, we let HomCp−,−q denote the
internal Hom in C and X∨ := HomCpX,1q the dual of an object X ∈ C.

pcq Graded and filtered objects. For a stable ∞-category C, we let GrpCq and FilpSpq

denote the ∞-categories of graded and (descendingly) filtered objects in C. An object with a
descending filtration is typically denoted Fil˚ X = p· · · FilnX  Filn+1X  · · · q and
we let gr˚ X denote the associated graded. We say that a filtered object Fil˚ X is complete
if 0 » limn!∞ FilnX, and an exhaustive filtration on X if X » colimn!−∞ FilnX. The
shift in graded or filtered objects is denoted p−qp1q, to avoid confusion with the shift in
homotopical/homological direction. We’ll always try to distinguish between graded/filtered
degree and homotopical/homological degree.

Sometimes we also consider ascending filtrations; these will typically be denoted
Fil˚ X = p· · ·! FilnX ! Filn+1X ! · · · q and the associated graded by gr˚ X.

pdq Condensed mathematics. Whenever we use condensed mathematics, we work in the
light condensed setting. We’ll distinguish between the words static (“un-animated”) for
a spectrum concentrated in degree 0, and discrete (“un-condensed”) for a condensed
spectrum with the discrete topology.

peq Derived quotients. For an E1-ring spectrum R, a homotopy class x ∈ πnpRq, and a left or
right R-module M , we let M/x denote the cofibre of the multiplication map x : ΣnM !M .
For several homotopy classes x1, . . . , xr, we let M/px1, . . . , xrq := p· · · pM/x1q/x2 · · · q/xr.
Observe that if M is an ordinary module over an ordinary ring R, then M/px1, . . . , xrq
agrees with the usual quotient only if px1, . . . , xrq is a Koszul-regular sequence on M , but
we’ll never use the notation in a case where this is not satisfied.

pfq Completions. For an E∞-ring spectrum R, finitely many homogeneous homotopy classes
x1, . . . , xr ∈ π˚pRq, and and an R-module spectrum M , we let

M̂px1,...,xrq := lim
n⩾1

M/pxn1 , . . . , x
n
r q

denote the px1, . . . , xrq-adic completion of M . Since it only depends on the ideal I =
px1, . . . , xrq ⊆ π˚pRq, we often just write M̂I (or p−q∧

I for longer arguments). If R is an
ordinary ring, this recovers the notion of derived I-completion; in particular, all completions
in this article will be derived. For the p-completions of Z and the sphere spectrum S we
omit the hat and just write Zp and Sp.

We let ModRpSpq∧
I ⊆ ModRpSpq, or D̂IpRq ⊆ DpRq for ordinary rings R, denote the

full sub-∞-category spanned by the I-complete objects, that is, those M for which M » M̂I .
The following fact will be used countless times: If M is px1, . . . , xrq-complete, and the
homotopy groups of M/px1, . . . , xrq vanish in some degree d, then also the homotopy
groups of M must vanish in degree d.

pgq Completed tensor products. To ease notation, we introduce the convention that
− b̂R− denotes a p-, pq−1q-, or pp, q−1q-completed tensor product depending on whether
R satisfies the same kind of completeness. Also − b̂kuhS1 − denotes a t-completed tensor
product, and − b̂ZrβsJtK − denotes a t-completed graded tensor product.

13



§1. Introduction

If R is an ordinary ring and I ⊆ R a finitely generated ideal, then M ∈ DpRq is
called I-completely flat if M bL

R R/I is static and a flat R/I-module. Similarly we define
p-completely étale/smooth ring maps.

phq Completed de Rham complexes. Again, to ease notation, we introduce the convention
that whenever R is p-complete, all de Rham, q-de Rham, or q-Hodge complexes of R will
be implicitly completed at p. We also let d̂RR/k denote the Hodge-completed derived de
Rham complex of R over k. If R is a p-complete ring, then according to our convention,
d̂RR/k will additionally be completed at p.

1.26. Acknowledgments. — We would like to thank Peter Scholze and Sasha Efimov for
proposing this question and explaining many technical points of the theory. Moreover, it was
Scholze who pointed out that the filtration on q9dRpZ/pαq/Zp

, that we found in the homotopy
groups of TC−ppku/pαq/kuq, should indeed be canonical, despite the second author’s initial
conviction that this couldn’t possibly be true—this observation is what sparked Definition 1.6!
Special thanks are also due to Sanath Devalapurkar and Arpon Raksit for generously sharing
and explaining their unpublished results on the connection between q-de Rham cohomology
and ku.
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§2. Technical preliminaries

§2. Technical preliminaries
In this section, we prove a few technical statements that will be needed later in the text. We
advise the reader to skip this section and only read the necessary parts as they come up later.

§2.1. Lifting properties of spherical Witt vectors

Recall that Lurie’s spherical Witt vector construction rL-EllII, Example 5.2.7s shows that any
p-complete perfect δ-ring A „= WpA♭q admits a unique lift to a p-complete connective E∞-ring
SA satisfying A » SA b̂Sp Zp.

2.1. Lemma. — The Tate-valued Frobenius (see rTC18, Definition IV.1.1s) SA ! StCp

A can be
equipped with an S1-equivariant structure, where SA receives the trivial S1-action and StCp

A the
residual S1 » S1/Cp-action. In particular, the augmentation THHpSAq! SA can be upgraded
to a map of E∞-algebras in cyclotomic spectra and THHp−/SAq carries a natural cyclotomic
structure.

Proof. Equivalently, using the Tate-fixed point lemma rTC18, Lemma II.4.2s, we must construct
a factorisation of the Tate-valued Frobenius through an E∞-map

SA −!
`

StCp

A

˘hpS1/Cpq
»
`

StS1
A

˘∧
p
.

The δ-ring Frobenius on A lifts uniquely to an E∞-map ϕA : SA ! SA. From the trivial
S1-action we obtain an E∞-map SA ! ShS1

A splitting the usual limit projection. Now we claim
that the composition

SA
ϕA−−! SA −! ShS1

A −!
`

StS1
A

˘∧
p

provides the desired factorisation. By the universal property of spherical Witt vectors rL-EllII,
Definition 5.2.1pcqs, this can be checked on π0p−q/p. But then both the Tate-valued Frobenius
and our map are given by the usual Frobenius p−qp : A! A/p.

The upgrade of the augmentation THHpSAq! SA to a map of E∞-algebras in cyclotomic
spectra follows immediately from the universal property of THH on E∞-ring spectra. Then
THHp−/SAq » THHp−q bTHHpSAq SA obtaines a cyclotomic structure, as desired.

2.2. Lemma. — Suppose R is a p-complete p-torsion free ring and SR is a connective
p-complete E1-ring spectrum satisfying R » SR b̂Sp Zp. If A! R is map from a perfect δ-ring,
then the E1-structure on SR refines to an E1-structure in SA-modules.

The proof needs two preliminaries.

2.3. Lemma. — We have π˚pSRq „= π˚pSq bZ R as graded rings.

Proof. As graded abelian groups this easily follows from SR b̂Sp Zp. Indeed, choose a two-term
resolution 0 ! P ! Q ! R ! 0 by free abelian groups. Let SP be a free S-module on a
basis of P and define SQ similarly. Then we can lift the above short exact sequence to a
sequence SP ! SQ ! SR with nullhomotopic composition. Choosing a nullhomotopy gives
a map cofibpSP ! SQq∧

p ! SR, which is an equivalence after − b̂Sp Zp. Since that functor is
conservative on p-complete connective spectra, we deduce cofibpSP ! SQq∧

p » SR, whence the
desired description of π˚pSRq.
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To pin down the multiplicative structure, observe that π˚pSRq is a graded π˚pSq-algebra
and a graded π0pSRq „= R-algebra, so its enough to check that any x ∈ R „= π0pSRq commutes
with π˚pSq. Fix such an x and consider the induced map Srxs! SR from the free E1-algebra
on a generator x. Then it suffices to check that x commutes with π˚pSq in π˚pSrxsq, which is
clear since Srxs refines to an E∞-ring spectrum.

2.4. Lemma. — Let LE1
−/S and LE1

−/SA
denote the cotangent complex for E1-algebras in Sp and

ModSA
pSpq, respectively, as defined by Lurie. If T is any E1-algebra in ModSA

pSpq, then the
canonical base change map

LE1
T/S bSop

A b SA
SA −! LE1

T/SA
,

induced by − bSop
A b SA

SA : TBiModT pSpq ! TBiModT pModSA
pSpqq, becomes an equivalence

after p-completion.
Proof. The idea is that A being a perfect δ-ring implies that SA is p-completely formally étale
over S in the sense that THHpSAq∧

p » SA. Indeed, this follows from the same argument as
rBMS19, Proposition 11.7s.

To turn this idea into a proof, first recall from rL-HA, Theorems 7.3.4.13 and 7.3.5.1s that
the cotangent complex LE1

T/S can be described as the fibre of the multiplication map for T ,

LE1
T/S » fibpT b T ! T q ,

regarded as an object in the bimodule ∞-category ModE1
T pSpq » TBiModT pSpq. An analogous

description exists for cotangent complexes of E1-algebras in ModSA
pSpq. So we must show that

fib
`

T b T ! T
˘

bSop
A b SA

SA −! fib
`

T bSA
T ! T

˘

is an equivalence upon p-completion. The base change functor − bSop
A b SA

SA transforms
tensor products over S into tensor products over SA, so it will be enough to check that
T bSop

A b SA
SA ! T is a p-complete equivalence. But we’ve seen that

´

SA bSop
A b SA

SA
¯∧

p
» THHpSAq∧

p
»
−! SA

is an equivalence, and so tensoring with T finishes the proof.

Proof of Lemma 2.2. By Lemma 2.3, SR is quasi-commutative in the sense of rL-HA, Defini-
tion 7.5.1.1s. We’ll now inductively lift the truncations τ⩽nSR to an E1-algebra in ModSA

pSpq.
For n = 0 this clearly works since R is a A-algebra. Now suppose we’ve constructed a lift for
some n ⩾ 0. We can write τ⩽n+1SR as a square-zero extension of τ⩽nSR, which is classified by
a map of τ⩽nSR-τ⩽nSR-bimodules

LE1
τ⩽nSR/S −! Σn+2πn+1pSRq .

Since SR is quasi-commutative, the bimodule structure on Σn+2πn+1pSRq factors through the
multiplication map τ⩽nSop

R b τ⩽nSR ! Rop b R ! R (which is E1). Moreover, πn+1pSRq is
derived p-complete. Thus, the extension is equivalently described by an R-module map

´

LE1
τ⩽nSR/S bτ⩽nSop

R b τ⩽nSR
R
¯∧

p
−! Σn+2πn+1pSRq .

Using Lemma 2.4, this map is equivalently given by a morphism LE1
τ⩽nSR/SA

! Σn+2πnpSRq of
τ⩽nSR-τ⩽nSR-bimodules in ModSA

pSpq. Thus we’ve lifted τ⩽n+1SR ! τ⩽nSR to a square-zero
extension of E1-algebras in SA-modules, as desired.
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§2.2. Nuclear objects

The notion of nuclearity plays an important role in our main results (Theorems 1.17, 1.19,
and 1.20). In this subsection we briefly recall the necessary definitions and compare the nuclear
categories of Clausen–Scholze and Efimov.

2.5. Setup — Let C be a presentable symmetric monoidal ∞-category. By Lurie’s adjoint
functor theorem(2.1), C admits an internal Hom HomCp−,−q, characterised by the “Hom-tensor
adjunction” HomCpX,HomCpY,Zqq » HomCpX b Y, Zq for all X,Y, Z ∈ C. We denote by
X∨ := HomCpX,1q the dual of X and by evX : X bX∨ ! 1 the natural evaluation morphism.

2.6. Definition. — A morphism φ : X ! Y in C is called trace-class if there exists a
morphism η : 1! X∨ b Y in such a way that φ is the composition

X » X b 1
Xbη
−−−! X bX∨ b Y

evX bY
−−−−−! Y .

We’ll often call η the classifier of φ.

Trace-class morphism have a number of nice properties. We’ll often use the properties from
rCS22, Lemma 8.2s as well as the following lemma.

2.7. Lemma. — Let F : C ! D be a symmetric monoidal functor between presentable
symmetric monoidal ∞-categories. By abuse of notation, we use p−q∨ to denote both the dual
HomCp−,1Cq in C and the dual HomDp−,1Dq in D. Then:
paq There exists a natural transformation F pp−q∨q ⇒ F p−q∨.
pbq If X ! Y is a trace-class morphism in C, then F pXq! F pY q as well as Y ∨ ! X∨ are

trace-class again and the morphisms F pX∨q! F pXq∨ and F pY ∨q! F pY q∨ from (a) fit
into a commutative diagram in D of the following form:

F pY ∨q F pX∨q

F pY q∨ F pXq∨

Proof. The natural transformation from (a) is adjoint to F pp−q∨q bD F p−q ⇒ 1D, which is in
turn given by applying F to the evaluation p−q∨ bC p−q ⇒ 1C .

Now let X ! Y be trace-class in C with classifier 1C ! X∨ bC Y . If we apply F to the
classifier and compose with the morphism F pX∨q! F pXq∨ from (a), we obtain a morphism
1D ! F pX∨q bD F pY q! F pXq∨ bD F pY q, which shows that F pXq! F pY q is trace-class. If
we compose the classifier with Y ! Y ∨∨ instead, we obtain 1C ! X∨ bC Y ! X∨ bC Y

∨∨,
which shows that Y ∨ ! X∨ is trace-class. The diagonal dashed arrow in the diagram is given
as follows:

F pY q∨ bD F p1Cq −! F pY q∨ bD F pX∨ bC Y q » F pY q∨ bD F pY q bD F pX∨q −! F pX∨q .

Here we use the classifier 1C ! X∨ bC Y and the evaluation map for F pY q.
(2.1)Recall from 1.25 that we always assume − b − commutes with tensor products in both variables, so the

adjoint functor theorem is applicable.
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2.8. Definition. — Assume additionally that C is stable, compactly generated, and the
tensor unit 1 ∈ C is compact.
paq An object X ∈ C is called nuclear if every morphism P ! X from a compact object P is

trace-class.
pbq An object X ∈ C is called basic nuclear if X » colimpX1 ! X2 ! · · · q, where each

Xn ! Xn+1 is trace-class.
We denote by NucpCq ⊆ C the full sub-∞-category spanned by the nuclear objects.

2.9. Theorem. — Let C be a presentable stable symmetric monoidal ∞-category such that C
is compactly generated and the tensor unit 1 ∈ C is compact.
paq NucpCq is stable and closed under colimits and tensor products in C.
pbq NucpCq is ω1-compactly generated and the ω1-compact objects are precisely the basic

nuclears.
pcq If F : C ! D is a symmetric monoidal colimit-preserving functor into another presentable

symmetric monoidal ∞-category, then F restricts to a functor F : NucpCq! NucpDq.

Proof. Parts (a) and (b) are rCS22, Theorem 8.6s. For (c), just note that since F preserves
trace-class maps by Lemma 2.7(b), it follows that F preserves basic nuclear objects and thus
all nuclear objects by (b).

2.10. Remark. — If C is a small stable symmetric monoidal ∞-category, then Theorem 2.9
can be applied to IndpCq. Since every trace-class map in IndpCq factors through a compact
object by rCS22, Lemma 8.4s, we see that the basic nuclear objects in IndpCq are of the form
“colim”pX1 ! X2 ! · · · q, where each Xn ! Xn+1 is trace-class in C.

If C is a presentable stable symmetric monoidal ∞-category, one can still make sense of
NucpIndpCqq without running into set-theoretic problems. Indeed, if κ is a sufficiently large
regular cardinal such that C is κ-compactly generated and 1 is κ-compact, the same argument as
in rCS22, Lemma 8.4s shows that every trace-class morphism in C factors through a κ-compact
object. Then every basic nuclear object is equivalent to one in which each Xn is κ-compact
and so the basic nuclear objects in form an essentially small ∞-category. We may then define
NucpIndpCqq as Indω1p−q of the ∞-category of basic nuclear objects.

Finally, let us compare Efimov’s and Clausen–Scholze’s notions of nuclear modules.

2.11. Nuclear modules à la Efimov and à la Clausen–Scholze. — If R is an E∞-ring
spectrum and I ⊆ π˚pRq a finitely generated homogeneous ideal, Efimov defines the ∞-category
of nuclear R̂I-modules to be

NucpR̂Iq := Nuc
`

Ind
`

ModRpSpq∧
I

˘˘

(which is set-theoretically ok thanks to Remark 2.10). We’re mainly interested in the case
R » khS1

» pkhS1
q∧
t , where k is complex orientable and t ∈ π−2pkhS1

q is any orientation
generator, and in the case where R is an ordinary ring.

In the latter case, there’s another candidate for a well-behaved category of nuclear R̂I -
modules: To the Huber pair pR̂I , R̂Iq, Clausen and Scholze associate a derived ∞-category
of solid R̂I-modules DpR̂I,■q (see 5.1), which satisfies the assumptions of Theorem 2.9. In
rEfi-Lims, Efimov constructs a fully faithful strongly continuous functor

Nuc
`

DpR̂I,■q
˘

−! NucpR̂Iq .

18

https://people.mpim-bonn.mpg.de/scholze/Complex.pdf#theorem.0.8.6
https://people.mpim-bonn.mpg.de/scholze/Complex.pdf#theorem.0.8.4
https://people.mpim-bonn.mpg.de/scholze/Complex.pdf#theorem.0.8.4


§2.3. Killing pro-idempotent algebras

§2.3. Killing pro-idempotent algebras
There is a well-established notion of killing an idempotent algebra object in a symmetric monoidal
∞-category (see for example rCS24, Lecture 13s for a nice review). Here we would like to do
the same, but in an ind-setting.

2.12. Setup. — Let C be a presentable symmetric monoidal stable ∞-category. In the
following, we’ll ignore the set-theoretic difficulties that come with applying Prop−q and Indp−q

to the large ∞-category C.(2.2)

A pro-idempotent algebra object in C is a pro-object A := “lim”i∈I Ai ∈ PropCq, where I is
always assumed to be cofiltered, equipped with a morphism 1 ! A such that the induced
morphism A! AbA is a pro-equivalence. Here AbA » “lim”

pi,jq∈I×IpAi bAjq denotes the
extension of the tensor product on C to PropCq. Since C is presentable, it admits an internal
Hom, which we denote HomC : Cop × C ! C. By passing to ind-∞-categories, this extends to a
functor

PropCqop b IndpCq » IndpCopq b IndpCq
IndpHomCq
−−−−−−−! IndpCq ,

which, by abuse of notation, we still denote HomC . Explicitly,

HomC

´

“lim”
j∈J

Yj , “colim”
k∈K

Zk

¯

» “colim”
pj,kq∈Jop×K

HomCpYj , Zkq .

2.13. Lemma. — Let j˚ : IndpCqA ! IndpCq be the inclusion of the full sub-∞-category of
ind-objects X for which HomCpA,Xq » 0. Then j˚ admits a left adjoint j˚ given by

j˚pXq » cofib
`

HomCpA,Xq! HomCp1, Xq
˘

.

Furthermore, there’s a unique symmetric monoidal structure on IndpCqA in such a way that j˚

becomes symmetric monoidal and j˚ lax symmetric monoidal.

Proof. Since HomCp1, Xq » X, we get a natural transformation η : idIndpCq ⇒ j˚. It’s clear
that η is an equivalence for objects in IndpCqA, hence the image of j˚ contains IndpCqA. Using
pro-idempotence, we also see HomCpA, j˚pXqq » cofibpHomCpAbA,Xq! HomCpA,Xqq » 0,
hence the image of j˚ is precisely IndpCqA. Now in general, if D is an ∞-category with an
endofunctor L : D ! D and a natural transformation η : idD ⇒ L such that ηL : L ⇒ L ◦L and
Lη : L ⇒ L ◦ L are both equivalences, then L : D ! LpDq is a left adjoint of LpDq ⊆ D. In the
case at hand, we’ve already checked that ηj˚ is an equivalence. Via the tensor-HomC-adjunction,
this implies the same for j˚η, finishing the proof that j˚ is left adjoint to j˚.

To show that j˚ is symmetric monoidal and j˚ lax symmetric monoidal, it’s enough to
show that η induces equivalences j˚pX b Y q » j˚pj˚pXq b Y q for all X,Y ∈ IndpCq; see rL-HA,
Proposition 2.2.1.9s. Equivalently, the canonical morphism

HomC
`

A,HomCpA,Xq b Y
˘ »
−! HomCpA,Xq b Y

induced by 1! A must be an equivalence. To see this, first observe that this morphism has a
left inverse given by

HomCpA,Xq b Y » HomC
`

A,HomCpA,Xq
˘

b Y −! HomC
`

A,HomCpA,Xq b Y
˘

(2.2)In all cases of interest, we can safely replace C by its κ-compact objects Cκ ⊆ C for some large enough
regular cardinal κ (usually κ = ω1 is enough).
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using idempotence of A and Y » HomCp1, Y q. Now, in general, let M ∈ IndpCq be an ind-object
for which HomCpA,Mq ! M has a left inverse.(2.3) Using this left inverse, we can exhibit
HomCpA,Mq ! M as a retract of HomCpA,HomCpA,Mqq ! HomCpA,Mq. But the latter is
an equivalence by pro-idempotence of A, so already HomCpA,Mq!M must be an equivalence.
This finishes the proof.

2.14. Construction. — By the symmetric monoidality statements from Lemma 2.13, we see
that j˚p1q is an E∞-algebra in IndpCq. By construction, it sits inside a cofibre sequence

“colim”
i∈Iop

A∨
i −! 1 −! j˚p1q ,

where p−q∨ := HomCp−,1q denotes the dual in C. We say that j˚p1q is obtained from 1 by
killing the pro-idempotent algebra “lim”i∈I Ai.

In general, j˚p1q is not an idempotent E∞-algebra in IndpCq; it is idempotent if and only
if A∨ := “colim”i∈Iop A∨

i is an ind-idempotent coalgebra in the sense that A∨ ! 1 induces an
equivalence A∨ bA∨ » A∨ in IndpCq. In the following lemma we’ll study a special situation in
which this is the case.

2.15. Lemma. — Suppose for all i ∈ I there exists an object j ! i such that Aj ! Ai is
trace-class. Let A∨ := “colim”i∈I A∨

i . Then the canonical map X b A∨ ! HomCpA,Xq is an
equivalence for all X ∈ IndpCq. In particular:
paq A∨ is a ind-idempotent coalgebra object with trace-class transition maps.
pbq j˚p1q is an idempotent nuclear E∞-algebra in IndpCq, IndpCqA ⊆ IndpCq is precisely the

full sub-∞-category of j˚p1q-modules, and − b j˚p1q » j˚p−q.
pcq If F : C ! D is any symmetric monoidal functor of presentable symmetric monoidal

∞-categories, then F pj˚p1qq is obtained by killing the pro-idempotent algebra F pAq.

Proof sketch. We can construct an inverse of X b A∨ ! HomCpA,Xq as follows: Fix some
i ∈ I, choose j ! i such that Aj ! Ai is trace-class and let 1! Ai bA∨

j be the corresponding
classifier. Then consider the composition

HomCpAi, Xq −! HomCpAi, Xq bAi bA∨
j −! X bA∨

j .

In the first map, we tensor HomCpAi, Xq with the classifier above. In the second map we use
the evaluation HomCpAi, Xq bAi ! X. It’s straightforward but a little tedious to check that
X bA∨

i ! HomCpAi, Xq! X bA∨
j and HomCpAi, Xq! X bA∨

j ! HomCpAj , Xq agree with
the transition maps in the ind-objects X bA∨ and HomCpA,Xq, respectively; we’ll omit the
argument. Proving that these maps assemble into an inverse map X b A∨ ! HomCpA,Xq

requires a non-trivial argument, since we’re working in an ∞-category, but there’s an easier
way to show that X b A∨ ! HomCpA,Xq is an equivalence: Equivalences are detected by
π0 HomIndpCqpZ,−q, where Z ranges through all compact objects of IndpCq; now any morphism
from a compact object factors through X bA∨

i or HomCpAi, Xq for some i ∈ I.
To show (a), plug in X » A∨: We obtain A∨ b A∨ » HomCpA,A∨q » pA b Aq∨. This

proves ind-idempotence, because pA b Aq∨ » A∨ follows by dualising A » A b A. The dual
transition maps A∨

n ! A∨
n+1 are trace-class by Lemma 2.7(b) below. This shows (a).

(2.3)So, intuitively, M is an “A-module”.
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For (b), since we’ve shown that A∨ is an ind-idempotent coalgebra, it follows that j˚p1q is
ind-idempotent as well. Also A∨ is a nuclear object in IndpCq, since every map Z ! A∨ factors
through a basic nuclear object and is therefore trace-class. Since 1 is nuclear too, it follows
that j˚p1q is nuclear. X b j˚p1q » j˚pXq follows immediately from the above equivalence
X bA∨ » HomCpA,Xq. Since j˚ : IndpCqA ! IndpCq is lax monoidal by Lemma 2.13, it factors
through IndpCqA ! Modj˚p1qpIndpCqq. Since j˚p1q is idempotent, Modj˚p1qpIndpCqq ⊆ IndpCq

is the full sub-∞-category spanned by the objects of the form X b j˚p1q. Hence we also
get an inclusion IndpCqA ⊆ Modj˚p1qpIndpCqq. On the other hand, every object of the form
X b j˚p1q » j˚pXq is contained in IndpCqA. This finishes the proof of (b).

To show (c), we only need “colim”i∈I F pA∨
i q » “colim”i∈I F pAiq

∨. If Aj ! Ai is trace-class,
Lemma 2.7(b) below provides a map F pAiq

∨ ! F pA∨
j q in the reverse direction. By a formal

argument as above, this is enough to show the desired equivalence.

§2.4. Burklund’s E1-structures on quotients and square-zero extensions

At several points throughout the text, we need to consider E1-algebras of the form S/pα1 bS/pα2 .
In this subsection we’ll prove an abstract result which shows that these guys are often trivial
square zero algebras and then deduce some nice consequences.

For the abstract setup, let C be a stable E2-monoidal ∞-category and v : I ! 1 be a
morphism in C such that 1/vn admits a right-unital multiplication. Fix n ⩾ 3, so that 1/vn
admits a preferred E2-algebra structure by rBur22, Theorem 1.5s. The same theorem shows
for all m ⩾ 2 that 1/vn b 1/vm admits a preferred E1-algebra structure in the E1-monoidal
∞-category LMod1/vnpCq.

2.16. Lemma. — Suppose I is b-invertible and m ⩾ 2n.
paq 1/vn b 1/vm agrees with the trivial square-zero extension 1/vn ‘ ΣpIbm/vnq as an E1-

algebra in LMod1/vnpCq. Under this identification, the multiplication 1/vnb1/vm ! 1/vn

becomes the augmentation map 1/vn ‘ ΣpIbm/vnq! 1/vn.
pbq For all ℓ ⩾ m ⩾ 2n, the map 1/vn b 1/vℓ ! 1/vn b 1/vm agrees with the map of trivial

square-zero extensions induced by vℓ−m : Ibℓ/vn ! Ibm/vn, as maps of E1-algebras in
LMod1/vnpCq.

2.17. Remark. — The bound m ⩾ 2n doesn’t seem optimal and the author suspects that
Lemma 2.16 might already be true for m ⩾ n.

2.18. Remark. — Since the E1-algebra structures on 1/vm and 1/vn refine to E2-algebra
structures, the multplication map in Lemma 2.16(a) is canonically a map of E1-algebras, and
the identification with the augmentation also happens as E1-algebra maps (as we’ll see).

2.19. Corollary. — If I is b-invertible, m ⩾ 2n, and ℓ ⩾ m + n, then the morphism
1/vn b 1/vℓ ! 1/vn b 1/vm factors through the tensor unit 1/vn as a map of E1-algebras in
LMod1/vnpCq.

Proof. By Lemma 2.16(b), it’s enough to check that vℓ−m : Ibℓ/vn ! Ibm/vn is zero in
LMod1/vnpCq for ℓ ⩾ m+ n. This reduces to vn : Ibn/vn ! 1/vn being zero in LMod1/vnpCq.
Since 1/vn b − : C ! LMod1/vnpCq is left adjoint to the forgetful functor, this is equivalent to
vn : Ibn ! 1/vn being zero in C, which is true by construction.

21

https://arxiv.org/pdf/2203.14787.pdf#nul.1.5


§2. Technical preliminaries

Proof of Lemma 2.16. Recall rBur22, Constructions 4.7 and 4.8s: Let rC := DefpC,Qq be
Burklund’s deformation of C, which stably E2-monoidal and comes with E2-monoidal functors
ν : C ! rC and p−qτ=1 : rC ! C. Let furthermore r1 := νp1q denote the tensor unit of rC and
rI := Σ−1νpΣIq, so that there’s a map rv : rI ! r1 deforming v. Note that rI is still b-invertible,
so it’ll be enough to check the assertions for rv : rI ! r1.

Burklund constructs his E1-structure on r1/rvm using the obstruction theory from rBur22,
Proposition 2.4s in rC (with its underlying E1-monoidal structure). Hence the E1-structure on
r1/rvn b r1/rvm is obtained via Burklund’s obstruction theory in the E1-monoidal ∞-category
LMod

r1/rvnprCq. Now we claim that for all k ⩾ 2 and all ℓ ⩾ m ⩾ 2n,

(⊠) π0 HomLMod
r1/rvn p rCq

´

Σ−2`Σ2prI/rvnqbℓ
˘bk

, r1/rvn b r1/rvm
¯

= 0 .

Believing (⊠) for the moment, (b) as well as the first part of (a) immediately follow. Indeed,
in the case ℓ = m, (⊠) combined with rBur22, Remark 2.5s shows that the E1-structure on
r1/rvn b r1/rvm is unique, so it has to be the trivial square zero structure. For general ℓ ⩾ m, the
same argument shows that the E1-map r1/rvn b r1/rvℓ ! r1/rvn b r1/rvm is unique, proving (b). It
remains to show the second part of (a). This follows again from the same kind of arguments,
as we’ll see below.

To show (⊠), we use that r1/rvnb− : rC ! LMod
r1/rvnprCq is left adjoint to the forgetful functor,

that r1/rvn b r1/rvm » r1/rvn ‘ ΣprIbm/rvnq, and that rI is b-invertible. The left-hand side can
then be rewritten as follows:

π0 Hom
rC

´

Σ2k−2
rIbℓk, r1/rvn ‘ ΣprIbm/rvnq

¯

„= π0 Hom
rC

´

Σ2k−2
rIbℓk, r1/rvn

¯

‘ π0 Hom
rC

´

Σ2k−1
rIbℓk−m, r1/rvn

¯

„= π0 Hom
rC

´

Σ−ℓk+2k−2νpXq, r1/rvn
¯

‘ π0 Hom
rC

´

Σ−ℓk+m+2k−1νpY q, r1/rvn
¯

,

where X » pΣIqbℓk and Y » pΣIqbpℓk−mq. According to rBur22, Lemma 4.8s, both summands
on the right-hand side vanish as soon as ℓk−m−2k+1 ⩾ n. This is true under our assumptions
ℓ ⩾ m ⩾ 2n, k ⩾ 2, and n ⩾ 3 and so we’ve proved (⊠). Vanishing of the first summand also
shows that r1/rvn b r1/rvm ! r1/rvn is unique, and so it has to be the augmentation map.

Let’s finish this subsection with two nice applications. In the following, we’ll always equip
S/pα with a Burklund-style E1-structure.

2.20. Corollary. — Let p ⩾ 3 be a prime and α ⩾ 3. Then S/p3α b S/pα ! S/p2α b S/pα
factors through S/pα as E1-algebras. The same conclusion holds for p = 2 if α is even and ⩾ 6.

Proof. This follows immediately from Corollary 2.19.

2.21. Corollary. — Let p ⩾ 3 be prime and α ⩾ 3. Then the base change functor

− bS/p3α S/pα : RModS/p3αpSpq −! RModS/pαpSpq

is trace-class in PrL
S,ω. The same conclusion holds for p = 2 if α is even and ⩾ 6.
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Proof. As we’ve seen in the proof of Lemma 4.5, it’s enough to show that S/pα is compact in
RModS/pαpIndpLModS/p3αpSpωqqq. We’ll show that the multiplication S/p2α b S/pα ! S/pα
exhibits S/pα as a retract of the compact object S/p2α b S/pα. This map has a section, given
by the unit map S/pα ! S/p2α b S/pα, so we must equip the latter with the structure of a
map of S/p3α-S/pα-bimodules. But we know from Corollary 2.20 that the E1-algebra map
S/p3α bS/pα ! S/p2α bS/pα factors through S/pα ! S/pα bS/pα, which provides the desired
structure of a bimodule map.

This shows that S/pα is a retract of S/p2α b S/pα in RModS/pαpLModS/p3αpSpqq. Since all
objects in sight are compact on underlying spectra, we may pass to the full sub-∞-category
RModS/pαpLModS/p3αpSpωqq and then also to RModS/pαpIndpLModS/p3αpSpωqqq.
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§3. Derived q-Hodge complexes
We’ve explained in §1.1 why the q-Hodge filtration on a q-de Rham complex in coordinates can
probably not be made functorial; at the very least, not in a way as to preserve the rich q-de
Rham–Witt structure. In this section, we’ll give an ad-hoc construction of a functorial q-Hodge
filtration on certain derived q-de Rham complexes (Construction 3.5). At first, this construction
will seem hopelessly naive—and indeed, it often gives nonsensical results. However, as we’ll see
in Theorem 3.10, in many more cases the filtration actually behaves as desired! In such cases,
we can define a derived q-Hodge complex and show that it satisfies all expected properties.

This section is organised as follows: In §3.1, we’ll construct the desired q-Hodge filtration
in a p-complete setting. In §3.2 we show that it is often a q-deformation of the usual Hodge
filtration. In §3.3, we derived some formal properties. Finally, in §3.4, we explain how to
construct a q-Hodge filtration and derived q-Hodge complexes in the global setting.

§3.1. The q-Hodge filtration on q-de Rham cohomology
Throughout §§3.1–3.3 we fix a prime p and work in a p-complete setting. In particular, all
(q-)de Rham or cotangent complexes will be implicitly p-completed. Let us also fix a p-complete
δ-ring A which is p-completely perfectly covered in the sense defined below.

3.1. Rings of interest. — A δ-ring A is called p-completely perfectly covered if the map
A ! A∞ into its p-completed colimit perfection is p-completely faithfully flat. By rWag24,
Remark 2.46s, an equivalent condition is for the Frobenius ϕ : A! A to be p-completely flat.
Since perfect δ-rings are p-torsion free, it follows that A must be p-torsion free too.

Throughout, we will consider quasiregular quotients over A: These are p-complete rings R
for which the cotangent complex LR/A (which we always take to be implicitly p-completed)
has p-complete Tor-amplitude over R concentrated in degree 1. Additionally, we’ll usually
assume that for R∞ := R b̂A A∞ the quotient R∞ := R∞/p is semiperfect, meaning that the
Frobenius p−qp : R∞ ! R∞ is surjective. An important special case are A-algebras of perfect-
regular presentation: These are the quotients R „= B/J , where B is a p-complete relatively
perfect δ-A-algebra (by which we mean that the relative Frobenius ϕB/A : B b̂A,ϕ A! B is an
isomorphism) and J ⊆ B is an ideal generated by a Koszul-regular sequence. We’ll sometimes
refer to B/J as a perfect-regular presentation of R.

The reason for restricting to rings R as above is the following lemma.

3.2. Lemma. — Let R be a p-torsion free quasiregular quotient over A.
paq The de Rham complex dRR/A, its Hodge-completion d̂RR/A, every degree in the completed

Hodge filtration Fil˚Hdg d̂RR/A, and the q-de Rham complex q9dRR/A are all static and
p-torsion free.

pbq The un-completed Hodge filtration Fil˚Hdg dRR/A is static in every degree if and only if R∞
is semiperfect.

Proof. To show that every degree in the completed Hodge filtration is static and p-torsion
free, just observe that the same is true for the associated graded gr˚

Hdg d̂RR/A » Σ−˚
∧˚ LR/A,

because our assumption on R guarantees that Σ−1LR/A is a p-completely flat module over the
p-torsion free ring R. To show that the pq − 1q-complete object q9dRR/A is static and p-torsion
free, it will be enough to show the same for q9dRR/A/pq − 1q » dRR/A. Now all assertions
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about dRR/A and its Hodge filtration can be reduced to the corresponding assertions about
dRR∞/A∞ via base change along the p-completely faithfully flat map A! A∞. Furthermore,
since A∞ is a perfect δ-ring, LA∞/Zp

» 0, and so we may as well consider dRR∞/Zp
.

To see that dRR∞/Zp
is static and p-torsion free, it suffices to check that its modulo p

reduction dRR∞/Zp
/p » dRR∞/Fp

is static. The latter admits an ascending exhaustive filtration,
the conjugate filtration, whose associated graded Σ−˚

∧˚ LR∞/Fp
» Σ−˚

∧˚ LR∞/Zp
/p is static

in every degree since Σ−1LR∞/Zp
is p-completely flat over the p-torsion free ring R∞. This

shows that dRR∞/Fp
is indeed static and we’ve finished the proof of (a).

For (b), we’ve already seen that dRR∞/Zp
and the associated graded of the Hodge filtration are

static and p-torsion free in every degree. Hence Fil˚Hdg dRR∞/Zp
is degree-wise static if and only

if it consists of sub-modules of dRR∞/Zp
, which must be p-torsion free to. Thus Fil˚Hdg dRR∞/Zp

is degree-wise static if and only if the same is true for Fil˚Hdg dRR∞/Zp
/p » Fil˚Hdg dRR∞/Fp

. In
the case where R∞ is semiperfect, this holds by rBMS19, Proposition 8.14s. Conversely, assume
Fil˚Hdg dRR∞/Fp

is degree-wise static. If Fil˚N WdRR∞/Fp
denotes the Nygaard filtration on the

derived de Rham–Witt complex, then

FilnN WdRR∞/Fp
/pFiln−1

N WdRR∞/Fp
» FilnHdg dRR∞/Fp

holds by deriving rBMS19, Lemma 8.3s, so inductively it follows that WdRR∞/Zp
and each step

in its Nygaard filtration must be static too. By definition, FilnN WdRR∞/Fp
is the fibre of

WdRR∞/Fp

ϕ
−!WdRR∞/Fp

−!WdRR∞/Fp
/pn ,

so each of these maps must be surjective. Then ϕ : WdRR∞/Fp
! WdRR∞/Fp

must be sur-
jective as well. Since WdRR∞/Fp

/p » dRR∞/Fp
! R∞ is surjective by our assumption that

Fil1Hdg dRR∞/Fp
is static, we conclude that the Frobenius on R∞/p must be surjective too.

3.3. Remark. — In the case where R „= B/J is of perfect-regular presentation over A,
everything can be made explicit: dRR/A » DBpJq is the (p-completed) PD-envelope of J ,
the Hodge filtration is just the PD-filtration, and the q-de Rham complex q9dRR/A is the
corresponding q-PD-envelope in the sense of rBS19, Lemma 16.10s.

3.4. Remark. — For p ⩾ 3, the Fp-algebra constructed in rGul21s can be lifted in a
straightforward way to a p-complete Zp-algebra R. This gives an example of a p-torsion free
quasiregular quotient over Zp, whose reduction modulo p is not semiperfect.

3.5. Construction. — Suppose R is a p-torsion free quasiregular quotient over A such that
R∞/p is semiperfect. By Lemma A.3, after rationalisation, dRR/A and q9dRR/A are related
via a functorial equivalence

q9dRR/A b̂ZJq−1K QJq − 1K »
`

dRR/A bZ Q
˘

Jq − 1K .

Observe that pdRR/A bZ QqJq− 1K carries two multiplicative filtrations: the Hodge filtration on
dRR/A and the pq − 1q-adic filtration. These can be combined into one multiplicative filtration,
which we’ll call the combined Hodge- and pq − 1q-adic filtration. Formally, it is is given by
taking the tensor product of the filtered objects Fil˚Hdg dRR/A and pq − 1q˚QJq − 1K and then
passing to degreewise pq − 1q-completions.

Using the combined Hodge- and pq−1q-adic filtration, we can now give the main construction
of this section:
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paq The q-Hodge filtration Fil˚q9Hdg q9dRR/A is the preimage (in the underived sense) of the
combined Hodge and pq − 1q-adic filtration under q9dRR/A ! pdRR/A bZ QqJq − 1K.

From the q-Hodge filtration, the following related objects can be constructed:
pbq The q-Hodge-completed derived q-de Rham complex q9d̂RR/A is the completion of q9dRR/A

at the q-Hodge filtration.
pcq The derived q-Hodge complex of R over A is the ring

q9HdgR/A := colim
´

Fil0q9Hdg q9d̂RR/A
pq−1q
−−−! Fil1q9Hdg q9d̂RR/A

pq−1q
−−−! · · ·

¯∧

pp,q−1q
.

3.6. Remark. — For any filtered object X = Fil0X ⊇ Fil1X ⊇ · · · with completion X̂, any
filtration step FilnX is the preimage of Filn X̂ under X ! X̂. Thus, in Construction 3.5(a),
we could have taken the combined Hodge- and pq − 1q-adic filtration on pd̂RR/A bZ QqJq − 1K
as well, or even its completion with respect to that filtration.

In the case where R „= B/J is of perfect-regular presentation, after completion at the Hodge
filtration, DBpJq bZ Q becomes simply pB bZ Qq∧

J . Thus, the q-Hodge filtration on q9dRR/A is
equivalently the preimage of the pJ, q − 1q-adic filtration on the ring pB bZ Qq∧

J Jq − 1K.

3.7. Remark. — To define the derived q-Hodge complex we could have used Fil˚q9Hdg q9dRR/A

as well. Indeed, by design, elements in Filn q9dRR/A become divisible by pq − 1qn in q9HdgR/A,
so after passing to the pq − 1q-adic completion the filtration converges.

Our ultimate goal is to compare the q-Hodge filtration to the usual Hodge filtration. The
starting point is the following easy lemma.

3.8. Lemma. — If R is a p-torsion free quasi-regular quotient over A and R∞ is semiper-
fect, there exists a canonical injection the canonical projection q9dRR/A ! dRR/A induces a
degreewise injective morphism of filtered objects

`

Fil˚q9Hdg q9dRR/A

˘

/pq − 1q −! Fil˚Hdg dRR/A ,

where the quotient is taken in filtered objects, with pq − 1q sitting in filtration degree 1. In other
words, we get injections Filnq9Hdg q9dRR/A/pq − 1q Filn−1

q9Hdg q9dRR/A ! FilnHdg dRR/A for all n.

Proof. The assumptions guarantee that the Hodge filtration on dRR/A is the preimage of the
induced filtration on dRR/A bZ Q. Indeed, by Remark 3.6 it’s enough to check this after
completion, and then we simply observe that the map on associated gradeds is injective: It is
the rationalisation map

Σ−n
n∧

LR/A ! Σ−n
n∧

LR/A bZ Q ,

and each Σ−n ∧n LR/A is a p-completely flat module over the p-torsion free ring R. It follows
that the composition Filnq9Hdg q9dRR/A ! q9dRR/A ! dRR/A factors through FilnHdg dRR/A for
all n, which yields the desired morphism of filtered objects. To show injectivity, we need to
check

pq − 1q Filn−1
q9Hdg q9dRR/A = Filnq9Hdg q9dRR/A ∩ pq − 1q q9dRR/A .

This immediately reduces to the analogous assertion for the combined Hodge- and pq − 1q-adic
filtration on pdRR/A bZ QqJq − 1K, which is straightforward to check.
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3.9. Definition. — We’ll say the q-Hodge filtration Fil˚q9Hdg q9dRR/A is a q-deformation
of the Hodge filtration Fil˚Hdg dRR/A if the morphism of filtered objects in Lemma 3.8 is an
isomorphism

`

Fil˚q9Hdg q9dRR/A

˘

/pq − 1q
»
−! Fil˚Hdg dRR/A .

In general, the q-Hodge filtration is not a q-deformation of the Hodge filtration. We’ll see an
explicit counterexample in Example 3.14 below, but there’s also a meta-mathematical objection:
If the q-Hodge filtration were well-behaved in general, we could use quasi-syntomic descent
to define it for all A-algebras. This would provide a way of making the filtration from 1.2
coordinate-independent, but this is very likely impossible, as we’ve discussed in §1.1.

With this in mind, the following theorem shows that the q-Hodge filtration is a q-deformation
of the Hodge filtration in surprisingly many cases.

3.10. Theorem. — Let R be a p-torsion free quasiregular quotient over A such that R∞ is
semiperfect. Suppose that one of the following two assumptions is satisfied:
paq There exists a perfect-regular presentation R „= B/J , where the ideal J ⊆ B is generated by

a Koszul-regular sequence of higher powers, that is, a Koszul-regular sequence pxα1
1 , . . . , xαr

r q

with αi ⩾ 2 for all i.
pbq The ring R∞ admits a lift to a p-complete connective E1-ring spectrum SR∞ satisfying

R∞ » SR∞ b̂Sp Zp.
Then Fil˚q9Hdg q9dRR/A is a q-deformation of Fil˚Hdg dRR/A.

Theorem 3.10 will be proved in §3.2. We’ll now make three comments about the existence
of E1-lifts as in Theorem 3.10(b) and then give two examples for the theorem.

3.11. On E1-lifts I. — Since A∞ is a perfect δ-ring, A∞ „= WpA♭∞q. Thus, rL-EllII,
Example 5.2.7s shows that A∞ admits a unique lift to a p-complete connective E∞-ring
spectrum SA∞ satisfying A∞ » SA∞ b̂Sp Zp. Explicitly, SA∞ is given by Lurie’s spherical Witt
vectors and satisfies π˚pSA∞q „= π˚pSq bZ A∞ as graded-commutative rings. If B is relatively
perfect over A, then B∞ := B b̂AA∞ is a perfect δ-ring as well, hence it also admits a p-complete
E∞-lift SB∞ .

It can be shown (see Lemma 2.2) that any E1-lift SR∞ as in Theorem 3.10(b) automatically
refines to an E1-algebra in SA∞-modules, or, if R „= B/J is of perfect-regular presentation, even
to an E1-algebra in SB∞-modules.

3.12. On E1-lifts II. — For p ⩾ 3, Burklund’s breakthrough rBur22s shows that the condition
from Theorem 3.10(a) implies the existence of such an E1-lift SR∞ , and so Theorem 3.10(b)
implies (a). The same conclusion holds in the case p = 2 if all αi are even and ⩾ 4.

Indeed, if p ⩾ 3, each SB∞/xi admits a right-unital multiplication, because the relevant ob-
struction Q1pxiq is 2-torsion and hence vanishes after p-completion. Then rBur22, Theorem 1.4s

shows that SB∞/x
αi
i admits an E1-algebra structure in SB∞-modules for all αi ⩾ 2. Hence

SR∞ := SB∞/x
α1
1 b̂SB∞ · · · b̂SB∞ SB∞/x

αr
r

is a lift as desired. If p = 2, then SB∞/x
2
i admits a right-unital multiplication by rBur22,

Remark 5.5s and we can perform the same construction, provided all αi are even and ⩾ 4.
Somewhat surprisingly though, Theorem 3.10(a) is true without such a modification at

p = 2. This cannot simply be explained by the existence of E1-lifts that are not covered by
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Burklund’s theorem: If B := Z2txu∧
2 is the free 2-complete δ-ring on a generator x, then SB∞/x

2

can’t be equipped with an E1-structure, because there exists an E∞-map SB∞ ! S2 sending
x 7! 2, so any E1-structure would base change to an E1-structure on S/4.

3.13. On E1-lifts III. — In light of Theorem 3.22 below, it is tempting to replace the
existence of an E1-lift SR∞ to the sphere spectrum in Theorem 3.10(b) with the existence of a
lift kuR∞ to the connective complex K-theory spectrum. This can’t work! By rHW18s, such an
E1-lift always exists, but in Example 3.14, we’ll see an instance where the q-Hodge filtration is
not a q-deformation of the Hodge filtration.

It seems possible that an E2-lift of R∞ to ku is sufficient to guarantee that the q-Hodge
filtration is a q-deformation of the Hodge filtration, as in this case it is expected (but so far
conjectural) that we have an S1-equivariant version of Pstrągowski’s perfect even filtration
rPst23s available on TC−pkuR∞/kuq∧

p

3.14. Example. — Let us give an example of Theorem 3.10(a) to get a feeling for why
passing to higher powers results in the q-Hodge filtration being better behaved. We’ll see a
much refined version of this analysis later in Lemma 5.23.

Let A := Zptxu∧
p be the free p-complete δ-ring on a generator x and let R := Zptxu∧

p /x
α for

some α ⩾ 1. Then q9dRR/A is the q-PD envelope

q9Dα := ZptxuJq − 1K
"

ϕpxαq

rpsq

*∧

pp,q−1q

.

If the q-Hodge filtration were to be a q-deformation of the Hodge filtration, then Filpq9Hdg q9Dα

would need to contain a lift rγqpxαq of the divided power γpxαq := xαp/p. Certainly, q9Dα itself
contains such a lift; namely, the q-divided power

γqpx
αq := ϕpxαq

rpsq
− δpxαq .

The problem is that γqpxαq is usually not contained in Filpq9Hdg q9Dα. By Remark 3.6, we can
express Filpq9Hdg q9Dα as the preimage of the ideal pxα, q − 1qp in the completed rationalisation
Qp⟨δpxq, δ2pxq, . . . ⟩Jx, q − 1K of q9Dα. So our task is to modify γqpx

αq by elements from the
ideal pq−1q q9Dα such that the result is contained in pxα, q−1qp after completed rationalisation.

Write rpsq = pu+ pq − 1qp−1, where u ≡ 1 mod q − 1. In particular, u is a unit in q9Dα.
After completed rationalisation, we can rewrite γqpxαq as

xαp

rpsq
+
ˆ

p

rpsq
− 1

˙

δpxαq = xαp

rpsq
+
ˆ

pu−1 − 1q − u−2 pq − 1qp−1

p
+ O

`

pq − 1qp
˘

˙

δpxαq .

Here Oppq − 1qpq denotes “error terms” which are divisible by pq − 1qp. Observe that these
error terms are contained in pxα, q − 1qp, so we can safely ignore them. Also xαp/rpsq is clearly
contained in pxα, q − 1qp. The term pu−1 − 1qδpxαq is contained in pq − 1q q9Dα, so we can just
kill it. This leaves the term u−2pq − 1qp−1δpxαq/p.

If α = 1, there’s nothing we can do: No modification by elements from pq − 1q q9Dα will
ever get rid of a non-integral multiple of the polynomial variable δpxq. This shows that for
α = 1, the q-Hodge filtration on q9Dα is not a q-deformation of the Hodge filtration. For α = 2,
however, we have δpx2q = 2xpδpxq + pδpxq2. Now the term 2xpδpxqu−2pq− 1qp−1/p is contained
in px2, q − 1qp and so

rγqpx
2q := γqpx

2q − pu−1 − 1qδpx2q + u−2pq − 1qp−1δpxq2
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is contained in Filpq9Hdg q9Dα and satisfies rγqpx
2q ≡ x2p/p mod q − 1, as desired. For α ⩾ 3,

we can similarly decompose δpxαq into a multiple of xppα−1q and a multiple of p.

3.15. Example. — An example for Theorem 3.10(b) that is not covered by Theorem 3.10(a)
is the case A „= B „= Zprxs∧

p , with δ-structure defined by δpxq = 0, and R „= Zp, with
B ! R sending x 7! 1. Then B lifts to an E∞-ring spectrum SB given by p-completing the
flat polynomial ring Srxs, and B ! R lifts to an E∞-map SB ! Sp. Base changing along
SB ! SB∞ yields a lift of R∞, even as an E∞-ring. In this case, q9dRR/A is the q-PD envelope

q9D := ZprxsJq − 1K
"

xp − 1
rpsq

*∧

pp,q−1q

.

It follows for example from rPri19, Lemma 1.3s that this ring contains elements of the form
px− 1qpx− qq · · · px− qn−1q/rnsq! for all n ⩾ 1. After completed rationalisation, these elements
are visibly contained in the ideal px− 1, q − 1qn. Hence they belong to Filnq9Hdg q9dRR/A and
lift the usual divided powers.

§3.2. The q-Hodge vs. the Hodge filtration
It’s possible, but not at all trivial, to continue the analysis of Example 3.14 for higher divided
powers and to give an elementary proof of Theorem 3.10(a). The argument will be explained in
§5.3. In this subsection, we’ll give a completely different proof of Theorem 3.10(b), which implies
Theorem 3.10(a) in the cases covered by Burklund’s result (see 3.12). So far, the elementary
proof is the only argument that also covers the remaining cases for p = 2. It also gives us
finer control over the q-Hodge filtration, which will be crucial in our proof of Theorem 1.19 in
§5.4. On the other hand, through the more abstract proof that we’re going to present now, the
relation between q-Hodge filtrations and TC−,refp−/kuq will become apparent.

We keep the notation from §3.1. The first step in the proof of Theorem 3.10(b) is a formal
reduction to the case where A is a perfect δ-ring.

3.16. Lemma. — Let A! A′ be a p-completely flat morphism of δ-rings, where A′ is also
p-completely perfectly covered. Let R be a p-torsion free quasiregular quotient over A such that
R∞ is semiperfect and let R′ := R b̂A A

′. Then the canonical map

Fil˚q9Hdg q9dRR/A b̂AJq−1K A
′Jq − 1K »

−! Fil˚q9Hdg q9dRR′/A′

is an equivalence.

Proof. This is not completely automatic since we have to be careful with completions. Fix n.
Since A ! A′ is p-completely flat and Filnq9Hdg q9dRR/A is p-torsion free, being a submodule
of q9dRR/A, we see that − b̂AJq−1K A

′Jq − 1K can be replaced by − b̂L
AJq−1K A

′Jq − 1K. By
Remark A.6, the canonical map q9dRR/A ! pdRR/A bZ QqJq − 1K/pq − 1qn already factors
through p−NdRR/AJq − 1K/pq − 1qn for sufficiently large N . Since Filnq9Hdg q9dRR/A contains
pq − 1qn q9dRR/A, we can also express it as a pullback of AJq − 1K-modules

Filnq9Hdg q9dRR/A q9dRR/A

p−N
n−1
à

i=0
FiliHdg dRR/Apq − 1qn−i p−NdRR/AJq − 1K/pq − 1qn

≒

29

https://arxiv.org/pdf/1608.07142#theorem.1.3


§3. Derived q-Hodge complexes

It will be enough to show that the pullback is preserved under the pp, q − 1q-completed derived
tensor product − b̂L

AJq−1K A
′Jq− 1K. To this end, let P denote the derived pullback (that is, the

pullback taken in the derived ∞-category DpAJq − 1Kq) and recall that derived tensor products
preserve derived pullbacks. It is then enough to check that H−1pP q b̂L

AJq−1K A
′Jq − 1K is static.

We claim that H−1pP q is pm-torsion for sufficiently large m. Believing this for the moment,
p-complete flatness of A! A′ guarantees that H−1pP q bL

A A
′ is static. Since it is also pm- and

pq − 1qn-torsion, the completion doesn’t change anything and we’re done.
To prove the claim, observe that the cokernel of q9dRR/A ! p−NdRR/A must clearly be

pN -torsion. Hence the cokernel of the right vertical map

q9dRR/A −! p−NdRR/AJq − 1K/pq − 1qn

is pnN -torsion. Since π−1pP q is a quotient of that cokernel (explicitly the quotient by the
bottom left corner of the pullback diagram), we conclude that H−1pP q is pnN -torsion too, as
desired.

3.17. Replacing A by A∞. — Whether Fil˚q9Hdg q9dRR/A/pq − 1q ! Fil˚Hdg dRR/A is an
equivalence can be checked after p-completed basechange along the p-completely faithfully flat
map A! A∞ (and similarly for the completed filtrations). By Lemma 3.16 this amounts to
replacing A and R by A∞ and R∞. Thus, from now on we assume A to be a perfect δ-ring and
R is a p-torsion free quasiregular quotient over A such that R := R/p is semiperfect. Since A
is perfect, we can (and will, whenever it is convenient) replace q9dRR/A and dRR/A by their
absolute variants q9dRR/Zp

and dRR/Zp
.

The crucial input in the proof of Theorem 3.10(b) is the following result that we learned
from Arpon Raksit, who in turn learned it from Thomas Nikolaus.

3.18. Theorem. — If we equip THH with its natural S1 action and kutCp with its residual
S1 » S1/Cp-action, then there is an S1-equivariant equivalence of E1-ring spectra(3.1)

THH
`

Zprζps/SJq − 1K
˘∧
p

»
−! τ⩾0

`

kutCp
˘

,

where ζp denotes a primitive pth root of unity and q 7! ζp. Modulo q − 1 = βt, this equivalence
recovers the underlying S1-equivariant E1-equivalence of the S1-equivariant E∞-equivalence
THHpFpq » τ⩾0pZtCpq from rTC18, Corollary IV.4.13s.

Here β ∈ π2pkuq denotes the Bott element and t ∈ π−2pkuhS1
q is a complex orientation class,

which can be chosen in such a way that 1 + βt ∈ π0pkuhS1
q corresponds to the standard repre-

sentation of S1 on C. If we denote this class by q, then the E1-equivalence from Theorem 3.18
sends q 7! q.

Proof of Theorem 3.18. We learned the following argument from Sanath Devalapurkar. Let
us first construct an S1-equivariant E∞-map SJq − 1K ! kutCp , where the left-hand side
receives the trivial S1 action and the right-hand side the residual S1 » S1/Cp-action. It’s
enough to construct an S1-equivariant E∞-map SJq − 1K! kuhCp , or equivalently, an E∞-map

(3.1)Conjecturally, there should even be an E∞-equivalence. The second author has been informed that
Devalapurkar and Raksit have some ideas on how to make the E1-equivalence from Theorem 3.18 into an E∞-
equivalence, using their forthcoming work rDRs on an E∞-equivalence of cyclotomic spectra THHpZpq » τ⩾0pjtCp q,
where j := τ⩾0pLKp1qSq.
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SJq − 1K ! pkuhCpqhpS1/Cpq » kuhS1 . Since q ∈ π0pkuhS1
q is a strict element, there exists an

E∞-map Srqs! kuhS1 , which factors over the pq − 1q-completion Srqs! SJq − 1K and so we
obtain the desired map.

Now let us construct an E2-SJq− 1K-algebra map Zprζps! kutCp . To this end, observe that
Zprζps is the free pq− 1q-complete E2-SJq− 1K-algebra satisfying rpsq = 0. Indeed, since rpsq = 0
holds in Zprζps, it certainly receives an E2-SJq − 1K-map from the free guy. Whether this map
is an equivalence can be checked modulo pq − 1q, where it reduces to the classical fact that Fp
is the free E2-algebra satisfying p = 0. Since π˚pkutCpq „= π˚pkutS1

q/rpsq, we get our desired
E2-SJq − 1K-algebra map Zprζps! kutCp . It induces S1-equivariant E1-SJq − 1K-algebra map

THH
`

Zprζps/SJq − 1K
˘∧
p
−! THH

`

kutCp/SJq − 1K
˘∧
p
−! kutCp ,

where the arrow on the right comes from the universal property of THHp−/SJq − 1Kq on
E∞-SJq − 1K-algebras.(3.2) is the usual augmentation (which is an S1-equivariant E∞-SJq − 1K-
algebra map). Since the left-hand side is connective, the above composition factors through an
S1-equivariant E1-SJq − 1K-algebra map THHpZprζps/SJq − 1Kq∧

p ! τ⩾0pkutCpq .
We wish to show that this map is an equivalence. This can be checked modulo pq−1q, so it will

be enough to prove that modulo pq − 1q we obtain the usual equivalence THHpFpq » τ⩾0pZtCpq.
To this end, observe that by the universal property of Zprζps and Fp as free E2-algebras, the
E∞-map kutCp ! ZtCp fits into a commutative diagram of E2-algebras

Zprζps kutCp

Fp ZtCp

which on the level of underlying spectra exhibits the bottom row as the mod-pq − 1q-reduction
of the top row. Using the same recipe as above, the bottom row induces an S1-equivariant map
of E1-algebras THHpFpq! τ⩾0pZpq. This map necessarily agrees with the underlying E1-map
of the S1-equivariant E∞-equivalence THHpFpq » τ⩾0pZtCpq. Indeed, the latter is uniquely
determined by a non-equivariant E∞-map Fp ! ZtCp , so we only need to check that this agrees,
as an E2-map with the one above. But Fp is the free E2-algebra with p = 0, so there can be
only one such E2-map.

Using Theorem 3.18, we’ll relate the q-Hodge-completed q-de Rham complex to TC−p−/kuq.

3.19. The ku-comparison I. — With notation as in 3.17, let kuR := pku b SRq∧
p . Consider

the following diagram of S1-equivariant right modules over THHpZprζps/SJq − 1Kq∧
p :

THHpSRq b THH
`

Zprζps/SJq − 1K
˘∧
p

THHpSRqtCp b kutCp
`

THHpSRq b ku
˘tCp

THH
`

Rrζps/SJq − 1K
˘∧
p

THHpkuR/kuqtCp

ϕb p3.18q

»

(3.2)In particular, this map THHpkutCp /SJq − 1Kq
∧
p ! kutCp is not the usual augmentation, as the augmentation

would only be S1-equivariant for the trivial S1-action on kutCp .

31
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Here the top-left map is induced by the cyclotomic Frobenius ϕ : THHpSRq! THHpSRqtCp and
the map from Theorem 3.18. The left vertical map is an equivalence after p-completion, so the
bottom dashed arrow exists uniquely. After taking S1-fixed points and using the Tate fixed point
lemma rTC18, Lemma II.4.2s, the bottom dashed map induces a right TC−pZprζps/SJq − 1Kq∧

p -
module map

ψ
p1q

R : TC−`Rrζps/SJq − 1K
˘∧
p
−! TPpkuR/kuq∧

p .

This looks promising because the left-hand side is almost of the form used in rBMS19, §11.2s

to construct Frobenius-twisted Breuil–Kisin cohomology. The only difference is that we’re
working relative to SJq − 1K, with q 7! ζp, rather than relative to Srzs, with z 7! ζp − 1. But
this difference is inconsequential, as the following lemma shows.

3.20. Lemma. — We have an isomorphism of graded ZpJq − 1K-algebras

π˚

´

TC−`Zprζps/SJq − 1K
˘∧
p

¯

„= ZpJq − 1Kru, ts/
`

ut− rpsq
˘

where t is our usual complex orientation class in degree −2 and u is a generator in degree 2.
More generally, the spectrum TC−pRrζps/SJq − 1Kq∧

p is concentrated in even degrees and

π2˚

´

TC−`Rrζps/SJq − 1K
˘∧
p

¯

„= Fil˚N ∆̂p1q

Rrζps/ZpJq−1K

is the completion of the Nygaard filtration on Frobenius-twisted prismatic cohomology of Rrζps
relative to the q-de Rham prism pZpJq − 1K, rpsqq. Furthermore, after localisation at u, we get
the actual q-de Rham cohomology of R on π0:

π0

´

TC−`Rrζps/SJq − 1K
˘“ 1
u

‰∧
pp,q−1q

¯

„= q9dRR/Zp
.

Proof sketch. Observe that the arguments from rBMS19; BS19s go through verbatim if we just
replace base change along Srzs ! Srz1/p∞

s with base change along SJq − 1K ! SJq1/p∞ − 1K.
Then the first isomorphism is the analogue of rBMS19, Proposition 11.10s, the second is the
analogue of rBS19, §15.2s and the final one is the analogue of the Frobenius descent from
rBMS19, §11.3s.

3.21. The ku-comparison II. — Using 3.19 and Lemma 3.20, we see that ψp1q

R induces
a map from the Nygaard-completed Frobenius-twisted q-de Rham cohomology of R into
π0pTPpkuR/kuq∧

p q. To promote this to a map from the actual q-de Rham cohomology, we need
to show that the generator u from Lemma 3.20 is sent to a unit. This can be checked modulo
pq − 1q. Using the compatibility with THHpFpq » τ⩾0pZtCpq from Theorem 3.18, we’re reduced
to checking that the cyclotomic Frobenius ϕhS1 : TC−pFpq ! TPpFpq sends the eponymous
element u ∈ π2 TC−pFpq to a unit. But in fact, u is sent to t−1 ∈ π2 TPpFpq.

Therefore, ψp1q

R factors through a map of right TC−pZprζps/SJq − 1Kq∧
p -modules

ψR : TC−`Rrζps/SJq − 1K
˘“ 1
u

‰∧
pp,q−1q

−! TPpkuR/kuq∧
p .

3.22. Theorem. — Let kuR be as above and let KUR := pKU b SRq∧
p . Then the spectra

TC−pkuR/kuq∧
p and TC−pKUR/KUq∧

p are concentrated in even degrees and π0pψRq induces
graded ZpJq − 1K-linear isomorphisms

Fil˚q9Hdg q9d̂RR/Zp

„=−! π2˚

`

TC−pkuR/kuq∧
p

˘

,

q9HdgR/Zp
rβ±1s

„=−! π2˚

`

TC−pKUR/KUq∧
p

˘

.
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3.23. Remark. — A priori THHpkuR/kuq∧
p is only an E0-ring spectrum, so it doesn’t

make sense to ask for multiplicativity in Theorem 3.22. However, if SR refines to an E2-ring
spectrum, then the map ψR respects E1-SJq − 1K-algebra structures and so the isomorphism
from Theorem 3.22 will be one of graded rings.

To prove Theorem 3.22 we analyse the filtration on π0pTPpkuR/kuq∧
p q coming from the Tate

spectral sequence (which we’ll call the Tate filtration) and relate it to the q-Hodge filtration.
This is the content of Lemmas 3.27 and 3.28. Then we compute π0pψRq modulo pq − 1q in
Lemma 3.29. Once we have this, Theorem 3.22 will be an easy consequence.

3.24. Completion issues. — To analyse the filtration on π0pTPpkuR/kuq∧
p q, we would like

to compare filtrations along the rationalisation map TPpkuR/kuq ! TPpkuR b Q/ku b Qq.
The problem with this is the p-completion: It would kill the right-hand side, but without
p-completion, the left-hand side is a rather pathological object. There are at least two ways to
overcome this problem:
paq If R „= B/J is of perfect-regular presentation, we can consider kuB := pku b SBq∧

p and
promote kuR to an E1-algebra in kuB-modules by Lemma 2.2. Then the same argument
as in rBMS19, Proposition 11.7s shows THHpkuB/kuq ! kuB is an equivalence after
p-completion, hence TPpkuR/kuq∧

p » TPpkuR/kuBq∧
p . But TPpkuR/kuBq is already p-

complete, so we can simply work relative to kuB.
pbq We can use solid condensed mathematics.
We’ll follow strategy (b), since it allows us to prove Theorem 3.22 in the most generality (and
condensed mathematics will show up anyway in our proof of Theorem 1.19).

3.25. Solid condensed recollections. — Let CondpSpq denote the ∞-category of (light)
condensed spectra, that is, hypersheaves of spectra on the site of light profinite sets as defined
by Clausen and Scholze rCS24s. The evaluation at the point p−qp˚q : CondpSpq! Sp admits a
fully faithful symmetric monoidal left adjoint p−q : Sp! CondpSpq, sending a spectrum X to
the discrete solid condensed spectrum X.

If X is a p-complete spectrum, then X is usually not p-complete in CondpSpq because p−q

doesn’t commute with limits. After passing to p-completions, we still get an adjunction on
p-complete objects p−q∧

p : Sp∧
p  ! CondpSpq∧

p :p−qp˚q and the left adjoint is still fully faithful
because the unit is still an equivalence. For readability we’ll make the following abusive
convention: If X is a p-complete spectrum, we’ll identify X with X∧

p , otherwise we identify X
with the discrete condensed spectrum X. In particular, we’ll regard ku as a discrete condensed
spectrum, but kuR as a p-complete one.

One can develop a theory of solid condensed spectra along the lines of rCS24, Lectures 5–6s.
Consider the condensed spectrum PS := cofibpSrt∞us! SrN ∪ t∞usq. Let σ : PS ! PS be the
endomorphism induced by the shift map p−q + 1: N∪ t∞u! N∪ t∞u. Recall that a condensed
spectrum M is called solid if

1 − σ˚ : HomSpPS,Mq
»
−! HomSpPS,Mq

is an equivalence, where HomS denotes the internal Hom in CondpSpq. We let Sp■ ⊆ CondpSpq

denote the full sub-∞-category of solid condensed spectra. Then Sp■ is closed under all limits
and colimits, hence the inclusion admits a left adjoint p−q■ : CondpSpq ! Sp■. It satisfies
pM bNq■ » pM■ bNq■, which allows us to endow Sp■ with a symmetric monoidal structure,
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called the solid tensor product, via M b■ N := pM b Nq■. The solid tensor product has the
magical property that if M and N are p-complete and bounded below, then M b■ N is again
p-complete; see rCS24, Lecture 6s or rBos23, Proposition A.3s.

For every E∞-algebra k in Sp■, we let − b■
k − denote the tensor product on ModkpSp■q. We

can then consider topological Hochschild homology inside the symmetric monoidal ∞-category
ModkpSp■q. This yields a functor

THHp−/k■q : Alg
`

ModkpSp■q
˘

−! ModkpSp■qBS1
.

We also let TC−p−/k■q := THHp−/k■qhS1 and TPp−/k■q := THHp−/k■qtS1 . Since every dis-
crete spectrum is solid, we can regard ku as an E∞-algebra in Sp■. Since kuR » limα⩾0 kuR/pα
is a limit of discrete condensed spectra, it must be solid as well, hence it defines an object in
AlgpModkupSp■qq.

3.26. Lemma. — Then condensed spectrum THHpkuR/ku■q is the p-completion of the
discrete condensed spectrum THHpkuR/kuq.

Proof. By the magical property of the solid tensor product,

THHpkuR/ku■q » kuR b■

kuop
R b■

kukuR
kuR

is again p-complete. Hence we get a map THHpkuR/kuq∧
p ! THHpkuR/ku■q. Whether this

map is an equivalence can be checked modulo p3. Since ku/p admits a right unital multiplication
(in fact an E1-ku-algebra structure by rHW18s), Burklund’s result rBur22, Theorem 1.5s shows
that ku/p3 admits an E2-ku-algebra structure, and so we may regard kuR/p3 » kuR b■

ku ku/p3

as an E1-algebra in the E1-monoidal ∞-category RModku/p3pSp■q. Since kuR/p3 is discrete and
the inclusion of discrete objects into all condensed spectra preserves tensor products, we obtain

THHpkuR/kuq∧
p /p

3 » pkuR/p3q bpkuR/p3qopbku/p3 pkuR/p3q pkuR/p3q » THHpkuR/ku■q/p3 .

3.27. Lemma. — The Tate filtration on π0 TPpkuR/ku■q is the preimage of the Tate filtration
on π0 TPppkuR b■ Qq/pku b■ Qq■q under the rationalisation map

TPpkuR/ku■q −! TP
`

pkuR b■ Qq/pku b■ Qq■
˘

.

Proof. As both filtrations are complete, it’s enough to check that the map on associated gradeds
is injective. By pq − 1q-completeness, this can, in turn, be checked modulo q − 1 = βt. Since t
is invertible, reducing modulo pq − 1q amounts to base change along ku ! Z. So we reduce
to the same question about HPpR/Z■q ! HPpR b■

Z Q/Q■q (according to our convention in
3.25, Z and Q are regarded as discrete condensed rings, whereas R is a p-complete condensed
ring). The same argument as in Lemma 3.26 shows that HHpR/Z■q » HHpR/Zq∧

p . Hence
π0 HPpR/Z■q „= d̂RR/Zp

and this isomorphism identifies the Tate filtration with the Hodge
filtration. Similarly HHpR b■ Q/Q■q » HHpR/Z■q b■

Z Q » HHpR/Zq∧
p bZ Q. Thus we obtain

that π0 HHpR b■ Q/Q■q „= pd̂RR/Zp
bZ Qq∧

Hdg is the completion of d̂RR/Zp
bZ Q at its Hodge

filtration, and the Tate filtration gets again identified with the Hodge filtration.
So it’ll be enough to check that the Hodge filtration on d̂RR/Zp

is the preimage of the Hodge
filtration on d̂RR/Zp

bZ Q. This follows from the argument in the proof of Lemma 3.8.
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3.28. Lemma. — There exists an isomorphism

π0 TP
`

pkuR b■ Qq/pku b■ Qq■
˘

„= pd̂RR/Zp
bZ Qq∧

HdgJq − 1K

in such a way that the Tate filtration becomes identified with the combined Hodge- and pq−1q-adic
filtration from Construction 3.5. Furthermore, π0pψRq becomes identified with the canonical
map q9dRR/Zp

! pd̂RR/Zp
bZ Qq∧

HdgJq − 1K

Proof. Note that the polynomial ring Qrβs is the free E∞-Q-algebra on a generator β in degree
2. Hence we get an E∞-map Qrβs! ku b■ Q and an E1-map Rb■

Z Qrβs » SR b■ Qrβs! kuR.
Both maps are equivalences, as one immediately checks on homotopy groups. It follows that

THH
`

pkuR b■ Qq/pku b■ Qq■
˘

» HHpR/Z■q b■
Z Qrβs » HHpR/Zq∧

p b■
Z Qrβs .

By lax monoidality of p−qtS1 , we get a map

TPpR/Zq∧
p b■

Zpptqq Qrβspptqq −! TP
`

pkuR b■ Qq/pku b■ Qq■
˘

.

The THH-computation above shows that on π0 this map is an equivalence up to completion at
the Tate filtration. Hence indeed π0 TP

`

pkuR b■ Qq/pku b■ Qq■
˘

„= pd̂RR/Zp
bZ Qq∧

HdgJq − 1K,
where q − 1 = βt, and the Tate filtration becomes the combined Hodge- and pq − 1q-adic
filtration.

It remains to show that π0pψRq agrees with the canonical map. To this end, recall our
assumption that R := R/p is semiperfect. This implies that Ainf := WpR♭q! R is surjective.
If J := kerpAinf ! Rq and Acrys := DAinf pJq denotes the p-completed PD-envelope of J ,
then it’s well-known that dRR/Zp

» dRR/Ainf » Acrys.(3.3) So π0pψRq appears as a map
q9dRR/Zp

! pAcrys bZ Qq∧
HdgJq − 1K. Since the right-hand side is rational and pq − 1q-complete,

π0pψRq factors through pq9dRR/Zp
bZ Qq∧

pq−1q
» pAcrys bZ QqJq − 1K. In total, we’re given a

map
pAcrys bZ QqJq − 1K −! pAcrys bZ Qq

∧
HdgJq − 1K

and we must show that it is the obvious one. To see this, observe that the un-p-completed
PD-envelope A◦

crys of J ⊆ Ainf is contained in Ainf bZ Q. Thus, the obvious map is uniquely
characterised by the following two properties:
paq It is a map of AinfJq − 1K-modules.
pbq It is continuous with respect to the pp, q − 1q-adic topology on either side.
It’s clear from the construction that π0pψRq also satisfies (b). To see (a), since Ainf is a
perfect δ-ring, it lifts uniquely to a p-complete connective E∞-ring spectrum SAinf . Then
THHpSAinf q! SAinf is an equivalence after p-completion by the same argument as in rBMS19,
Proposition 11.7s and so THHpSRq∧

p » THHpSR/SAinf q
∧
p . Thus, we can redo the constructions

from 3.19 and 3.21 and work relative to SAinf everywhere. This yields the desired AinfJq − 1K-
linearity.

Here we’ve implicitly used two facts: First that the E1-algebra structure on SR refines
to an E1-algebra in SAinf -modules; this is shown in Lemma 2.2. Second, we’ve used that
THHp−/SAinf q admits a cyclotomic structure; this is shown in Lemma 2.1. We should also

(3.3)Indeed, the first equivalence follows from Ainf being a perfect δ-ring. For the second, note that dRR/Ainf is
p-torsion free and contains divided powers for all x ∈ J , as can be seen from dRZ/Zrxs ! dRR/Ainf . Hence there’s
a map Acrys ! dRR/Ainf , and this map is an equivalence modulo p by rBMS19, Proposition 8.12s.
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remark that the cyclotomic Frobenius in 3.19 introduces a Frobenius-twist, so that π0pψ
p1q

R q is
not AinfJq − 1K-linear, but only semi-linear with respect to the Frobenius on Ainf . However,
this twist gets untwisted in 3.21(3.4) so π0pψRq really is AinfJq − 1K-linear.

This finishes our analysis of π0pψRq after rationalisation. Let us now compute it after
reduction modulo pq − 1q.

3.29. Lemma. — Let WdR−/Fp
denote the p-typical derived de Rham–Witt complex of Fp-

algebras and let R := R/p. Then modulo pq − 1q, the map π0pψRq can be canonically identified
with

WdRR/Fp
» dRR/Zp

−! d̂RR/Zp
.

Proof. If we reduce the maps ψp1q

R and ψR from 3.19 and 3.21 modulo pq − 1q = βt, we obtain
maps ψp1q

R and ψR sitting inside a commutative diagram

TC−pRq∧
p HPpR/Zq∧

p

TC−pRq
“ 1
u

‰∧
p

ψ
p1q

R

ψR

where ϕ is the cyclotomic Frobenius. We know that π0pHPpR/Zq∧
p q „= d̂RR/Zp

. According to
rBMS19, Theorem 8.17s, π0pTC−pRq∧

p q „= ŴdRR/Fp
is the Nygaard-completed de Rham–Witt

complex of R. Furthermore, the Frobenius-descent from rBMS19, §11.3s (except that we’re
working absolutely, not relative to Srzs or SJq − 1K) shows that the left vertical map can be
identified with the Frobenius ϕ : ŴdRR/Fp

! WdRR/Fp
on π0. So π0pψRq really appears as

a map WdRR/Fp
» dRR/Zp

! d̂RR/Zp
. To show that it is the indeed the obvious such map,

we can use the same argument as in the proof of Lemma 3.28: The obvious map is uniquely
determined by Ainf -linearity and continuity; the former property is obviously satisfied for
π0pψRq, whereas the latter follows since we can again work relative to SAinf .

Before we continue with our proof of Theorem 3.22, let us mention the following curious
observation.

3.30. Remark. — Recall the usual equivalence dRR/Zp
» WdRR/Fp

. For p ⩾ 3, it’s
straightforward to check that the Hodge filtration is contained in the Nygaard filtration, and
so we get a map d̂RR/Zp

! ŴdRR/Fp
. This map is an equivalence because it reduces to an

equivalence modulo p; see rBMS19, Theorem 8.17s.
However, for p = 2 this argument breaks down and the author suspects that in the case

R = Z2txu∞/x (where Z2txu∞ denotes the free 2-complete perfect δ-ring on a generator x) the
Hodge and Nygaard filtrations are incommensurable. But in the presence of an E1-lift SR, such
a pathology cannot occur. Even better: We get an equivalence on the level of spectra!

Indeed, recall from rTC18, Corollary IV.4.13s there exists a map Z ! THHpFpq of S1-
equivariant E∞-ring spectra. It is an equivalence after p−qtCp and induces an S1-equivariant
map pTHHpSRq b ZqtCp ! pTHHpSRq b THHpFpqqtCp of spectra. After taking S1-fixed points,
this yields a map

c : HPpR/Zq∧
p −! TPpRq∧

p .

(3.4)This probably not clear from the construction alone, but it becomes apparent from rBMS19, §11.3s.
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On π0, we obtain a map π0pcq : d̂RR/Zp
! ŴdRR/Fp

. The same SAinf -trick as in the proofs of
Lemmas 3.28 and 3.29 shows that the map π0pcq must be induced by the usual equivalence
dRR/Zp

» WdRR/Fp
after passing to completions on both sides (so in particular, the completions

must be compatible). The same argument as above then shows that π0pcq must be an equivalence.
Thus c must be an equivalence as well, as both sides are even periodic and the periodicity
generators are already detected in ZtCp » THHpFpqtCp .

Proof of Theorem 3.22. Consider π0pψRq : q9dRR/Zp
! π0pTPpkuR/kuq∧

p q. By Lemmas 3.27
and 3.28, the q-Hodge filtration on q9dRR/Zp

is the preimage of the Tate filtration under π0pψRq.
This immediately implies that π0pψRq factors through an injective map

q9d̂RR/Zp
−! π0

`

TPpkuR/kuq∧
p

˘

.

To show surjectivity, we only need to check that the image of this map is dense. This can be
checked modulo pq − 1q, where it follows from Lemma 3.29.

By the usual comparison between the homotopy fixed point and Tate spectral sequences,
we see that π2npTC−pkuR/kuq∧

p q agrees for all n ⩾ 0 with the nth step in the Tate filtration
on π0pTPpkuR/kuq∧

p q » q9d̂RR/Zp
, so we can upgrade this equivalence to the desired filtered

equivalence
Fil˚q9Hdg q9d̂RR/Zp

» π2˚

`

TC−pkuR/kuq∧
p

˘

.

Using the base change formula THHp− bku KU/KUq » THHp−/kuq bku KU we obtain

TC−pKUR/KUq∧
p » TC−pkuR/kuq∧

p

”

1
β

ı∧

pp,tq
.

Since q − 1 = βt, we may as well complete at pp, q − 1q. Via the above computation of
π2˚pTC−pkuR/kuq∧

p q, we see that π0pTC−pkuR/kuq∧
p r1/βsq arises from q9d̂RR/Zp

by adjoining
elements pq−1q−nωn for all ωn ∈ Filnq9Hdg q9d̂RR/Zp

. After completion at pp, q−1q, this precisely
yields the q-Hodge complex q9HdgR/Zp

from Construction 3.5(c). To finish the proof, it remains
to check that in this case pp, q− 1q-completion commutes with passing to homotopy groups and
to establish the evenness assertions. This will be done in Lemma 3.31 below.

3.31. Lemma. — The spectra TC−pkuR/kuq∧
p and TC−pKUR/KUq∧

p are concentrated in
even degrees. Furthermore, pq − 1, pq is a regular sequence in π2˚pTC−pkuR/kuq∧

p r1/βsq, so
pp, q − 1q-completion commutes with passing to homotopy groups.

Proof. The kuhS1-module spectrum TC−pkuR/kuq∧
p is t-complete, so it’s enough to check that

TC−pkuR/kuq/t » THHpkuR/kuq∧
p is even. This is a connective ku-module, hence β-complete.

So we can further reduce to THHpkuR/kuq∧
p /β » HHpR/Zq∧

p , which is even with π2n given
by Σ−n ∧n LR/Zp

; see rBMS19, Lemma 5.14s and observe that the proof goes through in our
situation as well even though R need not be quasiregular semiperfectoid.

That π2˚pTC−pkuR/kuq∧
p r1/βsq is pq− 1q-torsion free, or equivalently, t-torsion free, follows

since pTC−pkuR/kuq∧
p r1/βsq/t » THHpkuR/kuq∧

p r1/βs is even, as we’ve just checked that
THHpkuR/kuq∧

p is even. Furthermore, to see that the homotopy groups of THHpkuR/kuq∧
p r1/βs

are p-torsion free, it’s enough to check the same for THHpkuR/kuq∧
p . Since this is β-complete,

we can again reduce to THHpkuR/kuq∧
p /β » HHpR/Zq∧

p , and then we win since Σ−n ∧n LR/Zp

are p-completely flat modules over the p-torsion free ring R. This shows that pq − 1, pq is a
regular sequence, as desired. Then TC−pKUR/KUq∧

p » TC−pkuR/kuq∧
p r1/βs∧

pp,q−1q
must again

be even, since pp, q−1q-completion commutes with passing to homotopy groups in this case.
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Proof of Theorem 3.10(b). By Lemma 3.16, we can reduce to the case where A „= A∞ is a
perfect δ-ring. Then R „= R∞. Furthermore, Fil˚Hdg dR−/A » Fil˚Hdg dR−/Zp

and then the same
follows for the derived q-de Rham complexes with their q-Hodge filtration. So we may as well
work relative to Zp. Since q − 1 = βt, we see that under the equivalence from Theorem 3.22 we
get an identification

Filnq9Hdg q9d̂RR/Zp
/pq − 1q Filn−1

q9Hdg q9d̂RR/Zp
„= π2n

`

TC−pkuR/kuq∧
p /β

˘

But on homotopy groups, TC−pkuR/kuq∧
p /β » HC−pR/Zq∧

p recovers the Hodge filtration on
d̂RR/Zp

. This shows that Fil˚q9Hdg q9d̂RR/Zp
is a q-deformation of Fil˚Hdg d̂RR/Zp

.
To show that the same holds true before completing the filtrations, thanks to Lemma 3.8 we

only need to prove that Fil˚q9Hdg q9dRR/Zp
! Fil˚Hdg dRR/Zp

is surjective in every degree. So let
ω ∈ FilnHdg dRR/Zp

. We know that Filnq9Hdg q9d̂RR/Zp
contains a lift ω̂ of ω. We also know that

q9dRR/Zp
contains a lift ω of ω. Then ω̂ = ω + pq − 1qη̂ for some η̂ ∈ q9d̂RR/Zp

. Choose an
approximation η ∈ q9dRR/Zp

of η such that η − η̂ lies in the nth step of the completed q-Hodge
filtration. Then ω + pq − 1qη ∈ Filnq9Hdg q9dRR/Zp

is a lift of ω, as desired.

§3.3. Some formal properties of derived q-Hodge complexes
In this subsection we show a few easy results about Fil˚q9Hdg q9dRR/A and q9HdgR/A. We start
with a result which is very convenient to streamline arguments.

3.32. Lemma. — Let Fil˚ M ∈ Modpq−1q˚ZJq−1KpFil DpZqq be a filtered module over the
pq − 1q-adically filtered ring pq − 1q˚ZJq − 1K such that for all n < 0, FilnM » Fil0M , and for
all n ⩾ 0, FilnM is pq − 1q-complete and the multiplication pq − 1qn : Fil0M ! Fil0M factors
through FilnM as ZJq− 1K-modules. Then M is also pq− 1q-complete in the filtered sense, with
pq − 1q sitting in filtration degree 1.

In particular, this applies to Fil˚q9Hdg q9dRR/A, as pq − 1qn q9dRR/A ⊆ Filnq9Hdg q9dRR/A.

Proof of Lemma 3.32. For all n, we obtain

FilnM » lim
i⩾0

FilnM/pq − 1qi FilnM » lim
i⩾0

FilnM/pq − 1qi Filn−iM .

The first equivalence is the assumption that FilnM is pq − 1q-complete, the second equivalence
follows from the factorisation assumption. In combination, this precisely says that Fil˚ M is
pq − 1q-complete in the filtered sese.

Next, we’ll show base change and a Künneth formula. We’ve already seen in Lemma 3.16
that the q-Hodge filtration satisfies base change along p-completely flat maps of δ-rings. We’ll
now show that the flatness hypothesis can be removed as long as the q-Hodge filtration is a
q-deformation of the Hodge filtration.

3.33. Lemma. — Let A ! A′ be a morphism of p-complete δ-rings such that A′ is also
p-completely perfectly covered. Let R be a p-torsion free quasiregular quotient over A such that
R∞ is semiperfect. Suppose that the derived base change R′ := R b̂L

A A
′ is static and p-torsion

free.
paq R′ is again a quasiregular quotient over A′ and R′

∞ is semiperfect (so we can define
Fil˚q9Hdg q9dRR′/A′ and q9HdgR′/A′).
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Furthermore, suppose that the q-Hodge filtration on q9dRR/A is a q-deformation of the Hodge
filtration. Then:
pbq The q-Hodge filtration on q9dRR′/A′ is again a q-deformation of the Hodge filtration and

the canonical base change morphism

Fil˚q9Hdg q9dRR/A b̂L
AJq−1K A

′Jq − 1K »
−! Fil˚q9Hdg q9dRR′/A′ .

is an equivalence. On the left-hand side the tensor product is degreewise pp, q−1q-completed.
pcq The canonical base change morphism for derived q-Hodge complexes is also an equivalence

q9HdgR/A b̂L
AJq−1K A

′Jq − 1K »
−! q9HdgR′/A′ .

Proof. Part (a) is almost trivial: Our assumptions imply that R′/p » R/pbL
A/p A

′/p and that
Σ−1LR/A/p is a flat R/p-module. Then Σ−1LR′/A′/p » Σ−1LR/A/pbL

A/p A
′/p is a flat module

over R′/p, proving that R′ is a quasiregular quotient over A. Furthermore, it’s clear that
R′

∞
„= R∞ bA∞/p A

′
∞/p is semiperfect again.

Next we show (b). To show that the q-Hodge filtration on q9dRR′/A′ is a q-deformation of
the Hodge filtration, we only need to check that Fil˚q9Hdg q9dRR′/A′/pq − 1q! Fil˚Hdg dRR′/A′ is
degreewise surjective. Since the usual Hodge filtration satisfies derived base change, we have
Fil˚Hdg dRR′/A′ » Fil˚Hdg dRR/A b̂L

A A
′; the right-hand side must be static by (a). The desired

surjectivity now follows since already
´

Fil˚q9Hdg q9dRR/A b̂L
AJq−1K A

′Jq − 1K
¯

/pq − 1q −! Fil˚Hdg dRR/A b̂L
A A

′

is degreewise surjective by our assumption on R. To show the base change equivalence, observe
that both sides are pq − 1q-complete as filtered objects by Lemma 3.32. So we may reduce
both sides modulo pq − 1q in the filtered sense, and then we obtain the base change morphism
Fil˚Hdg dRR/A b̂L

A A
′ ! Fil˚Hdg dRR′/A′ for the ordinary Hodge filtrations, which we know to be

an equivalence. This proves (b).
To show (c), recall from Remark 3.7 that we may as well use the un-completed q-Hodge

filtration in the definition of the derived q-Hodge complex. Since we know the latter to satisfy
base change by (b), we’re done.

3.34. Lemma. — Let R1 and R2 be p-torsion free quasiregular quotients over A such that
R1,∞ and R2,∞ are semiperfect. Suppose that R := R1 b̂L

A R2 is static and p-torsion free.
paq R is again a quasiregular quotient over A and R∞ is semiperfect (so we can define

Fil˚q9Hdg q9dRR/A and q9HdgR/A).
Furthermore, suppose that the q-Hodge filtrations on q9dRR1/A and q9dRR2/A are q-deformations
of the respective Hodge filtrations. Then:
pbq The q-Hodge filtration on q9dRR/A is again a q-deformation of the Hodge filtration and

we have a canonical Künneth equivalence

Fil˚q9Hdg q9dRR1/A b̂L
pq−1q˚AJq−1K Fil˚q9Hdg q9dRR2/A

»
−! Fil˚q9Hdg q9dRR/A .

Here the tensor product is taken in filtered objects and degree-wise pp, q − 1q-completed;
pq − 1q˚AJq − 1K denotes the pq − 1q-adic filtration on AJq − 1K (which agrees with the
q-Hodge filtration Fil˚q9Hdg q9dRA/A).
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pcq Likewise, for derived q-Hodge complexes there is a canonical Künneth equivalence

q9HdgR1/A b̂L
AJq−1K q9HdgR2/A

»
−! q9HdgR/A .

Proof. Again, (a) is almost trivial: Since R1/pbL
A/p R2/p is static and Σ−1LR1/A/p is flat over

R1/p, we see that Σ−1LR1/A/pbL
A/p R2/p must be static again. The same conclusion holds if

we reverse the roles of R1 and R2. Hence both summands in

LR/A »
`

LR1/A b̂L
A R2

˘

‘
`

R1 b̂L
A LR2/A

˘

have p-complete Tor-amplitude concentrated in degree 1, so R is a quasiregular quotient over
A again. Also R∞ „= R1,∞ bA∞/p R2,∞is clearly semiperfect again.

To show that the q-Hodge filtration on q9dRR′/A′ is a q-deformation of the Hodge filtration,
we only need to check that Fil˚q9Hdg q9dRR/A/pq − 1q! Fil˚Hdg dRR/A is degreewise surjective.
But Fil˚Hdg dRR/A » Fil˚Hdg dRR1/A b̂L

A Fil˚Hdg dRR2/A and so surjectivity for R follows from
surjectivity for R1 and R2. By Lemma 3.32, the Künneth equivalence from (b) can be checked
after reducing both sides modulo pq − 1q as filtered objects. Then we get the usual Künneth
equivalence for the Hodge filtration. This shows (b). As in the proof of Lemma 3.16, thanks to
Remark 3.7 we can deduce (c) as a formal consequence of (b).

Finally, we’ll introduce yet another filtration.

3.35. The conjugate filtration. — Let R be a p-torsion free quasiregular quotient over A
such that R∞ is semiperfect. We will construct an ascending filtration Filconj

˚ pq9HdgR/A/pq−1qq

on q9HdgR/A/pq − 1q, which we’ll call the conjugate filtration, whose associated graded is
grconj
n pq9HdgR/A/pq − 1qq » dRn

R/A » Σ−n ∧n LR/A. This gives some justification to our
proposal that q9HdgR/A should be a q-deformation of Hodge cohomology.

To construct the conjugate filtration, let’s consider the p-completed localisation of the
filtered object Fil˚q9Hdg q9dRR/A at the element pq − 1q, sitting in filtration degree 1, as always:

Fil˚q9Hdg q9dRR/A

”

1
q−1

ı∧

p
» colim

ˆ

Fil˚q9Hdg q9dRR/A
pq−1q
−−−! Fil˚+1

q9Hdg q9dRR/A
pq−1q
−−−! . . .

˙∧

p

.

Let q9Hdg◦
R/A denote the degree-0-part. It’s completely formal to see that the filtered object

above is the pq − 1q-adic filtration on q9Hdg◦
R/Ar1/pq − 1qs∧

p . In particular, if we complete the
filtration (or in other words, take the localisation in the category of complete filtered objects),
then we obtain the pq− 1q-adic filtration on q9HdgR/Ar1/pq− 1qs∧

p . By passing to the associated
graded, it follows that

q9HdgR/A/pq − 1q » colim
ˆ

gr0
q9Hdg q9dRR/A

pq−1q
−−−! gr1

q9Hdg q9dRR/A
pq−1q
−−−! . . .

˙∧

p

.

This representation as a colimit yields an exhaustive ascending filtration on q9HdgR/A/pq − 1q

via Filconj
n pq9HdgR/A/pq − 1qq := grnq9Hdg q9dRR/A. It remains to check:

3.36. Lemma. — If the q-Hodge filtration on q9dRR/A is a q-deformation of the Hodge
filtration, then the associated graded of the conjugate filtration on q9HdgR/A/pq − 1q is indeed
given by

grconj
n

`

q9HdgR/A/pq − 1q
˘

» dRn
R/A » Σ−n

n∧
LR/A .
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Proof. The filtered localisation Fil˚q9Hdg q9dRR/Ar1/pq − 1qs∧
p can similarly be promoted to

a doubly filtered object, with one ascending (“horizontal”) and one descending (“vertical”)
direction. The associated graded in the vertical direction is Filconj

˚ pq9HdgR/A/pq − 1qq by
construction. For any doubly filtered object, it doesn’t matter in which order one passes
to the associated graded. Passing to the associated graded in the horizontal direction first,
we get pFil˚q9Hdg q9dRR/Aq/pq − 1q » Fil˚Hdg dRR/A. In the vertical direction we then obtain
grnHdg dRR/A » Σ−n ∧n LR/A » dRn

R/A, as desired.

§3.4. Global q-Hodge complexes
In the same way as an integral q-de Rham complex can be defined for arbitrary animated rings
(see Appendix A), we can also globalise the constructions from Construction 3.5.

3.37. Construction. — Let A be a Λ-ring which is p-torsion free for all primes p and such
that all Adams operations ψp : A! A are p-completely faithfully flat. Let R be an A-algebra
such that for all primes p, R is p-torsion free, the p-completion R̂p is a quasiregular quotient
over Âp, and its base change R̂p,∞ := R̂p b̂

Âp
Âp,∞ satisfies that R̂p,∞/p is semiperfect.

paq We define the q-Hodge filtration on q9dRR/A to be the pullback

Fil˚q9Hdg q9dRR/A

∏
p

Fil˚q9Hdg q9dRR̂p/Âp

Fil˚pHdg,q−1q

´

`

dRR/A bZ Q
˘

Jq − 1K
¯

Fil˚pHdg,q−1q

˜

ˆ∏
p

dRR̂p/Âp
bZ Q

˙

Jq − 1K

¸

≒

taken in the ∞-category CAlgpFil DpAJq − 1Kqq of filtered E∞-algebras in the derived
∞-category DpAJq − 1Kq. Here Fil˚pHdg,q−1q denotes the combined Hodge- and pq − 1q-adic
filtration as in Construction 3.5.

The existence of the right vertical map in the diagram above follows directly from the definition
of the q-Hodge filtration on q9dRŜp/Âp

. Via the pullback square from Construction A.11, we
can regard Fil˚q9Hdg q9dRR/A as a filtration on the global q-de Rham complex q9dRR/A, as the
notation suggests.

As in the p-complete case, the global q-Hodge filtration can be used to construct two more
objects of interest:
pbq The q-Hodge-completed derived q-de Rham complex q9d̂RR/A is the completion of q9dRR/A

at the q-Hodge filtration.
pcq The derived q-Hodge complex of R over A is the E∞-AJq − 1K-algebra

q9HdgR/A := colim
´

Fil0q9Hdg q9d̂RR/A
pq−1q
−−−! Fil1q9Hdg q9d̂RR/A

pq−1q
−−−! · · ·

¯∧

pq−1q

3.38. Remark. — As in Remark 3.7, it doesn’t matter whether we use q9dRR/A or its
q-Hodge completion q9d̂RR/A in Construction 3.37(c).

3.39. Lemma. — Let A and R be as in Construction 3.37. If, for all primes p, the q-Hodge
filtration on q9dRR̂p/Âp

is a q-deformation of the Hodge filtration on dRR̂p/Âp
(for example,
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this is true if each R̂p satisfies one of the two conditions of Theorem 3.10), then the q-Hodge
filtration on q9dRR/A is a q-deformation of the Hodge filtration on dRR/A.

Proof. Upon reducing modulo pq − 1q in FilpDpAJq − 1Kqq (or in Fil DAlgAJq−1K), the pullback
square from Construction 3.37(a) becomes the usual arithmetic fracture square for the Hodge
filtration on the derived de Rham complex dRR/A.

3.40. Remark. — It’s straightforward to show that the global q-Hodge filtration satisfies
the obvious analogues of Lemmas 3.33 and 3.34. Furthermore, we can construct a conjugate
filtration on q9HdgR/A/pq − 1q in the same way as in 3.35 (except that the localisation won’t
be p-completed), and then the same argument as in Lemma 3.36 shows

grconj
n

`

q9HdgR/A/pq − 1q
˘

» dRn
R/A » Σ−n

n∧
LR/A ,

provided the q-Hodge filtration is a q-deformation of the Hodge filtration.

3.41. Upgrade to derived commutative AJq− 1K-algebras. — It’s straightforward to lift
Fil˚q9Hdg q9dRR/A functorially to a pq − 1q-complete object in the ∞-category of filtered derived
commutative AJq − 1K-algebras Fil DAlgAJq−1K, as defined in rRak21, Construction 4.3.4s. Here
pq − 1q sits in filtration degree 1, as usual.

Indeed, as in A.12, it’ll be enough to lift the three components of the pullback from
Construction 3.37(a) to Fil DAlgAJq−1K. For all p, Fil˚q9Hdg q9dRR̂p/Âp

is just an ordinary ring
together with a descending filtration by ideals, so there’s a unique way to promote it to an
object of Fil DAlgAJq−1K. The same reasoning applies for each Fil˚pHdg,q−1qpdRR̂p/Âp

bZQqJq−1K.
Finally, to equip Fil˚pHdg,q−1qpdRR/A bZ QqJq − 1K with such a structure, we can first reduce to
the case of smooth A-algebras S (and then pass to animations). In the smooth case, we can use
a cosimplicial argument as in A.12 to reduce once again to the case of ordinary rings equipped
with a descending filtration by ideals.

This argument also provides a functorial lift of q9HdgR/A to a pq − 1q-complete object in
derived commutative AJq − 1K-algebras.
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§4. Refined TC− of Q

In this section, we’ll compute π˚ TC−,refpku b Q/kuq and π˚ TC−,refpKU b Q/KUq. In §4.1,
we explain what one has to do to compute THHrefpk b Q/kq for any E∞-ring spectrum k. In
§4.2 we’ll show how to do these computations for k = ku or k = KU. The computation will
make heavy use of the q-Hodge filtration on derived q-de Rham complexes, even though it is no
longer present in the final result.

Throughout §4 and §5, we’ll often use the notion of killing a pro-idempotent algebra object.
This is a variant of the usual notion of killing idempotent algebras and we’ll review it in §2.3.

§4.1. A recipe for computing THHref
pk b Q/kq

Fix an E∞-ring spectrum k. Let PrL
S,ω ⊆ PrL

S denote the ∞-category of presentable stable ∞-
categories and left adjoint functors as well as its non-full sub-∞-category spanned by compactly
generated stable ∞-categories and compact objects-preserving functors. Let Catperf

S be the
∞-category of small idempotent-complete stable ∞-categories. It’s well-known that passing to
ind-∞-categories and restricting to compact objects provides inverse equivalences

Ind: Catperf
S

»

 −−!
»

PrL
S,ω :p−qω

and we’ll freely pass back and forth between them. Let’s also fix the following:

4.1. Compatible E1-structures on S/m. — According to rBur22, Theorem 1.5s, for every
prime p ⩾ 3 there exists a tower of E1-algebras p· · ·! S/p4 ! S/p3 ! S/p2q. For p = 2 there’s
a similar tower p· · · ! S/44 ! S/43 ! S/42q. Let’s fix such a tower for every prime. For
convenience, let’s call a positive integer m high-powered if in its prime factorisation m =

∏
p p

αp

we have either αp = 0 or αp ⩾ 2 for all odd primes and either α2 = 0 or α2 is even and ⩾ 4.
We let N denote the set of high-powered positive integers, partially ordered by divisibility.
Through our choice of tower for every prime, we obtain a preferred E1-algebra structure on

S/m »
∏
p

S/pαp

for every m ∈ N . These assemble into a functor S/− : pN qop ! AlgpSpq.

4.2. Lemma. — The pro-system “lim”
m∈pN qop S/m is not only pro-idempotent Sp, but also in

AlgpSpq. In particular, “lim”
m∈pN qop THHppk b S/mq/kq is pro-idempotent in ModkpSpqBS1.

Proof. Let A := “lim”
m∈pN qop S/m. We have a unit map A » S b A ! A b A. Since, again

by Burklund’s result, for all m ∈ N the E1-structures on S/m2 refine to E2-structures in a
compatible way, we also get a multiplication map AbA! A in PropAlgpSpqq. The composition
A ! A b A ! A is clearly the identity. To see that A b A ! A ! A b A is the identity
as well, we use Corollary 2.20 to see that S/m6 b S/m2 ! S/m4 b S/m2 factors through
S/m2 ! S/m4 b S/m2 for every m ∈ N .

Thanks to Lemma 4.2, we can now formulate an explicit description of THHrefpk b Q/kq.

4.3. Theorem. — THHrefpk b Q/kq is an idempotent E∞-algebra in NucpInd ModkpSpqBS1
q.

Its underlying E∞-algebra in IndpModkpSpqBS1
q is obtained by killing the pro-idempotent algebra
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“lim”
m∈pN qop THHppk b S/mq/kq. In particular, there exists a cofibre sequence of nuclear S1-

equivariant k-module spectra

“colim”
m∈N 

THH
`

pk b S/mq/k
˘∨
−! k −! THHrefpk b Q/kq ,

where p−q∨ := HomModkpSpqBS1 p−, kq denotes the dual in S1-equivariant k-module spectra.

Efimov has explained several computations of refined invariants in various talks; see for
example rEfi24, Talk 6s. For instance, to compute HC−,refpQrx±1s/Qrxsq, one has to “cut away”
the ∞-category of x∞-torsion objects in DpQrxsq. The x∞-torsion objects can be resolved
by the system “lim”n⩾1 Db

cohpQrxs/xnq, which leads to a similar cofibre sequence as we claim
in Theorem 4.3. One crucial input for this approach to work is that the transition functors
Db

cohpQrxs/xmq! Db
cohpQrxs/xnq become trace-class for m ⩾ 2n.

Our strategy to prove Theorem 4.3 is entirely analogous: Let SpQ denote the ∞-category of
rational spectra and let Sptors ⊆ Sp be the kernel of Sp! SpQ. Applying THHrefpk b −/kq to
the cofibre sequence Sptors ! Sp! SpQ in PrL

S,ω yields a cofibre sequence

THHrefpSptorsq b k −! k −! THHrefpk b Q/kq

in NucpInd ModkpSpqBS1
q. The goal is then to identify the left term in this cofibre se-

quence with the corresponding term in Theorem 4.3. To do that, we’ll resolve Sptors by
“lim”

m∈N LModS/mpSpωq, analogous to what Efimov does with “lim”n⩾1 Db
cohpQrxs/xnq. Again,

there will be a trace-class property to check.
It’s clear that for all m ∈ N the forgetful functor LModS/mpSpωq! Spω lands in Spω∩Sptors.

Hence it extends to a functor Lm : IndpLModS/mpSpωqq! Sptors.

4.4. Lemma. — The induced functor

L : colim
m∈N 

Ind
`

LModS/mpSpωq
˘ »
−! Sptors

is an equivalence PrL
S . Here the colimit on the left-hand side is taken along the forgetful functors

LModS/dpSpωq! LModS/mpSpωq for all d,m ∈ N such that d divides m.

Proof. The presentable ∞-category Sptors is compactly generated, with a generating set given
by tΣnS/mum∈N ,n∈Z. Clearly, each ΣnS/m is in the image of LModS/mpSpωq! Sptors, hence
L is essentially surjective.

To show that L is fully faithful, let R denote its right adjoint. We’ll verify that the
unit u : id ⇒ R ◦ L is an equivalence. By construction, IndpLModS/mpSpωqq ! Sptors and
IndpLModS/dpSpωqq ! IndpLModS/mpSpωqq preserve compact objects. Since the inclusion
PrL

S,ω ⊆ PrL
S preserves colimits, we conclude that L preserves compact objects too. Hence R

preserves filtered colimits. Therefore it’s enough to check that uM : M ! RLpMq is an equiv-
alence for M ranging through a set of compact generators of colimm∈N IndpLModS/mpSpωqq.
We may thus restrict to the case M ∈ LModS/m0pSpωq for some m0 ∈ N . For all m ∈ N , the
functor Lm : IndpLModS/mpSpωqq! Sptors has a right adjoint Rm. It follows formally that

RLpMq » colim
m∈N ,m0|m

RmLmpMq .
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We compute that RmLmpMq » HomSpS/m,Mq » HomS/mppS/mq/m,Mq » Σ−1M/m holds
in IndpLModS/mpSpωqq. Since M is a left S/m0-module the multiplication m0 : M !M is zero.
It follows formally that M » colimm∈N ,m0|m Σ−1M/m holds in colimm∈N IndpLModS/mpSpωqq

and so uM : M ! RLpMq is indeed an equivalence.

4.5. Lemma. — For every fixed m0 ∈ N , the base change functor

− bS/m S/m0 : RModS/mpSpq −! RModS/m0pSpq

is trace-class in PrL
S,ω for all sufficiently large m ∈ N .

Proof. Recall from rL-HA, Remark 4.8.4.8s that RModS/mpSpq is dualisable in PrL
S with dual

LModS/mpSpq. Therefore, the base change functor is always trace-class in PrL
S . The witnessing

functor Sp! LModS/mpSpq b RModS/m0pSpq » RModS/mopbS/m0pSpq is the classifier of S/m0
as a right module over S/mop b S/m0, or equivalently, a S/m-S/m0-bimodule. If we work in
PrL

S,ω, then RModS/mpSpq will no longer be dualisable, but we can still form

HomPrL
S,ω

`

RModS/mpSpq,Sp
˘

» Ind
`

FunS
`

RModS/mpSpqω, Spω
˘˘

» Ind
`

LModS/mpSpωq
˘

,

where we’ve used rL-HA, Theorem 4.8.4.1s. Using rL-HA, Theorem 4.8.4.6s, we still have a
functor in PrL

S ,

Sp −! Ind
`

LModS/mpSpωq
˘

b RModS/m0pSpq » RModS/m0

`

Ind
`

LModS/mpSpωq
˘˘

,

that classifies S/m0 has a right S/m0-module in IndpLModS/mpSpqq. For the desired trace-class
property to hold, this functor needs to be contained in PrL

S,ω. That is, we need S/m0 to be a
compact object in RModS/m0pIndpLModS/mpSpωqqq. To this end, it will be enough that S/m0
is a retract of S/m0 b S/m0. Indeed, the object S/m0 ∈ IndpLModS/mpSpωqq is compact(4.1)

and so S/m0 b S/m0 must be compact in RModS/m0pIndpLModS/mpSpωqqq.
Consider the multiplications µ1 : S/m0 b S/m0 ! S/m0 and µ2 : S/m2

0 b S/m0 ! S/m0. It
will be enough to show that the canonical map fibpµ2q ! fibpµ1q vanishes as a map of right
S/mop b S/m0-modules for sufficiently large m, because then S/m2

0 b S/m0 ! S/m0 b S/m0
factors through µ2, which exhibits S/m0 as the desired retract. As right modules over S/m0 we
have fibpµ1q » Σ−1S/m0 » fibpµ2q and the canonical map fibpµ1q! fibpµ2q is multiplication
by m0. Hence it vanishes in RModS/m0pSpq » RModS/m0pSptorsq » Sptors b RModS/m0pSpq.
Using Lemma 4.4 and the fact that the Lurie tensor product commutes with colimits in either
factor by rL-HA, Remark 4.8.1.24s, we have

Sptors b RModS/m0pSpq » colim
m∈N 

´

Ind
`

LModS/mpSpωq
˘

b RModS/m0pSpq

¯

.

Hence fibpµ2q ! fibpµ1q must already vanish in IndpLModS/mpSpωqq b RModS/m0pSpq for
sufficiently large m, which is what we wanted to show.

4.6. Remark. — The implicit bounds in Lemma 4.5 can be made explicit; see Corollary 2.21.
This crucially uses that the E1-structures on S/m are constructed Burklund-style, as recalled
in 4.1. By contrast, the proofs of Lemmas 4.4 and 4.5 work for any choice of compatible
E1-structures on S/m, m ∈ N , and they can be carried over to other bases than S, where

(4.1)By contrast, S/m0 is usually not compact in LModS/mpSpq.
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such compatible systems might be easier to construct. For example, over MU (or ku, KU, . . . )
there’s another construction due to Jeremy Hahn of a compatible system of E1-MU-algebras
MU/m, m ∈ N.

Proof of Theorem 4.3. Fix a coinitial subcategory tm0  m1  · · · u ⊆ N such that the base
change functors − bS/mi+1 S/mi : RModS/mi+1pSpq ! RModS/mi

pSpq are trace-class in PrL
S,ω

for all i ⩾ 0. Such a subcategory exists by Lemma 4.5. Combining Lemmas 4.4 and 2.7(b),
we see that Sptors » colimi⩾0 IndpLModS/mi

pSpωqq is a resolution in PrL
S,ω with trace-class

transition maps. It follows that the underlying object of SpQ in Motloc
S » NucpMotloc

S q is the
idempotent nuclear E∞-algebra obtained via Lemma 2.15(b) by killing the pro-idempotent
algebra “lim”i RModS/mi

pSpq. Since idempotents admit a unique E∞-algebra structure, this
must also be true as E∞-algebras.

By Lemma 2.15(c), the symmetric monoidal functor

THHref`pk b −q/k
˘

: Motloc
S ! ModkpSpqBS1

preserves killing pro-idempotents with trace-class transition maps. This shows the desired
description of THHrefppk b Qq/kq.

§4.2. The cases k = ku and k = KU
If k is a complex orientable E∞-ring spectrum, then computing THHrefpkbQ/kq together with
its S1-action is equivalent to computing TC−,refpk b Q/kq. This is due to the following lemma.

4.7. Lemma. — If k is a complex orientable E∞-ring spectrum, equipped with trivial S1-action,
then taking S1-fixed points defines a symmetric monoidal equivalence

p−qhS1 : ModkpSpqBS1 »
−! Mod

khS1 pSpq∧
t .

Here t ∈ π−2pkhS1
q denotes a chosen complex orientation and Mod

khS1 pSpq∧
t denotes the

symmetric monoidal ∞-category of t-complete khS1-module spectra together with the t-completed
tensor product − b̂

khS1 −.

Proof. By construction p−qhS1 is lax symmetric monoidal. To see that it is strictly symmetric
monoidal, we must check whether MhS1

b̂
khS1 NhS1

! pM bk NqhS1 is an equivalence. As
both sides are t-complete, this can be checked modulo t, where it follows from rHRW22,
Lemma 2.2.10s for example.

For formal reasons, p−qhS1 admits a left adjoint L which can be described as follows: We
first have a symmetric monoidal functor const : Sp ! SpBS1 , sending a spectrum X to itself
equipped with the trivial S1-action. It induces a functor Mod

khS1 pSpq ! Mod
khS1 pSpBS1

q.
Then L is given as the composition of this functor with the base change

− b
khS1 k : Mod

khS1
`

SpBS1˘
−! Modk

`

SpBS1˘
» ModkpSpqBS1

.

In particular, on underlying k-modules, L is simply given by p−q/t. Since p−q/t is conservative
on t-complete khS1-modules, it follows that L must be conservative too. Furthermore, the
counit c : Lpp−qhS1

q ⇒ id is an equivalence, as follows from rHRW22, Lemma 2.2.10s. Thus
p−qhS1 must be fully faithful. We conclude using the standard fact that an adjunction in which
the right adjoint is fully faithful and the left adjoint is conservative must be a pair of inverse
equivalences.
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We’ll now explain the computation of π˚ TC−,refpku b Q/kuq and π˚ TC−,refpKU b Q/KUq.

4.8. Battle plan. — For ease of notation, in the following we’ll write ku/m := ku b S/m
and KU/m := KU b S/m, where it is understood that the E1-structure is always base changed
from S/m. By Theorem 4.3 and Lemma 4.7, there exists a cofibre sequence

“colim”
m∈N 

TC−`pku/mq/ku
˘∨
−! kuhS1

−! TC−,refpku b Q/kuq

(where now p−q∨ := HomkuhS1 p−, kuhS1
q denotes the dual in kuhS1-modules) and a similar one

for KU. We will thus proceed in three steps:
paq We compute the homotopy groups of TC−ppku b S/mq/kuq and TC−ppKU b S/mq/KUq

using Theorem 3.22. This will be achieved in Corollary 4.14.
pbq We compute the homotopy groups of the dual modules TC−ppku b S/mq/kuq∨ and

TC−ppKU b S/mq/KUq∨. This leads to a preliminary description of the homotopy rings
π˚ TC−,refpku b Q/kuq and π˚ TC−,refpKU b Q/KUq in Theorem 4.20.

pcq We derive the simpler description of Theorem 1.19 via a careful analysis of q-Hodge
filtrations. This will be the content of §5.

4.9. Reduction to the p-complete case. — Decomposing m =
∏
p p

αp into prime powers,
we have

TC−`pku b S/mq/ku
˘

»
∏
p

TC−`pku b S/pαpq/ku
˘

,

so we may reduce to the case where m = pα is a high-powered prime power. Let us also
remark that TC−ppku/pαq/kuq is automatically p-complete. Indeed, it is pβ, tq-complete and
TC−ppku/pαq/kuq/pβ, tq » HHppZ/pαq/Zq is pα-torsion, hence p-complete.

4.10. Reduction to the p-torsion free case. — Now let Zptxu∞ be the free p-complete
perfect δ-ring on a generator x and let SZptxu∞ be its unique lift to a p-complete E∞-ring
spectrum (see 3.11). By rBur22, Theorem 1.5s, there exists a tower of E1-algebras in SZptxu∞-
modules

´

· · · −! SZptxu∞/x
4 −! SZptxu∞/x

3 −! SZptxu∞/x
2
¯

for p ⩾ 3; the case p = 2 needs powers of x2 instead.
The unique map of perfect δ-rings Zptxu∞ ! Zp sending x 7! p lifts uniquely to an

E∞-map SZptxu∞ ! Sp and we’re free to choose our tower of E1-algebras pS/pαqα⩾2 in such
a way that it arises via base change from the tower pSZptxu∞/x

αqα⩾2 above.(4.2) Putting
kuZptxu∞ := pku b SZptxu∞q∧

p , we can now compute TC−ppku/pαq/kuq via base change. Taking
into account that TC−p−/kuZptxu∞q∧

p » TC−p−/kuq∧
p (see the argument before Lemma 3.27),

we obtain
TC−`pku/pαq/ku

˘

» TC−`pkuZptxu∞/x
αq/ku

˘

b̂kuZptxu∞
ku∧

p ,

where the tensor product is pp, tq-completed.
(4.2)In fact, if we use Burklund’s construction, this will be automatically satisfied. Indeed, with notation as in

Burklund’s paper, there is a unique morphism ν1C/rvm ! ν1C/rvn of E1-algebras in DefpC, Qq for all m > n ⩾ 2.
v : I ! 1C . This is because rBur22, Lemma 4.8s guarantees that π˚ HomDefpC,QqpνppΣIq

bmk
q, ν1C/rvn

q vanishes
not only in degree ˚ = p2 − mqk − 2, which guarantees vanishing of the relevant obstructions, but for m > n the
homotopy groups also vanish in degree ˚ = p2 − mqk − 1, which guarantees uniqueness of all nullhomotopies.
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4.11. Construction. — The considerations in 4.10 suggest to define a q-Hodge filtration on
the q-de Rham complex of Z/pα via base change from Zptxu∞/x

α. By Lemma 3.16, we may as
well base change the q-Hodge filtration on q9dRpZptxu/xαq/Zptxu. Concretely, this leads to the
following definition:
paq The q-Hodge filtration on q9dRpZ/pαq/Zp

is

Fil˚q9Hdg q9dRpZ/pαq/Zp
:= Fil˚q9Hdg q9dRpZptxu/xαq/Zptxu b̂L

ZptxuJq−1K ZpJq − 1K .

We remark that the filtered object Fil˚q9Hdg q9dRpZ/pαq/Zp
is degreewise static with injective

transition maps. Indeed, this can be checked modulo pq − 1q (in the filtered sense, with pq − 1q

sitting in filtration degree 1) and we have pFil˚q9Hdg q9dRpZ/pαq/Zp
q/pq − 1q » Fil˚Hdg dRpZ/pαq/Zp

by construction.
As in the p-torsion free case, we will also need to consider the following two related

constructions:
pbq The q-Hodge-completed derived q-de Rham complex q9d̂RpZ/pαq/Zp

is the completion of
q9dRpZ/pαq/Zp

at the q-Hodge filtration.
pcq The derived q-Hodge complex q9HdgpZ/pαq/Zp

is defined as

colim
´

Fil0q9Hdg q9d̂RpZ/pαq/Zp

pq−1q
−−−! Fil1q9Hdg q9d̂RpZ/pαq/Zp

pq−1q
−−−! · · ·

¯∧

pp,q−1q

Observe that the un-completed colimit contains an element pα/pq − 1q, hence it would have
been enough to just complete at pq − 1q.

4.12. Remark. — A priori, Construction 4.11 depends on the choice of writing Z/pα as the
base change Zptxu/xα b̂L

Zptxu
Zp, but it turns out that the q-Hodge filtration on q9dRpZ/pαq/Zp

is, at least in a suitable sense, canonical:

4.13. Lemma. — If A! Zp is any map from a p-completely perfectly covered δ-ring and R
is a p-torsion free A-algebra which admits a perfect-regular presentation R „= B/J , where the
ideal J = pxα1

1 , . . . , xαr
r q is generated by a Koszul-regular sequence of higher powers, then for

any map of A-algebras R! Z/pα, the induced map

q9dRR/A −! q9dRpZ/pαq/Zp

is compatible with q-Hodge filtrations. Moreover, the q-Hodge filtration on q9dRpZ/pαq/Zp
is the

smallest mutliplicative filtration with this property.

Proof. We can first use Lemma 3.16(b) to reduce to the universal case A = Zptx1, . . . , xru,
R = Zptx1, . . . , xru/pxα1

1 , . . . , xαr
r q and then Lemma 3.34(b) to reduce to r = 1. Suppose

Zptx1u! Zp sends x1 7! apβ, where pa, pq = 1. In order to have a map Zptx1u/xα1
1 ! Z/pα,

we must have α1β ⩾ α. Then the map Zptx1u ! Zptxu sending x1 7! axβ induces a map
Zptx1u/xα1

1 ! Zptxu/xα and so the desired compatibility of q-Hodge filtrations follows from
functoriality in the p-torsion free case.

This shows that for pA,Rq ! pZp,Z/pαq as above, q9dRR/A ! q9dRpZ/pαq/Zp
preserves

q-Hodge filtrations. Since the q-Hodge filtration on q9dRpZ/pαq/Zp
is basechanged from such a

map, it must automatically be minimal with this property.
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It would be desirable to get compatibility also for A-algebras R that satisfy the condition
from Theorem 3.10(b), but the author doesn’t know how to do that without additionally
assuming existence of an E1-algebra map SR∞ ! S/pα. It would also be nice to generalise
the argument above to more rings than just Z/pα, ideally removing the p-torsion freeness
assumption from Theorem 3.10(a), but again, the author doesn’t know how to do that in
general. The argument above crucially needs that we have strict control over the nilpotent
elements in Z/pα.

The upshot of 4.9, 4.10, and Construction 4.11 is the following.

4.14. Corollary. — For p ⩾ 3 and α ⩾ 2, or p = 2 and α is even and ⩾ 4, the spectra
TC−ppku/pαq/kuq and TC−ppKU/pαq/KUq are concentrated in even degrees and we have

π2˚ TC−`pku/pαq/ku
˘

„= Fil˚q9Hdg q9d̂RpZ/pαq/Zp
,

π2˚ TC−`pKU/pαq/KU
˘

„= q9HdgpZ/pαq/Zp
rβ±1s .

Proof. It’s enough to check evenness modulo t, so we may pass from TC− to THH. Since
THHppku/pαq/kuq is connective, we may further pass to THHppku/pαq/kuq/β » HHppZ/pαq/Zq,
which is indeed even. This shows evenness for THHppku/pαq/kuq and then the same follows for
THHppku/pαq/kuqr1/βs » THHppKU/pαq/KUq.

Thanks to 4.10, we get a map Fil˚q9Hdg q9d̂RpZ/pαq/Zp
! π2˚ TC−ppku/pαq/kuq. Whether this

is an equivalence can be checked after reducing pq− 1q in the filtered sense, and then we recover
the well-known fact that the even homotopy groups of TC−ppku/pαq/kuq/β » HC−ppZ/pαq/Zq

are Fil˚Hdg d̂RpZ/pαq/Zp
. The claim that the even homotopy groups of

TC−`pKU/pαq/KU
˘

» TC−`pku/pαq/ku
˘

”

1
β

ı∧

t

are given by q9HdgpZ/pαq/Zp
rβ±1s follows formally the description of π2˚ TC−ppku/pαq/kuq

combined with our remark at the end of Construction 4.11(c) that completing at pq − 1q is
already enough.

This finishes step (a) of our battle plan 4.8 and we move onwards to step (b). We start with
a general fact (which is usually formulated as a spectral sequence).

4.15. Lemma. — Let k be an even E1-ring spectrum and let M,N be even left-k-modules.
Then the mapping spectrum HomkpM,Nq admits a complete exhaustive descending filtration
with graded pieces

gr˚ HomkpM,Nq » Σ2˚ RHomπ2˚pkq

`

π2˚pMq, π2˚pNq
˘

.

Here Σ2˚ : GrpSpq ! GrpSpq is the “double shearing” functor and RHomπ2˚pkq denotes the
derived internal Hom in graded π2˚pkq-modules.

Proof. In the usual adjunction colim: FilpSpq  ! Sp :const, the left adjoint is symmetric
monoidal and the right adjoint is lax symmetric monoidal. Furthermore, colim τ⩾2˚pkq » k.
It follows formally that colim: LModτ⩾2˚pkqpFilpSpqq ! LModkpSpq :const is an adjunction as
well and so HomkpM,Nq » Homτ⩾2˚pkqpτ⩾2˚pMq, constNq. Hence we may define the desired
filration via

Filn HomkpM,Nq := Homτ⩾2˚pkq

`

τ⩾2˚pMq, τ⩾2p˚+nqpNq
˘

.
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This filtration is clearly complete since we may pull 0 » limn!∞ τ⩾2p˚+nqpNq out of the Hom. To
show that the filtration is exhaustive, we need to check that constN » colimn!−∞ τ⩾2p˚+nqpNq

can similarly be pulled out of the Hom. To this end, recall that FilpSpq can be equipped with
the double Postnikov t-structure in which objects in the image of τ⩾2˚p−q are connective and
connective objects are closed under tensor products (see rRak21, Construction 3.3.6s for example
and double everything). Then Modτ⩾2˚pkqpFilpSpqq inherits a t-structure in which τ⩾2˚pMq

is connective and the cofibres of τ⩾2p˚+nqpNq ! constN get more and more coconnective as
n! −∞. This shows that the colimit can be pulled out.

It remains to determine the associated graded. By construction, the nth graded piece is given
by grn HomkpM,Nq » Homτ⩾2˚pkqpτ⩾2˚pMq,Σ2p˚+nqπ2p˚+nqpNqq. To simplify this further, let
SGr and SFil denote the tensor units in graded and filtered spectra, respectively. By abuse of
notation, we identify SFil with its underlying graded spectrum. Then rL-Rot, Proposition 3.1.6s

shows FilpSpq » ModSFilpGrpSpqq; this identifies passing to the associated graded with the
base change functor − bSFil SGr. Since the SFil-module structure on Σ2p˚+nqπ2p˚+nqpNq already
factors through SFil ! SGr, we obtain

Homτ⩾2˚pkq

`

τ⩾2˚pMq,Σ2p˚+nqπ2p˚+nqpNq
˘

» HomΣ2˚π2˚pkq

`

Σ2˚π2˚pMq,Σ2p˚+nqπ2p˚+nqpNq
˘

» Σ2n Homπ2˚pkq

`

π2˚pMq, π2˚pNqp−nq
˘

.

The first step is the usual base change equivalence for τ⩾2˚pkq! τ⩾2˚pkq bSFil SGr » Σ2˚π2˚pkq,
the second step uses that the shearing functor Σ2˚ : GrpSpq ! GrpSpq is an E1-monoidal
equivalence (even E2-monoidal, see rDHL+23, Proposition 3.10s, but we don’t need that). Now
the right-hand side is precisely the nth graded piece of RHomπ2˚pkqpπ2˚pMq, π2˚pNqq and so
we’re done.

We’ll apply this now in the case k » kuhS1 , so that π2˚pkq „= ZrβsJtK. We also let ExtiZrβsJtK
denote the graded ZrβsJtK-module H−i RHomZrβsJtK for all i ⩾ 0.

4.16. Corollary. — The spectra TC−ppku/pαq/kuq∨ and TC−ppKU/pαq/KUq∨ are concen-
trated in odd degrees and we have

π−p2˚+1q TC−`pku/pαq/ku
˘∨ „= Ext1

ZrβsJtK

´

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
,ZrβsJtK

¯

π−p2˚+1q TC−`pKU/pαq/KU
˘∨ „= Ext1

ZJq−1K

´

q9HdgpZ/pαq/Zp
,ZJq − 1K

¯

rβ±1s .

Here Fil˚q9Hdg q9d̂RpZ/pαq/Zp
is regarded as a graded module over Fil˚q9Hdg q9d̂RZ/Z » ZrβsJtK.

Proof. According to Corollary 4.14 and Lemma 4.15, the spectrum TC−ppku/pαq/kuq∨ admits
a complete exhaustive filtration with associated graded Σ2˚pFil˚q9Hdg q9d̂RpZ/pαq/Zp

q∨, where
now the dual is taken in graded ZrβsJtK. It’ll be enough to show that this dual is concentrated
in homological degree −1 (which precisely accounts for the Ext1

ZJq−1Krβ±1s-terms). Since ZrβsJtK
is pβ, tq-complete as a graded object, the same is true for any dual in graded ZrβsJtK-modules,
and so it’ll be enough that

RHomZrβsJtK

´

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
,ZrβsJtK

¯

/pβ, tq » RHomZ

´

gr˚
Hdg d̂RpZ/pαq/Zp

,Z
¯

is concentraded in homological degree −1. Since grnHdg d̂RpZ/pαq/Zp
» Σ−n ∧n LpZ/pαq/Zp

» Z/pα,
the nth graded piece of the right-hand side is precisely RHomZpZ/pα,Zq, which is indeed
concentrated in homological degree −1. This finishes the proof for TC−ppku/pαq/kuq.
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The proof for TC−ppKU/pαq/KUq∨ is analogous, except that we need a different ar-
gument to show that the dual pq9HdgpZ/pαq/Zp

q∨ in ZJq − 1K-modules is concentrated in
homological degree −1. By pq − 1q-completeness, it’ll be enough to check the same for
RHomZpq9HdgpZ/pαq/Zp

/pq−1q,Zq. By 3.35 and base change we see that q9HdgpZ/pαq/Zp
/pq−1q

admits an exhaustive ascending filtration with associated graded given by gr˚
Hdg dRpZ/pαq/Zp

. It
follows that RHomZpq9HdgpZ/pαq/Zp

/pq − 1q,Zq admits a descending filtration with associated
graded RHomZpgr˚

Hdg dRpZ/pαq/Zp
,Zq. This is indeed concentrated in homological degree −1 as

we’ve seen above, so we’re done.

We have now all ingredients together to finish the computation. To formulate the result,
we’ll use another ad-hoc construction to define a q-Hodge filtration and a derived q-Hodge
complex for Z/m.

4.17. Construction. — For any high-powered integer m ∈ N with prime factorisation
m =

∏
p p

αp , we define the q-Hodge filtration on q9dRpZ/mq/Z to be the product

Fil˚q9Hdg q9dRpZ/mq/Z :=
∏
p

Fil˚q9Hdg q9dRpZ/pαp q/Zp
.

In the same way, we define the q-Hodge completed derived q-de Rham complex q9d̂RpZ/mq/Z
and the derived q-Hodge complex q9HdgpZ/mq/Z. It’s clear from 4.9 that the conclusions of
Corollaries 4.14 and 4.16 remain true if we replace pα by an arbitrary m ∈ N .

We also need to check the following two lemmas, but we’ll postpone their proofs until after
the statement of the main result.

4.18. Lemma. — “lim”
m∈pN qop Fil˚q9Hdg q9d̂RpZ/mq/Z and “lim”

m∈pN qop q9HdgpZ/mq/Z are pro-
idempotent algebras, respectively, in the derived ∞-categories of t-complete graded ZrβsJtK-
modules and of pq − 1q-complete ZJq − 1K-modules.

4.19. Lemma. — “lim”
m∈pN qop Fil˚q9Hdg q9d̂RpZ/mq/Z and “lim”

m∈pN qop q9HdgpZ/mq/Z are equiv-
alent to pro-objects with trace-class transition maps.

Here’s the result of our computation.

4.20. Theorem. — TC−,refppku b Qq/kuq and TC−,refppKU b Qq/KUq are concentrated in
even degrees. Furthermore, their even homotopy groups are given as follows:
paq π2˚ TC−,refppku b Qq/kuq „= A˚

ku, where A˚
ku is obtained by killing the pro-idempotent

graded ZrβsJtK-algebra “lim”
m∈pN qop Fil˚q9Hdg q9d̂RpZ/mq/Z. In particular, there’s a short

exact sequence

0 −! ZrβsJtK −! A˚
ku −! “colim”

m∈N 
Ext1

ZrβsJtK

´

Fil˚q9Hdg q9d̂RpZ/mq/Z,ZrβsJtK
¯

−! 0 ,

and A˚
ku is an idempotent nuclear graded ZrβsJtK-algebra.

pbq π2˚ TC−,refppKU b Qq/KUq „= AKUrβ±1s, where AKU is obtained by killing the pro-
idempotent ZJq − 1K-algebra “lim”

m∈pN qop q9HdgpZ/mq/Zp
. In particular, there’s a short

exact sequence

0 −! ZJq − 1K −! AKU −! “colim”
m∈N 

Ext1
ZJq−1K

´

q9HdgpZ/mq/Zp
,ZJq − 1K

¯

−! 0 ,

and AKU is an idempotent nuclear ZJq − 1K-algebra.
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Proof. We use the cofibre sequence of 4.8. To compute TC−,refppku b Qq/kuq, we must study
the cofibres of TC−ppku/mq/kuq∨ ! kuhS1 for high-powered integers m ∈ N . Put

Fil˚ q9dRm := cofib
´

ZrβsJtK! Fil˚q9Hdg q9d̂RpZ/mq/Zp

¯

,

TC−
m := cofib

´

kuhS1
! TC−`pku/mq/ku

˘

¯

.

Since kuhS1 and TC−ppku/mq/kuq are even spectra, the sequence of double speed Postnikov
filtrations τ⩾2˚pkuhS1

q ! τ⩾2˚ TC−ppku/mq/kuq ! τ⩾2˚TC−
m is still a cofibre sequence in

filtered spectra. Applying the construction from the proof of Lemma 4.15, we get complete
exhaustive filtrations on the duals of kuhS1 , TC−ppku/mq/kuq, and TC−

m in such a way that
they fit into a cofibre sequence Fil˚pTC−

mq∨ ! Fil˚ TC−ppku/mq/kuq∨ ! Fil˚pkuhS1
q∨. After

passing to associated gradeds, we get a cofibre sequence of graded Σ2˚ZrβsJtK-modules

gr˚pTC−
α q∨ −! Σ2˚

`

Fil˚q9Hdg q9d̂RpZ/pαq/Zp

˘∨
−! Σ2˚ZrβsJtK∨ ,

where Σ2˚ : GrpSpq ! GrpSpq denotes the “double shearing” functor. It’s clear from the
construction that the morphism on the right must really be given by Σ2˚p−q∨ applied to the
unit map ZrβsJtK ! Fil˚q9Hdg q9d̂RpZ/mq/Zp

. It follows that gr˚pTC−
mq∨ » Σ2˚pFil˚ q9dRmq∨.

Observe that pFil˚ q9dR˚
mq∨ sits in homological degree −1. Indeed, this can be checked modulo

pβ, tq. Then Fil˚ q9dRm/pβ, tq » cofibpZ! gr˚
Hdg dRpZ/mq/Zq is given by ΣZ in graded degree 0

and Z/m in every other graded degree, so it’s straightforward to see that its graded dual over
Z sits indeed in homological degree −1.

Thus, Fil˚pTC−
mq∨ must be the double speed Postnikov filtration, pTC−

mq∨ is concentrated in
odd degrees, and π2˚−1ppTC−

mq∨q „= H−1pFil˚pq9dRmq∨q as a graded ZrβsJtK-module. Combin-
ing this with what Corollary 4.16 tells us about TC−ppku/mq/kuq∨, we see that the long exact
homotopy sequence of the rotated cofibre sequence TC−ppku/mq/kuq∨ ! pkuhS1

q∨ ! ΣpTC−
mq∨

breaks up into a short exact sequence of graded ZrβsJtK-modules

0 −! ZrβsJtK −! H−1
`

Fil˚pq9dRmq∨˘ −! ExtZrβsJtK

´

Fil˚q9Hdg q9d̂RpZ/mq/Z,ZrβsJtK
¯

−! 0 .

Since TC−,refppku b Qq/kuq » “colim”
m∈N ΣpTC−

mq by the cofibre sequence from 4.8, it follows
at once that TC−,refppku b Qq/kuq is concentrated in even degrees and that A˚

ku fits into the
desired short exact sequence. Furthermore, it’s clear from our considerations above that

`

Fil˚q9Hdg q9d̂RpZ/mq/Z
˘∨

» Σ−1 ExtZrβsJtK

´

Fil˚q9Hdg q9d̂RpZ/mq/Z,ZrβsJtK
¯

−! ZrβsJtK ,

induced by the short exact sequence, is given by dualising the canonical unit morphism
ZrβsJtK! Fil˚q9Hdg q9d̂RpZ/mq/Z. Then the underlying graded ind-ZrβsJtK-module of A˚

ku must
really be given by killing the pro-idempotent “lim”

m∈pN qop Fil˚q9Hdg q9d̂RpZ/mq/Z. Idempotence
and nuclearity of A˚

ku follow from Lemmas 2.15 and 4.19. Since idempotents admit a unique
E∞-algebra structure, it follows that the desired description of A˚

ku also holds as an ind-
ZrβsJtK-algebra. This finishes the proof of (a), up to the two technical lemmas that we have
postponed.

The proof of (b) is analogous; the only difference is that we need a different argument
why cofibpZJq − 1K! q9HdgpZ/mq/Zq∨ is concentrated in homological degree −1. This can be
checked modulo pq − 1q. In the case of a prime power pα, q9HdgpZ/pαq/Zp

carries an ascending
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filtration, given by base changing the conjugate filtration from 3.35, whose graded pieces
are copies of Z/pα. Moreover, q9HdgpZ/pαq/Zp

/pq − 1q is a Z/pα-algebra, since q9HdgpZ/pαq/Zp

contains an element pα/pq− 1q. Thus, abstractly, q9HdgpZ/pαq/Zp
/pq− 1q »

À

N Z/pα. It’s clear
from Construction 4.17 that then also q9HdgpZ/mq/Z/pq − 1q »

À

N Z/m, and the morphism
Z ! q9HdgpZ/mq/Z/pq − 1q surjects onto one of the summands. The rest is an elementary
computation.

It remains to show Lemmas 4.18 and 4.19. Neither one is automatic from the corresponding
properties of “lim”

m∈pN qop TC−ppku/mq/kuq, since π˚p−q—or really passing to the associated
graded of the Postnikov filtration—is not a symmetric monoidal functor. To fix this, we’ll work
with the double speed Postnikov filtration instead.

Our starting point is the followng general fact, which is quite similar to Lemma 4.15 (and is
also usually formulated as a spectral sequence).

4.21. Lemma. — Let k be an even E∞-ring spectrum, let t ∈ π2˚pkq be a homogeneous
element, and let M , N be even k-modules. Then the t-completed tensor product M b̂kN admits
a complete exhaustive descending filtration with graded pieces

gr˚pM b̂k Nq » Σ2˚
´

π2˚pMq b̂L
π2˚pkq π2˚pNq

¯

.

Here − b̂L
π2˚pkq

− denotes the graded t-completed derived tensor product over π2˚pkq.

Proof. The filtered spectrum τ⩾2˚pMq bτ⩾2˚pkq τ⩾2˚pNq defines a filtration on M bk N . This
filtration is exhaustive, since colim: FilpSpq! Sp is symmetric monoidal, and complete, since
τ⩾2˚pMq bτ⩾2˚pkq τ⩾2˚pNq is a connective object in the double Postnikov t-structure (see the
proof of Lemma 4.15).

To incorporate the t-completion, we consider τ⩾2˚pMqb̂τ⩾2˚pkqτ⩾2˚pNq, where the completion
is the t-adic completion in FilpSpq, with t sitting in its assigned degree. This now defines
a filtration on M b̂k N , which is clearly still complete. It is also still exhaustive. Indeed,
for all n, the cofibre of pτ⩾2˚pMq bτ⩾2˚pkq τ⩾2˚pNqq−n ! M b N is p2n + 1q-coconnective.
Upon t-adic completion, the coconnectivity can go down by at most 1, and so we see that the
cofibre of pτ⩾2˚pMq b̂τ⩾2˚pkq τ⩾2˚pNqq−n !M b̂N will still be 2n-coconnective. This ensures
exhaustiveness.

Passing to the associated graded is symmetric and commutes with t-adic completion (in the
filtered and graded setting, respectively). Moreover, the shearing functor Σ2˚ is E1-monoidal
(even E2, but we won’t need that). Hence

gr˚pM b̂k Nq » Σ2˚π2˚pMq b̂Σ2˚π2˚pkq Σ2˚π2˚pNq » Σ2˚
´

π2˚pMq b̂L
π2˚pkq π2˚pNq

¯

.

Proof of Lemma 4.18. It’ll be enough to show pro-idempotence of the sub-systems indexed by
pα for a fixed prime p. In the following, we put Fil˚ q9d̂Rpα := Fil˚q9Hdg q9d̂RpZ/pαq/Zp

for short.
Also let A := “lim”α⩾2 Fil˚ q9d̂Rpα (the case p = 2 needs α even and ⩾ 4 instead). Since each
Fil˚ q9d̂Rpα is a graded ZrβsJtK-algebra, we get a unit map ZrβsJtK! A and a multiplication
A b̂L

ZrβsJtK A! A such that the composition

A » ZrβsJtK b̂L
ZrβsJtK A −! A b̂L

ZrβsJtK A −! A
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is the identity. For the other composition, choose exponents α1, α2 and consider the t-completed
tensor product

TC−`pku/pα1 bku ku/pα2q/ku
˘

» TC−`pku/pα1q/ku
˘

b̂kuhS1 TC−`pku/pα2q/ku
˘

.

By Lemma 4.21, this has a complete exhaustive filtration with graded pieces given by
Σ2˚pFil˚ q9d̂Rpα1 b̂L

ZrβsJtK Fil˚ q9d̂Rpα2 q. Observe that this graded completed tensor product is
concentrated in homological degrees r0, 1s. Indeed, this can be checked modulo pβ, tq, and then
Fil˚ q9d̂Rpαi/pβ, tq » gr˚

Hdg dRpZ/pαi q/Zp
is given by Z/pαi in every graded degree for i = 1, 2.

It remains to observe that Z/pα1 bL
Z Z/pα2 is concentrated in homological degrees r0, 1s. It

follows that the filtration on TC−ppku/pα1 bku ku/pα2q/kuq must be the double speed Postnikov
filtration.

By Corollary 2.20, TC−ppku/p3α bku ku/pαq/kuq! TC−ppku/p2α bku ku/pαq/kuq factors
through the even spectrum TC−ppku/pαq/kuq for all α ⩾ 3 (the case p = 2 needs α even and
⩾ 6). By passing to the associated graded of the double speed Postnikov filtration, we see that

Fil˚ q9d̂Rp3α b̂L
ZrβsJtK Fil˚ q9d̂Rpα −! Fil˚ q9d̂Rp2α b̂L

ZrβsJtK Fil˚ q9d̂Rpα .

factors through Fil˚ q9d̂Rpα . This finishes the proof that A = “lim”α⩾2 Fil˚q9Hdg q9d̂RpZ/pαq/Zp
is

pro-idempotent.
The argument for “lim”α⩾2 q9HdgpZ/pαq/Zp

is analogous, except that we work with KU instead
of ku, and to show that q9HdgpZ/pα1 q/Zp

b̂L
ZJq−1K q9HdgpZ/pα1 q/Zp

is concentrated in homological
degrees r0, 1s, we need a slightly different argument: First, we can reduce modulo pq − 1q.
Then we use that for i = 1, 2, q9HdgpZ/pαi q/Zp

carries an ascending filtration, given by base
changing the conjugate filtration from 3.35, whose graded pieces are copies of Z/pαi . Moreover,
q9HdgpZ/pαq/Zp

/pq−1q is an Z/pαi-algebra, since q9HdgpZ/pαi q/Zp
contains an element pαi/pq−1q.

Thus, abstractly, q9HdgpZ/pαi q/Zp
/pq − 1q »

À

N Z/pαi . So we’re done since Z/pα1 bL
Z Z/pα2 is

concentrated in homological degrees r0, 1s.

Proof of Lemma 4.19. As in the proof of Lemma 4.18, we can reduce to the pro-systems indexed
by high-powered prime powers pα. For α ⩾ 3 (the case p = 2 needs α even and ⩾ 6), it follows
from Corollary 2.21 that TC−ppku/p3αq/kuq! TC−ppku/pαq/kuq is trace-class in t-complete
kuhS1-modules, hence it must be induced by a map

η : kuhS1
−! TC−`pku/p3αq/ku

˘∨
b̂kuhS1 TC−`pku/pαq/ku

˘

By Lemma 4.21 (applied to the shift Σ TC−ppku/p3αq/kuq∨ to get an even spectrum, then we
shift back afterwards), the right-hand side has a complete exhaustive filtration with graded
pieces pFil˚q9Hdg q9d̂RpZ/p3αq/Zp

q∨ b̂L
ZrβsJtK Fil˚q9Hdg q9d̂RpZ/pαq/Zp

. As in the proof of Lemma 4.18,
one easily checks that this graded completed tensor product is concentrated in homological
degrees r−1, 0s. It follows that the filtration must be given by τ⩾2˚−1p−q. Thus, by considering
τ⩾2˚−1pηq and then passing to associated gradeds, we obtain a morphism

ZrβsJtK −!
`

Fil˚q9Hdg q9d̂RpZ/p3αq/Zp

˘∨
b̂L

ZrβsJtK Fil˚q9Hdg q9d̂RpZ/pαq/Zp
.

which witnesses that the morphism Fil˚q9Hdg q9d̂RpZ/p3αq/Zp
! Fil˚q9Hdg q9d̂RpZ/pαq/Zp

is indeed
trace-class, as desired.
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The argument for q9HdgpZ/p3αq/Zp
! q9HdgpZ/pαq/Zp

being trace-class is analogous, ex-
cept that we use KU instead of ku. Moreover, we need a different argument to show that
pq9HdgpZ/p3αq/Zp

q∨ b̂L
ZJq−1K q9HdgpZ/pαq/Zp

is concentrated in homological degrees r−1, 0s: First,
we can reduce modulo pq − 1q. As we’ve seen in the proof of Lemma 4.18, on underlying
abelian groups we get an equivalence q9HdgpZ/pαq/Zp

/pq − 1q »
À

N Z/pα. An analogous con-
clusion holds for q9HdgpZ/p3αq/Zp

/pq − 1q. Thus, the tensor product modulo pq − 1q becomes
Σ−1 ∏

N Z/p3α bL
Z
À

N Z/pα, which is clearly concentrated in homological degrees r−1, 0s.
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§5. Algebras of overconvergent functions
In this section we prove Theorems 1.19 and 1.20. The arguments from §4.2 can be immediately
adapted to show that TC−,refppku∧

p bQq/ku∧
p q and TC−,refppKU∧

p bQq/KU∧
p q are concentrated

in even degrees. Moreover,

π2˚ TC−,ref`pku∧
p b Qq/ku∧

p

˘

„= A˚
ku,p , π2˚ TC−,ref`pKU∧

p b Qq/KU∧
p

˘

„= AKU,prβ
±1s ,

where A˚
ku,p is obtained by killing the pro-idempotent “lim”α⩾2 Fil˚q9Hdg q9d̂RpZ/pαq/Zp

in graded
pp, tq-complete ZprβsJtK-modules and similarly AKU,p is obtained by killing the pro-idempotent
“lim”α⩾2 q9HdgpZ/pαq/Zp

in pp, q − 1q-complete ZpJq − 1K-modules.(5.1)

To make A˚
ku,p and AKU,p more explicit, we must understand the q-Hodge filtration on

q9dRpZ/pαq/Zp
. This will be the content of §5.3. Our methods also yield an elementary proof

of Theorem 3.10(a). The proof of Theorems 1.19 and 1.20 will then be finished in §5.4. But
before we do all that, in §§5.1–5.2 we’ll review Clausen’s and Scholze’s approach to adic spaces
via solid analytic rings rCS24, Lecture 10s and study algebras of overconvergent functions and
gradings in this setup.

§5.1. Adic spaces as analytic stacks
In the following, we’ll use the formalism of analytic stacks from rCS24s. Recall the notion of
solid condensed spectra from 3.25. We let DpZ■q » ModZpSp■q denote the derived ∞-category
of solid abelian groups. Let also P := PS b Z » cofibpZrt∞us! ZrN ∪ t∞usq denote the free
condensed abelian group on a nullsequence and let σ : P ! P denote the shift endomorphism.

5.1. Huber pairs à la Clausen–Scholze. — Recall that to any Huber pair pR,R+q one
can associate an analytic ring pR,R+q■ in the sense of rCS24, Lecture 1s as follows: First
consider R as a condensed ring via its given topology. For f ∈ Rp˚q and M ∈ ModRpDpZ■qq

we say that M is f -solid if

1 − fσ˚ : RHomRpP,Mq
»
−! RHomRpP,Mq

is an equivalence. The inclusion of the full sub-∞-category of f -solid R-modules admits a left
adjoint p−qf9■, called f -solidification. The underlying animated condensed ring of pR,R+q■ is
then defined as

pR,R+q▷■ := colim
tf1,...,fru⊆R+

Rf19■,...,fr9■ ,

where the colimit is taken over all finite subsets of R+, and DppR,R+q■q ⊆ ModRpDpZ■qq is
the full sub-∞-category of solid condensed R-modules that are x-solid for all x ∈ R+ ⊆ Rp˚q.
In the following, we’ll always work with Huber pairs for which pR,R+q▷■ is just R itself.

The classical notion of affinoid open subsets fits naturally into this formalism. Suppose
we’re given f1, . . . , fr ∈ Rp˚q generating an open ideal as well as another element g ∈ Rp˚q,
so that U :=

␣

x ∈ SpapR,R+q
∣∣ |f1|x, . . . , |fr|x ⩽ |g|x ̸= 0

(

defines a rational open subset. We
can define an analytic ring OpU■q as follows: The underlying animated condensed ring is the
solidification

OpUq := R
”

1
g

ıpf1/gq9■,...,pfr/gq9■

(5.1)In the case p = 2, the pro-systems need to be indexed by α even and ⩾ 4, but we’ll ignore this since it
makes no difference
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and we let DpU■q := DpOpU■qq ⊆ ModRr1/gspDppR,R+q■qq be the full sub-∞-category spanned
by those Rr1/gs-modules in DppR,R+q■q that are also pfi/gq-solid for i = 1, . . . , r. If OpUq

is static and quasi-separated, it agrees with the Huber ring from the classical theory of adic
spaces. In practice, this will almost always be the case.

5.2. Adic spaces à la Clausen–Scholze. — Clausen and Scholze associate to any Tate(5.2)

adic space X an analytic stack X■ over Z■ ! AnSpecZ■. If X = SpapR,R+q is Tate affinoid,
we simply put X■ := AnSpecpR,R+q■. If U ⊆ SpapR,R+q is an open subset of a Tate affinoid
adic space, choose a cover V :=

∐
i∈I Vi ! U by rational open subsets and form the Čech nerve

V• := Č•pV ! Xq. Every Vn is a disjoint union of affinoid adic spaces, hence Vn,■ is already
defined. Then we can put U■ := colimrns∈∆∆op Vn,■. Finally, if X is an arbitrary Tate adic space,
choose a cover W :=

∐
j∈JWj ! X by affinoids and form the Čech nerve W• := Č•pW ! Xq.

Each Wm is a disjoint union of open subsets of Tate affinoid adic spaces, so Wm,■ is already
defined, and we put X■ := colimrms∈∆∆op Wm,■.

It can be shown that these constructions are well-defined and independent of the choices
involved. We’ll omit the verification, but let us at least mention the crucial input.

5.3. Lemma. — Let pR,R+q be a Huber pair and let X■ := AnSpecpR,R+q■ be the associated
affine analytic stack.
paq If U,U ′ ⊆ SpapR,R+q are rational open subsets, then

AnSpec OpU■q ×AnSpecpR,R+q■
AnSpec OpU ′

■q » AnSpec O
`

pU ∩ U ′q■
˘

.

pbq If R is Tate and U ⊆ SpapR,R+q is a rational open subset, then j : U■ ! X■ is an open
immersion of affine analytic stacks in the sense of rCS24, Lecture 16s. That is, j˚ admits
a fully faithful left adjoint j! satisfying the projection formula.

pcq If R is Tate and
∐n
i=1 Ui ! SpapR,R+q is a cover by rational open subsets, then∐n

i=1 Ui,■ ! X■ is a !-cover of affine analytic stacks.

5.4. Remark. — The Tate condition in Lemma 5.3(b) and (c) is crucial and it is the reason
why we restrict to the Tate case when we describe adic spaces in terms of analytic stacks.
Without this assumption, (b) will be wrong. For example, if R is a discrete ring, any Zariski-open
also determines a rational open of SpapR,Rq, but in this case j˚ almost never preserves limits,
so it can’t have a left adjoint j!.

Proof sketch of Lemma 5.3. Suppose U and U ′ are given by |f1|, . . . , |fr| ⩽ |g| ̸= 0 and
|f ′

1|, . . . , |f ′
s| ⩽ |g′| ̸= 0, respectively. Using the description of pushouts from rCS24, Lec-

ture 11s, it’s clear that OpU■q bL
pR,R+q■

OpU ′
■q is the solidification of Rr1/pgg′qs at the elements

fi/g and f ′
j/g

′ for i = 1, . . . , r, j = 1, . . . , s. But that’s precisely OppU ∩ U ′q■q, proving (a).
For (b), assume U is given by |f1|, . . . , |fr| ⩽ |g| ̸= 0. Since R is assumed to be Tate,

the open ideal generated by f1, . . . , fr must be all of R. Hence g will aready be invertible in
RrT1, . . . , Trs/pgTi − fi | i = 1, . . . , rq and this quotient is automatically a derived quotient as
well. It follows that the functor j˚ : DpX■q! DpU■q can also be written as

p−qrT1, . . . , Trs
T19■,...,Tr9■/pgTi − fi | i = 1, . . . , rq .

(5.2)To avoid confusion with analytic stacks, we’ll call an adic space Tate rather than analytic if, locally, there
exists a topologically nilpotent unit.
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By rCS24, Lecture 7s, the functor p−qrT sT9■ of adjoining a variable and then solidifiying can
be explicitly described as RHomZpZppT−1qq/ZrT s,−q and so j˚p−q » RHomRpQ,−q, where

Q :=
ˆ r
â

i=1
Σ−1ZppT−1

i qq/ZrTis bL■
Z R

˙

/pgTi − fi | i = 1, . . . , rq .

It follows immediately that j˚ admits a left adjoint j!p−q » QbL
pR,R+q■

−. It remains to check
the projection formula

j!pMq bL
pR,R+q■

N » j!
`

M bL
OpU■q j

˚pNq
˘

.

By the same argument as above, Q is already an Rr1/gs-module and the functor j˚ is insensitive
to inverting g. Therefore, it’s enough to check the projection in the case where N is an
Rr1/gs-module. When restricting to Rr1/gs-modules, j˚ is just given by successively killing
the idempotent algebras ZppT−1

i qq bL■
ZrTis,Ti 7!fi/g

Rr1/gs for i = 1, . . . , r. Now for killing an
idempotent it’s completely formal to see that the left adjoint indeed satisfies the projection
formula. This finishes the proof of (b).

To show (c), since we already know that each ji : Ui,■ ! X■ is an open immersion, we can
use the criterion from rCS24, Lecture 18s to verify that

∐n
i=1 Ui,■ ! X■ is indeed a !-cover.

That is, if Ai := cofibppjiq!OpUiq! Rq, we need to show A1 bL
pR,R+q■

· · ·bL
pR,R+q■

An » 0. Using
rHub94, Lemma 2.6s and an inductive argument as in rCS19, Lemma 10.3s, this can be reduced
to the special case where n = 2 and U1 = tx ∈ X | 1 ⩽ |f |xu, U2 = tx ∈ X | |f |x ⩽ 1u.for some
f ∈ R. This is now a straightforward calculation.

5.5. Remark. — Let U ⊆ X be an open inclusion of Tate adic spaces and let j : U■ ! X■

be the corresponding map of analytic stacks. In the following, if its clear that we’re working
in DpX■q, we often abuse notation and write OU instead of j˚OU■

for the pushforward of the
structure sheaf of U■. We also use − bL

OX■
OU■

to denote the functor j˚j
˚ : DpX■q! DpX■q.

Let us point out that − bL
OX■

OU■
is not just the tensor product with OU in the symmetric

monoidal ∞-category DpX■q. We can already see the difference if X = SpapR,R+q and U ⊆ X
is a rational open given by |f1|, . . . , |fr| ⩽ |g| ≠ 0: In this case,

− bL
OX■

OU■
»
`

− bL
OX■

OU

˘pf1/gq9■,...,pfr/gq9■
.

In particular, even though OU bL
OX■

OU■
» OU (see Lemma 5.3(a) and Lemma 5.10(b) below),

it’s rarely true that OU is idempotent in DpX■q.

Thus, there’s a priori no reason to expect that sheaves of overconvergent functions OZ†

would be idempotent. In the following, we’ll investigate why idempotence is satisfied in the
situation of Theorems 1.19 and 1.20. Let’s start by introducing a notion of open immersions
for analytic stacks that need not be affine.

5.6. Open immersions of analytic stacks. — We call a map of analytic stacks j : U ! X
a naive open immersion if j is a !-able monomorphism and j˚ » j!. Since j is a monomorphism,
U ×X U » U . Combining this with proper base change, we get j˚j! » idDpUq and so j! is fully
faithful. Then the right adjoint j˚ of j˚ must be fully faithful as well.

Using the projection formula and j˚j! » idDpUq, we see that j!OU ! OX exhibits j!OU as
an idempotent coalgebra in DpXq. Then cofibpj!OU ! OXq must be an idempotent algebra. In
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this way, we can associate to any naive open immersion an idempotent algebra in DpXq, which
we call the complementary idempotent determined by U and denote OX∖U . It’s straightforward
to check that the forgetful functor i˚ : ModOX∖U

pDpXqq ! DpXq, which is fully faithful by
idempotence, fits into a recollement

ModOX∖U

`

DpXq
˘

DpXq DpUq
i˚ j˚

i˚

i!

j!

j˚

and so j˚OU is obtained from OX by killing the idempotent algebra OX∖U . As long as it’s
clear that we’re working in DpXq, we often abuse notation and just write OU instead of j˚OX .

5.7. Remark. — Every open immersion of affine analytic stacks in the sense of rCS24,
Lecture 16s is also a naive open immersion.

5.8. Remark. — If A ∈ DpXq is an idempotent algebra, we can define an analytic substack
UA ⊆ X by declaring that a map f : Y ! X factors through UA if and only if f˚ : DpXq! DpY q

factors through the localisation DpXq/ModApDpXqq, or equivalently, if and only if f˚pAq » 0.
However, it’s not true that the constructions U 7! OX∖U and A 7! UA are inverses; it’s not
even clear why DpUAq would coincide with DpXq/ModApDpXqq.

It’s not obvious what conditions should be put on U and A to make these constructions
mutually inverse (moreover, whatever the condition, it should be satisfied for open immersions
of affine analytic stacks). This explains why we call the notion from 5.6 naive: An honest
open immersion of analytic stacks should be a naive open immersion for which the idempotent
algebra OX∖U meets the putative condition. In the following, we’ll work with the naive notion,
since it is enough for our purposes.

5.9. Lemma. — Let U ′ ! U ! X be naive open immersions of analytic stacks. Suppose
that U contains the closure of U ′ in the sense that there exists another naive open immersion
j : V ! X such that U ′ ×X V » ∅ and OX∖V bL

OX
OX∖U » 0. Then OU bL

OX
OU ′ » OU ′.

Moreover, the map OU ! OU ′ is trace-class in DpXq and factors through OX∖V .

Proof. The condition U ′ ×X V » ∅ implies that OU ′ is in the kernel of the pullback functor
j˚ : DpXq ! DpV q and so OU ′ is an algebra over the idempotent A := OX∖V by 5.6. We
also know that OU is obtained from OX by killing the idempotent B := OX∖U . Hence
OU » cofibpB∨ ! OXq. Since B∨ is a B-module, OU ′ is an A-module, and AbB » 0, we get
B∨ bL

OX
OU ′ » 0, hence indeed OU bL

OX
OU ′ » OU ′ .

Since the double dual B∨∨ is still a B-module, the same argument shows O∨
U bL

OX
OU ′ » OU ′ .

Hence OU ! OU ′ is trace-class, with classifier given by the unit OX ! OU ′ . We’ve already
seen that OU ′ is an A-algebra. The condition AbB » 0 also implies RHomXpB,Aq » 0, since
RHomXpB,Aq is both an A-module and a B-module. It follows that A is contained in the
image of j˚ : DpUq! DpXq and hence A is an OU -algebra. This shows that OU ! OU ′ factors
through A.

5.10. Lemma. — Let X be a Tate adic space with associated analytic stack X■ ! AnSpecZ■,
and let U,U ′ ⊆ X be open subsets.
paq The map j : U■ ! X■ is a naive open immersion of analytic stacks. Moreover, an arbitary

map f : Y ! X■ of analytic stacks factors through U■ if and only if f˚pOX∖U q » 0.
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§5. Algebras of overconvergent functions

pbq We have U■ ×X■
U ′
■ » pU ∩ U ′q■. In particular, OU bL

OX■
OU ′

■
» OU∩U ′ and vice versa if

U and U ′ are exchanged.
pcq If U ′ ⊆ U , then U■ contains the closure of U ′

■ in the sense of Lemma 5.9.

Proof sketch. Let’s start with (b). In the case where U and U ′ are affinoid, U■×X■
U ′
■ » pU∩U ′q■

follows essentially by the construction of X■ in 5.2, because we can choose both U and U ′ to be
part of an affinoid cover of X (and to prove that said construction is independent of the choice
of cover, we need Lemma 5.3(a)). To show the general case, just cover U and U ′ by affinoid
open subsets.

Let’s show (a) next. Let’s first consider the case where X = SpapR,R+q is affinoid and
U ⊆ X is a rational open. We’ve already seen in Lemma 5.3(b) that j : U■ ! X■ is a naive
open immersion. Suppose f : Y ! X■ is a map of analytic stacks such that f˚pOX∖U q » 0. If
Y » AnSpecS is affine, then the map of analytic rings pR,R+q■ ! S factors through OpU■q

if and only if f˚ : DppR,R+q■q ! DpSq factors through DpU■q. Since f˚pOX∖U q » 0, this is
satisfied in our case. This proves the claim in the case where Y » AnSpecS is affine. In
particular, U■ ×X■

AnSpecS » AnSpecS. For the general case, write Y as a colimit of affines
to see U■ ×X■

Y » Y . Then f : Y ! X■ clearly factors through U■.
Now let U and X be arbitrary. Proving that j : U■ ! X■ is a naive open immersion formally

reduces to the special case considered above; we omit the argument. Now let f : Y ! X■

be a map of analytic stacks such that f˚pOX∖U q » 0. Whether f factors through U■ can
be checked locally on X■. By (b), if SpapR,R+q ! X is an affinoid open supset, then
U■×X■

AnSpecpR,R+q■ » pU ∩ SpapR,R+qq■, so we can reduce to the case where X is affinoid.
As above, we may also assume that Y » AnSpecS is affine. Let

∐
i∈I Ui ! U be a cover by

rational open subsets. Then

OX∖U » colim
ti1,...,inu⊆I

´

OX∖Ui1
bL

OX■
· · · bL

OX■
OX∖Uin

¯

,

where the colimit is taken over all finite subsets of I. Since the colimit is filtered and f˚pOX∖U q

is detected by the single condition 1 = 0, there exists a finite subset ti1, . . . , inu ⊆ I such
that already f˚pOX∖Ui1

q bL
S · · · bL

S f
˚pOX∖Uin

q » 0 in DpSq. By the criterion from rCS24,
Lecture 18s, it follows that

∐n
j=1 Uij ,■×X■

AnSpecS ! AnSpecS is a !-cover. We may therefore
replace S by the constituents of this cover, and for each of them it’s clear that they factor
through U■. This finishes the proof of (a).

Part (c) is a formal consequence: If V := X ∖ U ′, then V■ ! X■ is a naive open immersion
by (a), U■ ×X■

V■ » ∅ follows from (b), and if A := OX∖U bL
OX■

OX∖V , then it’s formal to
see that ModApDpX■qq is the kernel of the pullback functor DpX■q! DpU■q ×DppU∩V q■q DpV■q.
But this functor is an equivalence as U ∪ V = X, and so A » 0.

We can finally show the desired criterion for idempotence.

5.11. Definition. — If X is a Tate adic space and Z ⊆ X is a closed subset, the overconver-
gent neighbourhood of Z is the analytic stack

Z† := lim
U⊇Z

U■ ,

where the limit is taken over all open neighbourhoods of Z. If it’s clear that we’re working
in DpX■q, we often abuse notation and denote by OZ† := colimU⊇Z OU ∈ DpX■q the sheaf of
overconvergent functions on Z. This is in favorable situations, but not always, the pushforward
of the structure sheaf of Z†; see Theorem 5.12(b) below.
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5.12. Theorem. — Let X be a quasi-compact quasi-separated Tate adic space and let Z ⊆ X
be a closed subset such that for all points z ∈ Z and all generalisations z′ ⇝ z also z′ ∈ Z.
paq The ind-object

“colim”
U⊇Z

OU ∈ Ind DpX■q

is idempotent, nuclear, and obtained by killing the pro-idempotent “lim”Z∩W=∅ OW , where
the limit is taken over all open subsets W ⊆ X such that Z ∩ W = ∅. In particular,
OZ† ∈ DpX■q is idempotent and nuclear.

pbq If for every affinoid open j : SpapR,R+q ! X the pullback j˚pOZ†q ∈ DppR,R+q■q is
connective, then pushforward along Z† ! X■ induces a symmetric monoidal equivalence
DpZ†q » ModO

Z† pDpX■qq. In particular, in this case OZ† is really the pushforward of the
structure sheaf of Z†.

5.13. Remark. — Following discussions with Ben Antieau and Peter Scholze, we believe
that connectivity in Theorem 5.12(b) can be replaced by the much weaker condition that
Modj˚pO

Z† qpDpRqq is left-complete should already be enough, using an adaptation of rMM24,
Proposition 2.16s.

To prove Theorem 5.12, we send a lemma in advance.

5.14. Lemma. — Let X be a spectral space and let Y,Z ⊆ X be closed subsets such that
for z ∈ Z and y ∈ Y there never exists a common generalisation z ⇝x ⇝ y (in particular
Z ∩ Y = ∅). Then there exist open neighbourhoods U ⊇ Z and V ⊇ Y such that U ∩ V = ∅.

Proof. Fix z ∈ Z. By rStacks, Tag 0906s, y ∈ Y there exist open neighbourhoods Uy ∋ z and
Vy ∋ y such that Uy ∩ Vy = ∅. By compactness of Y , there exist finitely many y1, . . . , yn ∈ Y
such that Y ⊆ Vz := Vy1 ∪ · · · ∪ Vyn . Let also Uz := Uy1 ∩ · · ·Uyn , so that Uz ∩ Vz = ∅. By
compactness of Z, there exist finitely many z1, . . . , zm ∈ Z such that Z ⊆ U := Uz1 ∪ · · · ∪ Uzm .
Putting V := Vz1 ∩ · · · ∩ Vzm , we have constructed U and V with the required properties.

Proof of Theorem 5.12. First observe that Lemma 5.14 can be applied to any closed subset
Y ⊆ X such that Z ∩ Y = ∅. Indeed, for any common generalisation z ⇝x ⇝ y, we would
have x ∈ Z, as Z is closed under generalisations, but then y ∈ Z, as Z is also closed under
specialisations.

It follows that in the ind-object “colim”U⊇Z OU we can restrict to open neighbouhoods of
the form U = X ∖W for some open subset W such that Z ∩W = ∅. Indeed, for arbitrary U ,
apply Lemma 5.14 to Z and X ∖ U to get an open neighbourhood W ⊇ pX ∖ Uq such that
Z ∩W = ∅. Then pX ∖W q ⊆ U , as desired.

Let OW := OX∖pX∖W q ∈ DpX■q be the complementary idempotent determined by the open
subset X ∖W . Since each OU is obtained by killing the idempotent OX∖U , our observation
implies that “colim”U⊇Z OU is obtained by killing the pro-idempotent “lim”Z∩W=∅ OW . For all
such W , applying Lemma 5.14 to Z and W provides another open neighbourhood W ′ ⊇ W
such that still Z ∩W ′ = ∅. By Lemma 5.9 and Lemma 5.10(c), OW ′ ! OW is trace-class and
factors through OW . It follows that “lim”Z∩W=∅ OW » “lim”Z∩W=∅ OW and that the condition of
Lemma 2.15 is satisfied, so that “colim”U⊇Z OU is indeed idempotent and nuclear in Ind DpX■q.
Since colim: Ind DpX■q ! DpX■q preserves idempotents and nuclear objects, it follows that
OZ† ∈ DpX■q is idempotent and nuclear as well. This finishes the proof of (a).
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For (b), note that Z† is clearly compatible with base change and so is OZ† by (a) and
Lemma 2.15(c). We may therefore assume that X = SpapR,R+q is affinoid and OZ† is
connective. Then OZ† can be turned into an analytic ring using the induced analytic ring
structure from pR,R+q■. It follows that a map f : AnSpecS ! AnSpecpR,R+q■ factors through
OZ† if and only if S » f˚pOZ†q. By Lemma 2.15(b), we have OZ† bL

pR,R+q■
OW » 0 for all

open W such that Z ∩ W = ∅. Thus S » f˚pOZ†q implies f˚pOW q » 0 for all such W . By
sandwiching open and closed subsets, we get f˚pOX∖U q » 0 for all open neighbourhoods U ⊇ Z.
By Lemma 5.10(a), this implies that f factors through Z† » limU⊇Z U■.

Conversely, if f factors through Z†, then f˚pOX∖U q » 0 for all U and thus f˚pOW q » 0
for all W as above, using the same sandwiching argument. It follows that S is a module
over the nuclear idempotent ind-algebra obtained by killing “lim”Z∩W=∅ f

˚pOW q in DpSq. By
Lemma 2.15(c), this is “colim”U⊇Z f

˚pOU q. Then S is also a module over the honest colimit
colimU⊇Z f

˚pOU q » f˚pOZ†q, proving S » f˚pOZ†q.
In conclusion, this argument shows that Z† » AnSpec OZ† is an affine analytic stack and so

DpZ†q » ModO
Z† pDppR,R+q■qq follows by construction, as we’ve put the induced analytic ring

structure on OZ† .

This implies idempotence and nuclearity in the situation of Theorem 1.19.

5.15. Corollary. — Let X := SpaZpJq − 1K ∖ tp = 0, q = 1u and let Z ⊆ X be the union of
the closed subsets SpapFpppq − 1qq,FpJq − 1Kq and SpapQppζpnq,Zprζpnsq for all n ⩾ 0.
paq Z is closed and closed under generalisations.
pbq For n, r, s ⩾ 1 such that pp − 1qpn > s, let Wn,r,s ⊆ X be the rational open subset

determined by |pr| ⩽ |qpn − 1| ≠ 0, |pq − 1qs| ⩽ |p| ≠ 0. Then OZ† is the colimit of the
idempotent nuclear ind-algebra obtained by killing the pro-idempotent “lim”n,r,s OWn,r,s.

Proof. Let x ∈ X ∖ Z. Then |p|x ̸= 0, hence |pq − 1qs|x ⩽ |p|x for s ≫ 0. Choose such an s.
Moreover, |qpn − 1|x ≠ 0 holds for all n ⩾ 0. Choose n such that pp − 1qpn > s and choose
r ≫ 0 such that |pr|x ⩽ |qpn − 1|x. Then x ∈ Wn,r,s. If we can show Z ∩Wn,r,s = ∅, both (a)
and (b) will follow. Indeed, this will imply that X ∖ Z is open and closed under specialisations,
proving (a). Moreover, X∖Z =

⋃
n,r,sWn,r,s and so for any open subset W such that Z∩W = ∅

we must have Wn,r,s ⊇ W for sufficiently large n, r, and s by quasi-compactness of W . Hence (b)
follows from Theorem 5.12(a).

To show Z ∩Wn,r,s = ∅, let w ∈ Wn,r,s. Since pp− 1qpn > s, we get |pq− 1qpp−1qpi−1 |w < |p|x
for all i > n and so |Φpipqq|w = |p|w, where Φpipqq denotes the ppiqth cyclotomic polynomial.
Thus 0 < |pr+i−n|w ⩽ |qpi − 1|w for i > n. In particular, w /∈ Z. Even better: If Ui denotes
the rational open subset determined by |qpi − 1| ⩽ |pr+i−n+1| ̸= 0 and V denotes the rational
open subset determined by |p| ⩽ |pq − 1qs+1| ≠ 0, then the open set

⋃
i⩾n Ui ∪ V contains Z

and doesn’t intersect Wn,r,s, so indeed Z ∩Wn,r,s = ∅.

§5.2. Graded adic spaces
To deduce idempotence and nuclearity in the situation of Theorem 1.20, let us describe how to
encode gradings in terms of actions of the analytic stack

T := AnSpecZru±1s■ ,

where Zru±1s■ is obtained from Zru±1s by solidifying both u and u−1. Equivalently, Zru±1s■ is
the analytic ring associated to the discrete Huber pair pZru±1s,Zru±1sq.
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5.16. Graded adic spaces via actions of T. — Classically, the grading on Zrβ, ts in which
β and t receive degree 2 and −2, respectively, is encoded by an action of Gm := SpecZru±1s

on SpecZrβ, ts. The action map SpecZrβ, ts × Gm ! SpecZrβ, ts corresponds to the ring map
∆: Zrβ, ts! Zrβ, ts bZ Zru±1s given by ∆pβq := u2β, ∆ptq := u−2t.

In our situation, if we want to give geometric meaning to our computation of A˚
ku,p, we’re

forced to work with the adic spectrum X˚ := SpaZrβ, ts∧
pp,tq instead. But in the map ∆ we

can’t just replace Zrβ, ts by its pp, tq-completion, since the tensor product Zrβ, ts∧
pp,tq bZ Zru±1s

won’t be pp, tq-complete anymore.
To fix this, consider π : T ! AnSpecZ■ and let − bL

Z■
Zru±1s■ denote the pullback

π˚ : DpZ■q ! DpTq. By rCS24, Lecture 7s, the process of adjoining a variable and then
solidifying it preserves limits, and so

Zrβ, ts∧
pp,tq bL

Z■
Zru±1s■ » Zrβ, t, u±1s∧

pp,tq .

Thus, we do get an action X˚
■ × T! X˚

■ simply by pp, tq-completing the map ∆ above. Here
and in the following, all products are taken in the ∞-category AnStkZ■

of analytic stacks
over Z■. We let T• : ∆∆op ! AnStkZ■

denote the simplicial analytic stack corresponding to the
underlying E1-structure of the E∞-group object T, and we let X˚

■ ×T• : ∆∆op ! AnStkZ■
denote

the simplicial analytic stack corresponding to the T-action on X˚
■. Finally, let

BT := colim
rns∈∆∆op

Tn and X˚
■/T := colim

rns∈∆∆op
X˚
■ × Tn .

5.17. Lemma. — Let OX˚/T ∈ DpBTq denote the pushforward of the structure sheaf of
X˚
■/T. Then pushforward along X˚

■/T ! BT induces a symmetric monoidal equivalence of
∞-categories

DpX˚
■/Tq » ModOX˚/T

`

DpBTq
˘

.

Proof. The same argument as in 5.16 shows X˚
■ × Tn » AnSpecpZrβ, t, u±1

1 , . . . , u±1
n s∧

pp,tqq■.
By definition, DpBTq » limrns∈∆∆ DpTnq and DpX˚

■/Tq » limrns∈∆∆ DpX˚
■ × Tnq, where the

cosimplicial limits are taken along the pullback functors. Observe that the pushforward functors
π˚ : DpX˚

■ × Tnq! DpTnq commute with these pullbacks. Indeed, if we would take the limit
along the !-pullbacks, this would follow from proper base change (by passing to right adjoints).
Since Z! Zru±1s is smooth of relative dimension 1 and Ω1

Zru±1s/Z
„= Zru±1s du is a free module

of rank 1, rCS19, Theorem 11.6s shows π! » Σ−1π˚, and so we get commutativity for the
˚-pullbacks as well.

It follows that OX˚/T ∈ DpBTq is given by the degree-wise pushforwards of the structure
sheaves OX˚

■ ×Tn , that is, by Zrβ, t, u±1
1 , . . . , u±1

n s∧
pp,tq ∈ DpTnq for all rns ∈ ∆∆. In every degree,

the pushforward induces an equivalence

DpX˚
■ × Tnq

»
−! ModZrβ,t,u±1

1 ,...,u±1
n s∧

pp,tq

`

DpTnq
˘

.

Using this observation, DpX˚
■/Tq » ModOX˚/TpDpBTqq is completely formal.

5.18. Graded objects and sheaves on BT. — Let Gm,Z■
:= Gm×AnSpecZ■. By adapting

the usual proof, it’s not hard to show that

DpBGm,Z■
q » Gr DpZ■q .
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is the ∞-category of graded solid condensed abelian groups. Since we have a map of analytic
stacks c : BT ! BGm,Z■

, we get a pullback functor c˚ : Gr DpZ■q ! DpBTq. In this way, we
can associate to any graded solid condensed Z-module a quasi-coherent sheaf on BT.

We don’t know if c˚ is fully faithful (it probably isn’t), but at least it’s fully faithful when
restricted to the full sub-∞-category Gr DpZq ⊆ Gr DpZ■q spanned by the discrete graded
Z-modules. Indeed, for discrete objects, solidification doesn’t do anything, and so for all
rns ∈ ∆∆ the functor DpGn

m,Z■
q ! DpTnq, given by solidifying u±1

i for i = 1, . . . , n, is fully
faithful when restricted to discrete objects.

The following lemma takes this one step further and allows us to regard the graded ZprβsJtK-
modules Fil˚q9Hdg q9d̂RpZ/pαq/Zp

as sheaves on DpBTq without loss of information.

5.19. Lemma. — Let ZprβsJtK ∈ Gr DpZq denote the graded pp, tq-completion of the discrete
graded ring Zrβ, ts and equip ModZprβsJtKpGr DpZqq∧

pp,tq with the pp, tq-completed graded tensor
product. Then after pp, tq-completion, c˚ induces a fully faithful symmetric monoidal functor

ModZprβsJtK
`

Gr DpZq
˘∧

pp,tq
−! ModOX˚/T

`

DpBTq
˘

.

Proof. To construct the desired functor, we compose with pp, tq-completion to obtain functors

ModZprβsJtK
`

Gr DpZ■q
˘ c˚

−! Modc˚pZprβsJtKq
`

DpBTq
˘

p−q∧
pp,tq

−−−−! ModOX˚/T

`

DpBTq
˘

.

Note that this composition is symmetric monoidal. Indeed, c˚ is symmetric monoidal; to see
the same for p−q∧

pp,tq, we need to check that the tensor product in the symmetric monoidal
∞-category ModOX˚/TpDpBTqq preserves pp, tq-complete objects.(5.3) But the pullback functors,
along which the limit ModOX˚/TpDpBTqq » limrns∈∆∆ DpX˚

■ × Tnq is taken, all preserve pp, tq-
complete objects, because they preserve limits (see the argument in 5.16). Moreover, by the
same argument as for the solid tensor product, the tensor product in DpX˚

■ × Tq also preserves
pp, tq-complete objects. Hence we get the same for ModOX˚/TpDpBTqq.

Clearly p−q∧
pp,tq ◦ c˚ factors through ModZprβsJtKpGr DpZ■qq∧

pp,tq. By restricting to the full
sub-∞-category ModZprβsJtKpGr DpZqq∧

pp,tq, we get the desired functor

ModZprβsJtK
`

Gr DpZq
˘∧

pp,tq
−! ModOX˚/T

`

DpBTq
˘

.

We’ve already seen that this functor is symmetric monoidal. Fully faithfulness can be checked
modulo pp, tq, so it’ll be enough to check that ModFprβspGr DpZqq ! Modc˚pFprβsqpDpBTqq is
fully faithful. This follows from the fact that c˚ : Gr DpZq! DpBTq is fully faithful, as we’ve
seen in 5.18.

5.20. Lemma. — Let X˚ ⊆ X˚ be the subset SpaZrβ, ts∧
pp,tq ∖ tp = 0, βt = 0u. Then X˚ is

a Tate adic space and its associated analytic stack X˚
■ can be written as the following pushout

(5.3)By contrast, even though the solid tensor product preserves p-complete objects, it’s not true that the graded
solid tensor product on Gr DpZ■q preserves graded p-complete objects, because being p-complete is not preserved
under infinite direct sums.
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in analytic stacks:

AnSpec
´

Zrβ, ts∧
pp,tq

”

1
pβt

ı

,Zrβ, ts∧
pp,tq

¯

■
AnSpec

´

Zrβ, ts∧
pp,tq

”

1
βt

ı

,Zrβ, ts∧
pp,tq

¯

■

AnSpec
´

Zrβ, ts∧
pp,tq

”

1
p

ı

,Zrβ, ts∧
pp,tq

¯

■
X˚
■

≓

Moreover, the T-action on X˚
■ restricts to an action on X˚

■ , and if OX˚/T ∈ DpBTq denotes
the pushforward of the structure sheaf of X˚

■ /T, then pushforward along X˚
■ /T! BT induces a

symmetric monoidal equivalence

DpX˚
■ /Tq » ModOX˚/T

`

DpBTq
˘

.

Proof. By 5.2, X˚
■ is glued together from rational open subsets of X˚. For example, one can

take U1 = tx ∈ X˚ | |βt|x ⩽ |p|x ̸= 0u and U2 = tx ∈ X˚ | |p|x ⩽ |βt|x ̸= 0u and then

X˚
■ » U1,■ ⊔pU1∩U2q■

U2,■ .

To show the desired pushout, it’s enough that Y1,■ := AnSpecpZrβ, ts∧
pp,tqr1/ps,Zrβ, ts∧

pp,tqq■ and
Y2,■ := AnSpecpZrβ, ts∧

pp,tqr1/pβtqs,Zrβ, ts∧
pp,tqq■ form a !-cover after pullback to U1,■ and U2,■.

This is clear, as Y1,■ ×X˚
■
U1,■ » U1,■ and similarly Y2,■ ×X˚

■
U2,■ » U2,■.

To see that the T-action on X˚
■ restricts to an action on X˚

■ , just observe that p and βt are
homogeneous elements. The pushout above implies that the pushforward OX˚ ∈ DpZ■q of the
structure sheaf of X˚

■ is given by

OX˚ » Zrβ, ts∧
pp,tq

”

1
p

ı

×
Zrβ,ts∧

pp,tq

”

1
pβt

ı Zrβ, ts∧
pp,tq

”

1
βt

ı

,

the pullback being taken in the derived sense. Now DpX˚
■ × Tnq » ModOX˚×Tn pDpTnqq holds

for all rns ∈ ∆∆, since the same is true for Y1,■, Y2,■, and Y1,■ ×X˚
■
Y2,■. This finally implies

DpX˚
■ /Tq » ModOX˚/TpDpBTqq, as desired.

We can finally show idempotence and nuclearity in the situation of Theorem 1.20. To this
end, let Z˚ ⊆ X˚ be union of the closed subsets tp = 0u and trpnskuptq = 0u for all n ⩾ 0, where
rpnskuptq := pp1+βtqpn −1q/β denotes the pn-series of the formal group law of ku. For n, r, s ⩾ 1
such that pp − 1qpn > s, we also let W ˚

n,r,s ⊆ X˚ be the rational open subset determined by
|pr| ⩽ |rpnskuptq| ≠ 0, |pβtqs| ⩽ |p| ≠ 0. Observe that W ˚

n,r,s is T-equivariant, since it is defined
by homogeneous elements.

5.21. Corollary. — The T-action on X˚
■ restricts to an action on the overconvergent

neighbourhood Z˚,† of Z˚. Moreover, OZ˚,†/T ∈ DpX˚
■ /Tq is idempotent, nuclear, and the

colimit of the ind-algebra obtained by killing the pro-idempotent “lim”n,r,s OW˚
n,r,s/T.

Proof. The proof of Corollary 5.15 can be carried over to show that Z˚ ∩ W ˚
n,r,s = ∅ and

X˚ ∖Z˚ =
⋃
n,r,sW

˚
n,r,s. In particular, the T-equivariant open subsets X˚ ∖W ˚

n,r,s are coinitial
among all open neighbourhoods of Z˚, because for an arbitrary U ⊇ Z˚, the complement
X˚ ∖ U is quasi-compact and thus contained in some W ˚

n,r,s. This shows that Z˚,† acquires a
T-action.
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Moreover, Theorem 5.12 shows that OZ˚,† is the colimit of the idempotent nuclear ind-algebra
obtained by killing the pro-idempotent “lim”n,r,s OW˚

n,r,s
. Since Z˚,† × Tn » limU˚⊇Z˚pU˚

■ × Tq,
where the limit is taken over all T-equivariant open neighbourhoods, and since killing pro-
idempotents is compatible with base change in the nuclear case by Lemma 2.15(c), we get that
OZ˚,†×Tn is similarly given by killing “lim”n,r,s OW˚

n,r,s×Tn in DpX˚
■ ×Tnq. Now let A ∈ DpX˚

■ /Tq

be the colimit of the ind-algebra given by killing “lim”n,r,s OW˚
n,r,s/T. Then Lemma 5.9 shows

that all sufficiently large transition maps in this pro-object are trace-class again. Hence A is
idempotent, nuclear, and the base change result from Lemma 2.15(c) shows that the pullbacks
of A to X˚

■ × Tn agree with OZ˚,†×Tn for all rns ∈ ∆∆. This implies OZ˚,†/T » A, as both of the
maps

OZ˚,†/T −! OZ˚,†/T bL
O

X˚
■

/T
A − A

become equivalences after pullback to X˚
■ × Tn for all rns ∈ ∆∆.

§5.3. Understanding the q-Hodge filtration for Z/pα

Recall from Construction 4.11 that the q-Hodge filtration on q9dRpZ/pαq/Zp
is defined via base

change from the q-Hodge filtration on the derived q-de Rham complex

q9dRpZptxu/xαq/Zptxu » ZptxuJq − 1K
"

ϕpxαq

rpsq

*∧

pp,q−1q

.

Let us denote this ring by q9Dα for short. In the following, we’ll also write Φppqq instead of
rpsq, since higher cyclotomic polynomials will appear as well.

5.22. The q-Hodge filtration and lifts of divided powers. — Suppose the q-Hodge
filtration on q9Dα is a q-deformation of the Hodge filtration on Dα := dRpZptxu/xαq/Zptxu. We
already know this for p ⩾ 3 and all α ⩾ 2 as well as for p = 2 and all even α ⩾ 4. We know that
Dα is the p-completed PD-envelope of pxαq ⊆ Zptxu and the Hodge filtration is precisely the
PD-filtration. Thus, if γp−q := p−qp/p denotes the divided power operation, then Fil˚Hdg Dα

is the p-complete filtered Dα-algebra generated by the iterated divided powers γpnqpxαq in
filtration degree pn for all n ⩾ 0.

Since Fil˚q9Hdg q9Dα/pq − 1q „= Fil˚Hdg Dα, it follows that Fil˚q9Hdg q9Dα must be generated as
a pp, q − 1q-complete filtered q9Dα-algebra by the element pq − 1q in filtration degree 1 and
lifts rγ

pnq
q pxαq of γpnqpxαq in filtration degree pn for all n ⩾ 0. Thus, to describe the q-Hodge

filtration, it will be enough to give a description of these lifts. By construction, the q-PD
envelope q9Dα contains lifts of divided powers, but it’s not clear at all that these can be chosen
to lie in the required degrees of the q-Hodge filtration.

The following technical lemma shows existence of these lifts along with some structural
information about them, and we’ll even see an explicit recursive construction in the proof.
Moreover, all of this works for α ⩾ 2 without any restrictions in the case p = 2.

5.23. Lemma. — For α ⩾ 2 and all primes p, there are polynomials Γn ∈ Zptxurqs with the
following properties:

paq Γn ≡ xp
n mod pq − 1qp−1 and Γn ∈ pxp, pq − 1qp−1qp

n−1.
pbq Γn ∈ ppϕipxq,Φpipqqqp,Φpipqqp−1qp

n−1−i for all 1 ⩽ i ⩽ n− 1.
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pcq Γn ∈ pϕnpxq,Φpnpqqq.

pdq pΓnqα ∈
∏n
i=1 Φpipqqp

n−i · q9Dα

In particular, pΓnqα is contained in the ideal pxα, q − 1qp
n and

rγpnq
q pxαq := pΓnqα∏n

i=1 Φpipqqp
n−i ∈ Filp

n

q9Hdg q9Dα

is a lift of the n-fold iterated divided power γpnqpxαq and contained in the ppnqth step of the
q-Hodge filtration.

Proof. We’ll do a proof by induction. For the base case of the induction, n = 0, let Γ0 := x.
All of the statements are trivial in this case.

For the induction step, we first want to construct the element Γn. For this, let Pn, Qn be
some polynomials in Zrqs such that p = Pnpqqpq − 1qpp−1qpn−1 +QnpqqΦpnpqq. Note that such
polynomials always exist, since Φpnp1q = p and Φpnpqq ≡ pq − 1qpp−1qpn−1 mod p, so

Φpnpqq − pq − 1qpp−1qpn−1

p

is a unit modulo pq − 1qpp−1qpn−1 . Now define

Γn := pΓn−1qp + Pnpqqpq − 1qpp−1qpn−1
δpΓn−1q = ϕpΓn−1q −QnpqqΦpnpqqδpΓn−1q.

Statement (a) follows trivially. For (b) and (c), by Lemma 5.24 below it’s enough to check that
p · Γn is contained in these ideals. We have

p · Γn = p · pΓn−1qp + Pnpqqpq − 1qpp−1qpn−1`
ϕpΓn−1q − pΓn−1qp

˘

= p · ϕpΓn−1q −QnpqqΦpnpqq
`

ϕpΓn−1q − pΓn−1qp
˘

.

Now pΓn−1qp and ϕpΓn−1q are contained in each one of the ideals from (b). Indeed, for pΓn−1qp,
this follows from statements (b) and (c) of the induction hypothesis, and for ϕpΓn−1q this
follows similarly from (a) and (b). Therefore, the first of the two equations above shows that
p · Γn is contained in each of the ideals from (b). Similarly, using statement (c) of the induction
hypothesis, we get ϕpΓn−1q ∈ pϕnpxq,Φpnpqqq and so the second of the equations above shows
that p · Γn is contained in this ideal as well. This finishes the induction step for (b) and (c).

It remains to show statement (d). By rBS19, Lemma 16.10s, q9Dα is pp, q − 1q-completely
flat over ZpJq − 1K and thus flat on the nose over Zrqs. Therefore

n∏
i=1

Φpipqqp
n−i · q9Dα =

n⋂
i=1

Φpipqqp
n−i · q9Dα .

To show that pΓnqα ∈ Φpipqqp
n−i · q9Dα for 1 ⩽ i ⩽ n− 1, by the already proven statement (b),

it’s enough to show the same for any element in the ideal ppϕipxq.Φpipqqqp,Φpipqqp−1qαp
n−1−i .

So consider a monomial of the form
`

ϕipxqjΦpipqqk
˘ℓΦpipqqpp−1qm ,
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where j + k = p and ℓ+m = αpn−1−i. By construction, ϕpxqα becomes divisible by Φppqq in
q9Dα and so ϕipxqα ∈ Φpipqq · q9Dα. Hence ϕipxqjℓ is divisible by Φpipqq⌊jℓ/α⌋. It will therefore
be enough to show ⌊

jℓ

α

⌋
+ kℓ+ pp− 1qm ⩾ pn−i .

This is straightforward: For ℓ = 0, the inequality follows from αpp− 1q ⩾ p as α ⩾ 2. In general,
if we replace pj, kq by pj−1, k+1q, the left-hand side changes by at least ℓ−⌊ℓ/α⌋−1; for ℓ ⩾ 1
and α ⩾ 2 this term is always nonnegative. Therefore we may assume j = p, k = 0, and we must
show ⌊pℓ/α⌋ + pp− 1qm ⩾ pn−i. If p = 2 and α = 2, this becomes the equality ℓ+m = 2n−i

and so the inequality is sharp in this case. If p ⩾ 3 or α ⩾ 3, we have pp− 1q − ⌊p/α⌋ − 1 ⩾ 0
and so by the same argument as before we may assume ℓ = αpn−1−i, m = 0. The the desired
inequality follows from αpp− 1q ⩾ p again.

A similar but easier argument shows that every element in pϕnpxq,Φpnpqqqα becomes divisible
by Φpnpqq in q9Dα and we have an inclusion of ideals pxp, pq − 1qp−1qαp

n−1 ⊆ pxα, q − 1qp
n in

Zptxurqs. This finishes the proof of (d) and shows pΓnqα ∈ pxα, q − 1qp
n . Hence rγ

pnq
q pxαq is

really contained in the ppnqth step of the q-Hodge filtration and it lifts γpnqpxαq by (a).

5.24. Lemma. — If J ⊆ Zptxurqs is any of the ideals in Lemma 5.23(b) or (c), then
Zptxurqs/J is p-torsion free.

Proof. Consider the map ψi : Zptxurqs ! Zptxurqs given by the i-fold iterated Frobenius
ϕi : Zptxu! Zptxu and q 7! Φpipqq. If we replace ϕipxq and Φpipqq in the definition of J by x
and q, respectively, we obtain an ideal J0 ⊆ Zptxurqs such that

Zptxu/J „= Zptxu/J0 bZptxurqs,ψi
Zptxurqs .

Now ϕi is flat by rBS19, Lemma 2.11s and q 7! Φpipqq is finite free, as the polynomial Φpipqq is
monic. So ψi is flat and it suffices to show that Zptxurqs/J0 is p-torsion free. But Zptxurqs is a
free module over Zp with basis given by monomials in x, δpxq, δ2pxq, . . . and q. By construction,
J0 is a free submodule on a subset of that basis. It follows that Zptxurqs/J0 is free over Zp,
hence p-torsion free.

Finally, as a simple corollary of Lemma 5.23, we get an elementary proof of Theorem 3.10(a).

Proof of Theorem 3.10(a). We already know from Lemma 3.8 that
`

Fil˚q9Hdg q9dRR/A

˘

/pq − 1q −! Fil˚Hdg dRR/A

is degree-wise injective, so it suffices to show surjectivity. It’ll be enough to show that for
each of the generators of J = pxα1

1 , . . . , xαr
r q and all n ⩾ 0, the n-fold iterated divided power

γpnqpxαi
i q admits a lift which lies in the ppnqth step of the q-Hodge filtration. Thus, it’s enough

to treat the case A = Zptxu, R = Zptxu/xα, where α ⩾ 2. Then Lemma 5.23 finishes the
proof.

§5.4. Proof of Theorems 1.19 and 1.20
Recall from 2.11 that Efimov rEfi-Lims constructs a fully faithful strongly continuous functor

Nuc
`

DpZpJq − 1K■q
˘

−! Nuc
`

ZpJq − 1K
˘

.

68

https://arxiv.org/pdf/1905.08229.pdf#theorem.2.11


§5.4. Proof of Theorems 1.19 and 1.20

Efimov shows that this functor is an equivalence on bounded objects. Since AKU,p is bounded,
it’s therefore contained in the essential image of NucpDpZpJq − 1K■qq. Its preimage (and in
fact, the right adjoint to Efimov’s functor) can be explicitly described: AKU,p is obtained by
killing the pro-idempotent “lim”α⩾2 q9HdgpZ/pαq/Zp

. We can regard each q9HdgpZ/pαq/Zp
as a

pp, q − 1q-complete solid condensed ZpJq − 1K-module by pp, q − 1q-completing the associated
discrete condensed abelian group. By killing the pro-idempotent “lim”α⩾2 q9HdgpZ/pαq/Zp

in
DpZpJq − 1K■q, we get an idempotent nuclear algebra in Ind DpZpJq − 1K■q. Its colimit is the
preimage of AKU,p.

In the following, we’ll regard AKU,p as a solid condensed ZpJq − 1K-module. In the same
way, using the formalism developed in §5.2, we’ll regard A˚

ku,p as a quasi-coherent sheaf on
the analytic stack X˚

■/T, where X˚ := SpaZrβ, ts∧
pp,tq. As in §§5.1–5.2, we’ll also denote

X˚ := X˚ ∖ tp = 0, βt = 0u and X := SpaZpJq − 1K ∖ tp = 0, q = 1u.

5.25. Lemma. — A˚
ku,p vanishes after pp, βq-completion and after pp, tq-completion. AKU,p

vanishes after pp, q − 1q-completion. In particular, A˚
ku,p and AKU,p are already contained in

the full sub-∞-categories DpX˚
■ /Tq » ModOX˚/TpDpBTqq and DpX■q » ModOX

pDpZ■qq.

Proof. By Nakayama’s lemma it’s enough to show A˚
ku,p/pp, βq » 0 and A˚

ku,p/pp, tq » 0. Since
AKU,prβ

±1s is a A˚
ku,p-algebra, this will also show AKU,p/pp, q − 1q » 0. Since A˚

ku,p/t is
concentrated in nonnegative graded degrees, it is automatically β-complete, so it’s already
enough to show A˚

ku,p/pp, βq » 0. Now ku ! ku/pp, βq » Fp is a map of E∞-ring spectra, so
we can invoke base change to see TC−,refppku b Qq/kuq/pp, βq » TC−,refppFp b Qq/Fpq » 0.

It follows that pA˚
ku,pq

∧
pp,βtq » 0. Using the pullback square from Lemma 5.20 and a version

of the Beauville–Laszlo theorem (see rWag24, Lemma 2.4s for example), we get

A˚
ku,p » A˚

ku,p bL
O

X˚
■

/T
OX˚/T

and so A˚
ku,p is indeed a OX˚/T-module. The argument for AKU,p is analogous.

To finish the proof, we analyse the pro-systems “lim”n,r,s OWn,r,s and “lim”n,r,s OW˚
n,r,s/T from

Corollaries 5.15 and 5.21.

5.26. Lemma. — For every fixed α ⩾ 2 and all sufficiently large n, r, s, there exist maps

OW˚
n,r,s/T −! Fil˚q9Hdg q9d̂RpZ/pαq/Zp

bL
O

X˚
■

/T
OX˚/T ,

OWn,r,s −! q9HdgpZ/pαq/Zp
bL

ZpJq−1K■ OX

in DpX˚
■ /Tq and DpX■q, respectively.

Proof. By construction, the q-de Rham complex q9dRpZ/pαq/Zp
contains elements of the form

ϕipϕppαq/Φppqqq = pα/Φpi+1pqq for all i ⩾ 0, and pα ∈ Fil1q9Hdg q9d̂RpZ/pαq/Zp
. When we regard

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
as a graded ZprβsJtK-module, this precisely means that pα is divisible

by t. Hence we have elements of the form

ppn+1qα

rpnskuptq
= pα

t
· ϕppαq

Φppqq
· · · ϕ

nppαq

Φpnpqq
∈ Fil˚q9Hdg q9d̂RpZ/pαq/Zp

for all n ⩾ 0. Similarly, there exist elements of the form pβtqN/p in Fil˚q9Hdg q9d̂RpZ/pαq/Zp

for sufficiently large N . Indeed, the ring q9dRpZ/pαq/Zp
is pp,Φppqqq-complete and contains an
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element of the form pα/Φppqq. Applying the nilpotence criterion from rBCM20, Proposition 2.5s,
we see that Φppqq is nilpotent in Fil˚q9Hdg q9d̂RpZ/pαq/Zp

/p. Then pq − 1qp−1 must be nilpotent
as well, and so pq − 1qN must be divisible by p in Fil˚q9Hdg q9d̂RpZ/pαq/Zp

for N ≫ 0.
In particular, as soon as we invert βt in Fil˚q9Hdg q9d̂RpZ/pαq/Zp

/p, we see that p will be
invertible as well, and so

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
bL

O
X˚

■
/T

OX˚/T » Fil˚q9Hdg q9d̂RpZ/pαq/Zp

”

1
p

ı

.

Moreover, as soon as p is invertible, rpnskuptq will be invertible for all n ⩾ 0. Choosing s > N ,
we see that Fil˚q9Hdg q9d̂RpZ/pαq/Zp

contains an element of the form pβtqs/p which is topologically
nilpotent, hence automatically solid. Moreover, for pp− 1qpn > s and r > pn+ 1qα, we get an
element of the form pr/rpnskuptq, which is again topologically nilpotent and thus solid. Thus,
for such n, r, and s, a map OW˚

n,r,s/T ! Fil˚q9Hdg q9d̂RpZ/pαq/Zp
r1/ps exists. The argument in

the q-Hodge case is analogous.

5.27. Remark. — As a consequence of the derived version of Theorem 1.3(a) that we’ll show
in rW-Habs, q9HdgpZ/pαq/Zp

/pqp
n − 1q is an algebra over the p-typical Witt vectors WpnpZ/pαq.

Since this ring is pα+n-torsion, we already have elements of the form pα+n/pqp
n − 1q in

q9HdgpZ/pαq/Zp
for all n ⩾ 0.

5.28. Lemma. — For all fixed n, r, s such that pp− 1qpn > s and all sufficiently large α ⩾ 2,
there exist canonical maps

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
bL

O
X˚

■
/T

OX˚/T −! OW˚
n,r,s/T ,

q9HdgpZ/pαq/Zp
bL

ZpJq−1K■ OX −! OWn,r,s

in DpX˚
■ /Tq and DpX■q, respectively.

Proof. Let q9Dα := q9dRpZptxu/xαq/Zptxu as in §5.3 and let Fil˚q9Hdg q9D̂α denote its completed
q-Hodge filtration. It follows from 5.22 that Fil˚q9Hdg q9D̂α is generated as a pp, tq-complete
graded ZprβsJtK-algebra by lifts of the iterated divided powers γpdqpxαq sitting in filtration
degree 2pd. Thanks to Lemma 5.23, we know that these lifts can be chosen to be of the form

pΓdqα

tpd ∏d
i=1 Φpipqqp

d−i

for Γd ∈ pxp, pq − 1qp−1qp
d−1 . The extra tpd in the denominator accomodates for the fact that

this element must sit in degree 2pN . Note that the denominators all become invertible in
OW˚

n,r,s/T, but that’s not enough to obtain the desired map: We must send the generators to
solid elements, to ensure that the map extends over the pp, tq-completion.

By construction, pq− 1qs/p and pr/rpnskuptq are solid. In particular, pr/ptΦpipqqq is solid for
all i = 1, . . . , n. For i > n, we have pp− 1qpi−1 > s by assumption. Hence pq − 1qpp−1qpi−1

/p is
topologically nilpotent in OW˚

n,r,s/T. It follows that Φpipqq = pp1 + wq, where w is topologically
nilpotent, and so pr/Φpipqq is solid in OW˚

n,r,s/T for i > n. Therefore the elements p2r/ptΦpipqqq

are solid for all i ⩾ 1.
By choosing α large enough, we can ensure that for every monomial xpipq − 1qpp−1qj in the

ideal pxp, pq − 1qp−1qαp
d−1 we have pi ⩾ 2rpd or pp− 1qj ⩾ spd. Now pΓdqα is a Zptxurqs-linear
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combination of such terms. It follows that the δ-ring map Zptxu! Zp sending x 7! p can really
be extended to a map Fil˚q9Hdg q9D̂α ! OW˚

n,r,s/T of graded solid condensed ZprβsJtK-algebras.
Via pp, tq-completed base change along Zptxu ! Zp and extension of scalars to OX˚/T, this
yields the desired map

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
bL

O
X˚

■
/T

OX˚/T −! OW˚
n,r,s/T

The argument in the q-Hodge case is analogous.

Proof of Theorems 1.19 and 1.20. By Lemma 5.25 and Lemma 2.15(c), we see that A˚
ku,p is

the colimit of the idempotent nuclear ind-algebra given by killing the pro-idempotent

“lim”
α⩾2

Fil˚q9Hdg q9d̂RpZ/pαq/Zp
bL

O
X˚

■
/T

OX˚/T

in DpX˚
■ /Tq. By Lemmas 5.26 and 5.28, we see that this pro-system is equivalent to

“lim”n,r,s OW˚
n,r,s/T, which proves A˚

ku,p » OZ˚,†/T. The argument for AKU,p » OZ† is com-
pletely analogous.

5.29. Remark. — An obvious adaptation of Theorem 4.20 shows that AKU,p and A˚
ku,p are

connective. Therefore the condition from Theorem 5.12(b) is satisfied and so OZ† and OZ˚,†/T
are really the pushforwards of the respective structure sheaves.
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Appendix A. The global q-de Rham complex
Let p be a prime. In rBS19, §16s, Bhatt and Scholze construct a functorial pp, q − 1q-complete
q-de Rham complex relative to any q-PD pair pD, Iq. This verifies Scholze’s conjecture rSch17,
Conjecture 3.1s after p-completion, but leaves open the global case. There are (at least) two
strategies to tackle the global case:
paq One can glue the global q-de Rham complex from its p-completions and its rationalisation

using an arithmetic fracture square.
pbq Following Kedlaya rKed21, §29s, one can construct the global q-de Rham complex as the

cohomology of a global q-crystalline site.
Strategy (a) is what Bhatt and Scholze originally had in mind, but they never published
the argument. It is essentially straightforward, but not entirely trivial. Since all the global
constructions in this paper and the follow-up rW-Habs proceed similarly by gluing p-completions
and rationalisations, with no site-theoretic interpretation like strategy (b) in sight, it will be
worthwhile to fill in the missing details of strategy (a). Our goal is to show the following
theorem.

A.1. Theorem. — If A is a Λ-ring and p-torsion free for all primes p, there exists a functor

q9Ω−/A : SmA −! CAlg
´

D̂pq−1q

`

AJq − 1K
˘

¯

from the ∞-category of smooth A-algebras into the ∞-category of pq − 1q-complete E∞-algebras
over AJq − 1K, satisfying the following properties:
paq q9Ω−/A/pq − 1q » Ω−/A agrees with the usual de Rham complex functor. Moreover, if

A! A′ is a map of Z-torsion free Λ-rings, there’s a base change equivalence

q9Ω−/A b̂L
AJq−1K A

′Jq − 1K »
−! q9Ωp−bAA′q/A′ .

Modulo pq − 1q this reduces to the usual base change equivalence of the de Rham complex.
pbq For every framed smooth A-algebra pS,□q, the underlying object of q9ΩS/A in the derived

∞-category of AJq − 1K can be represented as

q9ΩS/A » q9Ω˚
S/A,□ ,

where the coordinate-dependent q-de Rham complex q9Ω˚
S/A,□ is as in rSch17, §3s.

A.2. Remark. — It will be apparent from our proof (and we’ll give a precise argument in
A.12) that the q-de Rham complex functor lifts canonically to a functor

q9Ω−/A : SmA −!
`

DAlgAJq−1K
˘∧

pq−1q

into pq − 1q-complete objects of the the ∞-category of derived commutative AJq − 1K-algebras
DAlgAJq−1K as defined in rRak21, Definition 4.2.22s.

§A.1. Rationalised q-crystalline cohomology
Fix a prime p. Then pÂpJq − 1K, pq − 1qq is a q-PD pair as in rBS19, Definition 16.1s and so
we can use q-crystalline cohomology to construct a functorial pp, q − 1q-complete q-de Rham
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complex q9ΩS/Âp
for every p-completely smooth Âp-algebra S. We let q9dR−/Âp

denote its
non-abelian derived functor (or animation), which is now defined for all p-complete animated
Âp-algebras. Observe that animation leaves the values on p-completely smooth Âp-algebras
unchanged, as can be seen modulo pp, q − 1q, where it reduces to a well-known fact about
derived de Rham cohomology in characteristic p.

Our first goal is to show that after rationalisation derived q-de Rham cohomology is just a
base change of derived de Rham cohomology relative to Âp. In coordinates, such an equivalence
was already constructed in rSch17, Lemma 4.1s (see A.7 for a review), but here we need a
different argument: We want a coordinate-independent equivalence, so we have to work with
the definition of the q-de Rham complex via q-crystalline cohomology.

A.3. Lemma. — For all p-complete animated Âp-algebras R there is a functorial equivalence
of E∞-pÂp bZ QqJq − 1K-algebras

q9dRR/Âp
b̂ZJq−1K QJq − 1K »

`

dRR/Âp
bZ Q

˘

Jq − 1K .

Proof. By passing to non-abelian derived functors, it’s enough to construct such a functorial
equivalence for p-completely smooth Âp-algebras S. In this case, we can identify derived (q-)de
Rham and (q-)crystalline cohomology:

q9dRS/Âp
» RΓq9crys

`

S/ÂpJq − 1K
˘

and dRS/Âp
» RΓcrys

`

S/Âp
˘

.

To construct the desired identification between q-crystalline and crystalline cohomology after
rationalisation, let P ↠ S be a surjection from a p-completely ind-smooth δ-Âp-algebra. Extend
the δ-structure on P to P Jq−1K via δpqq := 0. Let J be the kernel of P ↠ S and let D := DP pJq

be its p-completed PD-envelope. Finally, let q9D denote the corresponding q-PD-envelope as
defined in rBS19, Lemma 16.10s. It will be enough to construct a functorial equivalence

q9D b̂ZJq−1K QJq − 1K » pD bZ QqJq − 1K .

If D◦ denotes the un-p-completed PD-envelope of J , then P ! q9D ! q9D b̂ZJq−1K QJq − 1K
uniquely factors through D◦ ! q9D b̂ZJq−1K QJq − 1K. The tricky part is to show that this
map extends over the p-completion. Since D◦ is p-torsion free, its p-completion agrees with
D◦JtK/pt−pq. By Lemma A.5 below, for every fixed n ⩾ 0, every p-power series in D◦ converges
in the p-adic topology on pq9D b̂ZJq−1KQJq−1Kq/pq−1qn, so we get indeed our desired extension
D ! q9D b̂ZJq−1K QJq − 1K.

Extending further, we get a map pD bZ QqJq − 1K! q9D b̂ZJq−1K QJq − 1K of the desired
form. Whether this is an equivalence can be checked modulo pq − 1q by the derived Nakayama
lemma. Then the base change property from rBS19, Lemma 16.10(3)s finishes the proof—up to
verifying convergence for p-power series in D◦.

To complete the proof of Lemma A.3, we need to prove two technical lemmas about (q-)di-
vided powers. Let’s fix the following notation: According to rBS19, Lemmas 2.15 and 2.17s, we
may uniquely extend the δ-structure from q9D to q9D b̂ZJq−1K QJq − 1K. We still let ϕ and δ
denote the extended Frobenius and δ-map. Furthermore, we denote by

γpxq = xp

p
and γqpxq = ϕpxq

rpsq
− δpxq

the maps defining a PD-structure and a q-PD structure, respectively. Note that γpxq and γqpxq

make sense for all x ∈ q9D b̂ZJq−1K QJq − 1K since p and rpsq are invertible.
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Appendix A. The global q-de Rham complex

A.4. Lemma. — With notation as above, the following is true for the self-maps δ and γq of
pq9D bZ Qq∧

pq−1q
:

paq For all n ⩾ 1 and all α ⩾ 1, the map δ sends pq− 1qn q9D into itself, and p−αpq− 1qn q9D
into p−ppα+1qpq − 1qn q9D.

pbq For all n ⩾ 1 and all α ⩾ 1, the map γq sends pq − 1qn q9D into pq − 1qn+1 q9D, and
p−αpq − 1qn q9D into p−ppα+1qpq − 1qn+1 q9D.

Proof. Let’s prove (a) first. Let x = p−αpq − 1qny for some y ∈ q9D. Since q9D is flat over
ZpJq − 1K and thus p-torsion free, we can compute

δpxq = ϕpxq − xp

p
= pqp − 1qnϕpyq

pα+1 − pq − 1qpnyp

ppα+1 .

As qp − 1 is divisible by q − 1, the right-hand side lies in p−ppα+1qpq − 1qn q9D. If α = 0, then
the right-hand side must also be contained in q9D. But q9D ∩ p−1pq − 1qn q9D = pq − 1qn q9D
by flatness again. This proves both parts of (a). Now for (b), we first compute

γqpq − 1q = ϕpq − 1q

rpsq
− δpq − 1q = −pq − 1q2

p−1∑
i=2

1
p

ˆ

p

i

˙

pq − 1qi−2 .

Hence γqpq − 1q is divisible by pq − 1q2. In the following, we’ll repeatedly use the relation
γqpxyq = ϕpyqγqpxq − xpδpyq from rBS19, Remark 16.6s repeatedly. First off, it shows that

γq
`

pq − 1qnx
˘

= ϕ
`

pq − 1qn−1x
˘

γqpq − 1q − pq − 1qpδ
`

pq − 1qn−1x
˘

It follows from (a) that δppq − 1qn−1xq and ϕppq − 1qn−1xq are divisible by pq − 1qn−1. Hence
γqppq − 1qnxq is indeed divisible by pq − 1qn+1. Moreover, we obtain

γq
`

p−αpq − 1qnx
˘

= ϕpp−αqγq
`

pq − 1qnx
˘

− pq − 1qnpxpδpp−αq .

Now ϕpp−αq = p−α and δpp−αq is contained in p−ppα+1q q9D, hence γqpp−αpq−1qnxq is contained
in p−ppα+1qpq − 1qn q9D. This finishes the proof of (b).

A.5. Lemma. — Let x ∈ J . For every n ⩾ 1, there are elements y0, . . . , yn ∈ q9D such that
y0 admits q-divided powers in q9D and

γpnqpxq = y0 +
n∑
i=1

p−2ppi−1+···+p+1qpq − 1qpp−2q+iyi

holds in q9D bZ Q, where γpnq = γ ◦ · · · ◦ γ denotes the n-fold iteration of γ.

Proof. We use induction on n. For n = 1, we compute

γpxq = xp

p
= γqpxq + rpsq − p

p

`

γqpxq + δpxq
˘

.

Note that x admits q-divided powers in q9D since we assume x ∈ J . Then γqpxq admits
q-divided powers again by rBS19, Lemma 16.7s. Moreover, writing rpsq = pu+ pq − 1qp−1, we
find that prpsq − pq/p = pu− 1q + p−1pq − 1qp−1. Then pu− 1qpγqpxq + δpxqq admits q-divided
powers since u ≡ 1 mod pq − 1q. This settles the case n = 1. We also remark that the above
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equation for γpxq remains true without the assumption x ∈ J as long as the expression γqpxq

makes sense.
Now assume γpnq can be written as above. We put zi = p−2ppi−1+···+p+1qpq − 1qpp−2q+iyi for

short, so that γnpxq = y0 + z1 + · · · + zn. Recall the relations

γqpa+ bq = γqpaq + γqpbq +
p−1∑
i=1

1
p

ˆ

p

i

˙

aibp−i , δpa+ bq = δpaq + δpbq −
p−1∑
i=1

1
p

ˆ

p

i

˙

aibp−i .

The first relation implies that γqpy0 + z1 + · · · + znq is equal to γqpy0q +γqpz1q + · · · +γqpznq plus
a linear combination of terms of the form yα0

0 zα1
1 · · · zαn

n with 0 ⩽ αi < p and α0 + · · · + αn = p.
Now γqpy0q admits q-divided powers again. Moreover, Lemma A.4(b) makes sure that each
γqpziq is contained in p−2ppi+···+p+1qpq − 1qpp−2q+i+1 q9D. It remains to consider monomials
yα0

0 zα1
1 · · · zαn

n . Put m := maxti | αi ̸= 0u. If α0 = p− 1, then all other αi must vanish except
αm = 1. In this case, the monomial is contained in p−2ppm−1+···+p+1qpq − 1qpp−2q+m q9D. If
α0 < p − 1, then we get at least one more factor pq − 1q and the monomial yα0

0 zα1
1 · · · zαn

n is
contained in p−2ppm+···+p+1qpq − 1qpp−2q+m+1 q9D.

A similar analysis, using the second of the above relations as well as Lemma A.4(a), shows
that pu− 1qδpy0 + z1 + · · · + znq and p−1pq− 1qp−1δpy0 + z1 + · · · + znq can be decomposed into a
bunch of terms, each of which is either a multiple of pq − 1q in q9D, so that it admits q-divided
powers, or contained in p−2ppi+···+p+1qpq − 1qi+1 q9D for some 1 ⩽ i ⩽ n+ 1. We conclude that

γpn+1qpxq = γq
`

γpnqpxq
˘

+ rpsq − p

p

´

γq
`

γpnqpxq
˘

+ δ
`

γpnqpxq
˘

¯

can be written in the desired form.

The following remark is irrelevant for the proof of Theorem A.1, but it will be used once in
the main text.

A.6. Remark. — There’s also an analogue of Lemma A.5 with the roles of D and q9D
reversed. For every x ∈ J and n ⩾ 1, there’s an infinite sequence y0, y1, . . . ,∈ D such that y0
admits divided powers and

γpnq
q pxq = y0 +

∑
i⩾1

p−2ppi−1+···+1qpq − 1qpp−2q+iyi

holds in pD bZ QqJq − 1K. The proof is very similar to Lemma A.5: We write

γqpxq =
ˆ

γpxq + rpsq − p

p
δpxq

˙

p

rpsq

and rpsq = pu+ pq − 1qp−1. Then we use induction on n ⩾ 1. For the inductive step, we first
check that the operations γp−q, pu − 1qδp−q and p−1pq − 1qp−1δp−q all preserve expressions
of the desired form. Then we observe that u is a unit in ZpJq − 1K and so multiplication by
p/rpsq = u−1 ∑

i⩾0 p
−iu−ipq − 1qpp−1qi also preserves expressions of the desired form.

A.7. The equivalence on q-de Rham complexes. — Suppose we’re given a p-completely
smooth Âp-algebra S together with a p-completely étale framing □ : Âp⟨T1, . . . , Td⟩ ! S. In
this case, the q-crystalline cohomology can be computed as a q-de Rham complex

RΓq9crys
`

S/ÂpJq − 1K
˘

» q9Ω˚
S/Âp,□
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by rBS19, Theorem 16.22s. Similarly, it’s well-known that the crystalline cohomology is given
by the ordinary de Rham complex Ω˚

S/Âp
(recall that according to our convention in 1.25, all

(q-)de Rham complexes of the p-complete ring S will implicitly be p-completed). In this case,
an explicit isomorphism of complexes

q9Ω˚
S/Âp,□ b̂ZJq−1K QJq − 1K „=

´

Ω˚
S/Âp

bZ Q
¯

Jq − 1K

can be constructed as explained in rSch17, Lemma 4.1s: One first observes that, after rationali-
sation, the partial q-derivatives q9∂i can be computed in terms of the usual partial derivative
∂i via the formula

q9∂i =
˜

logpqq

q − 1 +
∑
n⩾1

logpqqn

n!pq − 1q
p∂iTiq

pn−1q

¸

∂i ;

see rBMS18, Lemma 12.4s. Here logpqq refers to the usual Taylor series for the logarithm
around q = 1. Noticing that the first factor is an invertible automorphism, one can then appeal
to the general fact that for any abelian group M together with commuting endomorphisms
g1, . . . , gd and commuting automorphisms h1, . . . , hd such that hi commutes with gj for i ̸= j
one always has an isomorphism Kos˚pM, pg1, . . . , gdqq „= Kos˚pM, ph1g1, . . . , hdgdqq of Koszul
complexes.(A.1)

We would like to show that this explicit isomorphism is compatible with the one constructed
in Lemma A.3. To this end, let’s put ourselves in a slightly more general situation: Instead of
a p-completely étale framing □ as above, let’s assume we’re given a surjection P ↠ S from a
p-completely ind-smooth Âp-algebra P , which is in turn equipped with a p-completely ind-étale
framing □ : Âp⟨tTiui∈I⟩ ! P for some (possible infinite) set I. Then Âp⟨tTiui∈I⟩ carries a
δ-Âp-algebra structure characterised by δpTiq = 0 for all i ∈ I. By rBS19, Lemma 2.18s, this
extends uniquely to a δ-Âp-algebra structure on P . If J denotes the kernel of P ↠ S, we can
form the usual PD-envelope D := DP pJq∧

p and the q-PD-envelope q9D as before. Furthermore,
we let Ω̆˚

D/Âp
and q9Ω̆˚

q9D/Âp,□
denote the usual PD-de Rham complex and the q-PD-de Rham

complex from rBS19, Construction 16.20s, respectively (both are implicitly p-completed).

A.8. Lemma. — With notation as above, there is again an explicit isomorphism of complexes

q9Ω̆˚
q9D/Âp,□ b̂ZJq−1K QJq − 1K „=

´

Ω̆˚
D/Âp

bZ Q
¯

Jq − 1K .

Proof. This follows from the same recipe as in A.7, provided we can show that the formula for
q9∂i in terms of ∂i remains true under the identification pq9D bZ Qq∧

pq−1q
„= pD bZ QqJq − 1K

from the proof of Lemma A.3. But for every fixed n, the images of the diagonal maps in the
diagram

pP bZ QqJq − 1K

pq9D bZ Qq/pq − 1qn pD bZ QqJq − 1K/pq − 1qn
„=

are dense for the p-adic topology and for elements of pP bZ QqJq − 1K the formula is clear.
(A.1)We don’t require hi to commute with gi (and it’s not true in the case at hand).
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§A.2. Construction of the global q-de Rham complex

A.9. Lemma. — With notation as above, the following diagram commutes:

RΓq9crys
`

S/ÂpJq − 1K
˘

b̂ZJq−1K QJq − 1K
´

RΓcrys
`

S/Âp
˘

bZ Q
¯

Jq − 1K

q9Ω̆˚
q9D/Âp,□ b̂ZJq−1K QJq − 1K

´

Ω̆˚
D/Âp,□ bZ Q

¯

Jq − 1K

»

pA.3q

» »

„=
pA.8q

Here the left vertical arrow is the quasi-isomorphism from rBS19, Theorem 16.22s and the right
vertical arrow is the usual quasi-isomorphism between crystalline cohomology and PD-de Rham
complexes.

Proof. Let P • be the degreewise p-completed Čech nerve of Âp ! P and let J• ⊆ P • be the
kernel of the augmentation P • ↠ S. Let D• := DP •pJ•q∧

p be the PD-envelope and let q9D• be
the corresponding q-PD-envelope. Finally, form the cosimplicial complexes

M•,˚ := Ω̆˚
D•/Âp

and q9M•,˚ := q9Ω̆˚
q9D•/Âp,□ .

In the proof of rBS19, Theorem 16.22s it’s shown that the totalisation Totpq9M•,˚q of q9M•,˚

is quasi-isomorphic to the 0th column q9M0,˚ „= q9Ω̆˚
q9D/Âp,□

, but also to the totalisation of the
0th row Totpq9M•,0q „= Totpq9D•q. This provides the desired quasi-isomorphism

q9Ω̆˚
q9D/Âp,□ » Totpq9M•,˚q » Totpq9D•q » RΓq9crys

`

S/ÂJq − 1K
˘

.

In the exact same way, the quasi-isomorphism Ω̆˚
D/Âp

» RΓcryspS/Âpq is constructed using the
cosimplicial complex M•,˚ in rStacks, Tag 07LGs. Applying Lemma A.8 column-wise gives an
isomorphism of cosimplicial complexes q9M•,˚ b̂ZJq−1K QJq − 1K „= pM•,˚ bZ QqJq − 1K. On 0th

columns, this is the isomorphism from Lemma A.8, whereas on 0th rows it is the isomorphism
from Lemma A.3. This proves commutativity of the diagram.

§A.2. Construction of the global q-de Rham complex
From now on, we no longer work in a p-complete setting.

A.10. Doing §A.1 for all primes at once. — Fix n and put Nn :=
∏
ℓ⩽n ℓ

2pℓn−1+···+ℓ+1q,
where the product is taken over all primes ℓ ⩽ n. Now fix an arbitrary prime p and let P , D,
and q9D be as in §A.1. We’ve verified that the map P ! q9D ! q9D/pq − 1qn bZ Q admits a
unique continuous extension

P q9D/pq − 1qn bZ Q

D

But in fact, Lemma A.5 shows that this extension already factors through N−1
n q9D/pq − 1qn,

no matter how our implicit prime p is chosen. This observation allows us to construct canonical
maps dRR̂p/Âp

! N−1
n q9dRR̂p/Âp

/pq − 1qn for all animated rings R and all n ⩾ 0. Taking the
product over all p and the limit over all n allows us to construct a map∏

p

q9dRR̂p/Âp
b̂ZJq−1K QJq − 1K »

 −

ˆ∏
p

dRR̂p/Âp
bZ Q

˙

Jq − 1K .
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Appendix A. The global q-de Rham complex

compatible with the one from Lemma A.3. This map is an equivalence as indicated, as one
immediately checks modulo q − 1.

A.11. Construction. — For all smooth A-algebras S, we construct the q-de Rham complex
of S over A as the pullback

q9ΩS/A

∏
p

q9ΩŜp/Âp

`

ΩS/A bZ Q
˘

Jq − 1K
ˆ∏

p

ΩŜp/Âp
bZ Q

˙

Jq − 1K

≒

Here the right vertical map is the one constructed in A.10 above.

Proof of Theorem A.1. We’ve constructed q9ΩS/A in Construction A.11. Functoriality is clear
since all constituents of the pullback are functorial and so are the arrows between them.
Modulo q − 1, the pullback reduces to the usual arithmetic fracture square for ΩR/A, proving
q9Ω−/A/pq − 1q » Ω−/A. It’s clear from the construction that a base change morphism

q9Ω−/A b̂L
AJq−1K A

′Jq − 1K −! q9Ωp−bAA′q/A′

exists and that it reduces modulo pq− 1q to the usual base change equivalence for the de Rham
complex. In particular, it must be an equivalence as well. This shows (a).

For (b), suppose S is equipped with an étale framing □ : ArT1, . . . , Tds ! S. The same
argument as in A.7 provides an isomorphism q9Ω˚

S/A,□ b̂ZJq−1K QJq − 1K „= pΩ˚
S/A bZ QqJq − 1K.

The compatibility check from Lemma A.9 now allows us to identify the pullback square for
q9ΩS/A with the usual arithmetic fracture square for the complex q9Ω˚

S/A,□, completed at pq−1q.
This shows q9ΩS/A » q9Ω˚

S/A,□, finishing the proof.

A.12. Upgrade to derived commutative AJq − 1K-algebras. — Let us explain how to
lift the q-de Rham complex to a functor

q9Ω−/A : SmA −!
`

DAlgAJq−1K
˘∧

pq−1q

into the ∞-category of pq − 1q-complete derived commutative AJq − 1K-algebras. The key
observation is that all limits and colimits in derived commutative AJq − 1K-algebras can be
computed on the level of underlying E∞-AJq − 1K-algebras by rRak21, Proposition 4.2.27s.
Thus, by compatibility with pullbacks, it’ll be enough to lift the three components of the
pullback from Construction A.11 to derived commutative AJq − 1K-algebras. By compatibility
with cosimplicial limits, it’ll be enough to construct functorial cosimplicial realisations of ΩS/A,
ΩŜp/Âp

, and q9ΩŜp/Âp
.

For the latter two, the comparison with (q-)crystalline cohomology easily provides such
realisations. But the same trick works just as well for ΩS/A: Let P ↠ S be any surjection from
an ind-smooth-A-algebra (which can be chosen functorially; for example, take P := ArtTsus∈Ss),
form the Čech nerve P • of A ! P and let J• ⊆ P • be the kernel of the augmentation
P • ↠ S. Then ΩS/A » TotDP •pJ•q holds by a straightforward adaptation of the proof of
rBS19, Theorem 16.22s.

78

https://arxiv.org/pdf/2007.02576#block.4.2.27
https://arxiv.org/pdf/1905.08229.pdf#theorem.16.22


§A.2. Construction of the global q-de Rham complex

A.13. Derived global q-de Rham complexes. — We let q9dR−/A denote the animation
of q9Ω−/A. For all animated A-algebras R, we call q9dRR/A the derived q-de Rham complex of
R over A. By construction, it sits inside a pullback square

q9dRR/A

∏
p

q9dRR̂p/Âp

`

dRR/A bZ Q
˘

Jq − 1K
ˆ∏

p

dRR̂p/Âp
bZ Q

˙

Jq − 1K

≒

where the right vertical map again comes from A.10. It’s still true that q9dR−/A/pq−1q » dR−/A
and that q9dR−/A lifts canonically to pq − 1q-complete derived commutative AJq − 1K-algebras
(this follows immediately from compatibility with colimits as explained in A.12).

However, in contrast to the p-complete situation, it’s no longer true that the values on
smooth A-algebras remain unchanged under animation (only the values on polynomial algebras
do). In fact, this already fails for the derived de Rham complex in characteristic 0. For some
R, this can be fixed by our construction of a q-Hodge-completed q-de Rham complex q9d̂RR/A

in Construction 3.37(b).
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