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Abstract. — This thesis consists of two parts. In the first part we study
g-de Rham cohomology. We give a detailed argument how the results on the p-
completed g-de Rham complex from [BS19, §16] can be used to show the existence
of a well-behaved and functorial g-de Rham complex for smooth algebras over Z,
and we prove a g-crystalline analogue of a theorem of Berthelot—Ogus.

In the second part of this thesis, we study a variant of the ¢g-de Rham complex,
which we call the g-Hodge complex. 1t is given as an explicit complex q—Hdg}’D
for every smooth Z-algebra R equipped with a choice of étale coordinates [J. We
show that the cohomology H*(¢-Hdgk o /(¢™ — 1)) for all m € N is independent
of the choice of étale coordinates [0 and functorial in R. To this end, we
introduce g-versions of (both big and p-typical) Witt vectors as well as a ¢-
version of the de Rham—Witt pro-complex and show that the latter coincides
with (H*(¢-Hdgr o /(¢™ — 1)))men. However, we also show that the complex
q-Hdg*R,D itself can not satisfy the same pleasant functoriality as the g-de Rham
complex.
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§1. INTRODUCTION

§1. Introduction

1.1. The g-de Rham Complex. — Let g be a formal variable. Classically, the g-derivative
(or Jackson derivative after [Jacl10]) of a function f(t) is defined as
flat) = f(?)
Vof(t) = ———~=
qf( ) qt —t )

provided this expression makes sense in the respective context. For instance, if f(t) = t™
for some integer m > 0, then V,f(t) = [m],t™ ! could be regarded as an element of the
polynomial ring Z[g, t], where [m], = 1+ ¢+ -+ + ¢™ ! denotes Gau}’s g-analogue of m.
Using the g-derivative, it’s possible to define g-analogues of the de Rham complex, as was first
done by Aomoto in [Aom90]. For example, if P is a polynomial ring over Z, one can take its
base changed de Rham complex Q} ®z Z[g] and replace its differentials by the g-derivatives
as above to obtain a complex ¢-25 which is a g-deformation of the usual de Rham complex
0% in the sense that ¢-Q5 /(¢ — 1) = QF.

These g-deformations have recently come into the focus of arithmetic interest. In [Sch17],
Scholze observes that, after (¢—1)-completion, a complex as above can not only for polynomial
rings, but for arbitrary smooth Z-algebras equipped with a choice of étale coordinates;
furthermore, he explains various connections to p-adic Hodge theory and singular cohomology.
Scholze’s construction goes as follows: A framed smooth Z-algebra is a pair (R,0), where R
is smooth over Z and O: Z[T7,...,Ty] — R is an étale map from a polynomial ring; we’ll
often call O an étale framing. Let furthermore ;: Z[T1, ..., T4ll¢ — 1] — Z[T1, ..., T4)lq¢—1]
be given by T; — ¢T; and T — T} for j # i. Observe that ; is the identity modulo ¢ — 1,
that [J induces a (¢ — 1)-completely étale map Z[Ty, ..., T4)[lq — 1] — R[q — 1] (see 1.10 for
the terminology), and that R[q¢ — 1] — R is a (¢ — 1)-complete pro-infinitesimal thickening.
Hence there exists a unique dotted lift in the solid diagram

ZITy, ..., Tyllg — 1] —— R[q—1]

Rlg=1] —— R

This lift will also be denoted ;. Using a similar unique lifting argument and the analogous
assertion in the polynomial ring case, we also see that ; is not only congruent to the
identity modulo ¢ — 1, but also modulo (¢ — 1)7;. This allow us define algebraic versions
Vit Rlg—1] — R[q — 1] of Jackson’s ¢g-derivatives using the formula

) — FYZ(J:) -z

Vail® ql; = T;

for i = 1,...,d. Upon taking the Koszul complex of the commuting Z[gq — 1]-module
endomorphisms Vg 1,...,V, 4, we obtain the g-de Rham complex of the framed smooth
Z-algebra (R, 0O)

* Vq Vq Vq
q_QR,D = (R[[q 1] — Q}{[[q 1] —...— Qﬁl:g[[q — 1]]) .

We remark that ¢-Q7}, 5/(q — 1) = QF is a g-deformation of the de Rham complex of R, but
in general ¢-{27, 5 is no base change of {1}, and thus it contains strictly more information.
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What makes matters complicated is that q—QRD is neither functorial in R as a cochain
complex, nor is it usually independent of the choice of the framing [J up to isomorphism.
Instead, functoriality and independence of [J are only satisfied in the derived category; more
precisely, the following theorem is the best we can say:

1.2. Theorem (Theorem 2.1). — There exists a functor
¢-Q(-y: Sm(Z) — Algg_ (Z[q —1])

from the category of smooth Z-algebras into the oo-category of (¢ — 1)-complete Eo-algebras
over Z[q — 1], such that for every étale framing O: Z[T1,...,T4] — R of a smooth Z-algebra
R, the underlying object of ¢-Qr in the derived co-category of Z[q — 1] can be computed as

QR ~q¢-Qp -

Theorem 1.2 was conjectured in [Sch17, Conjecture 3.1]. After a partial result by Pridham
[Pril9], who proved that the ¢g-de Rham complex (as an E.-algebra) is a natural invariant
of A-rings, the p-completed version of Theorem 1.2 for any prime p was proved by Bhatt and
Scholze by introducing a g-crystalline site in [BS19]. This essentially also proves Theorem 1.2
via a more or less formal reduction; we’ll give a detailed argument in §2.

1.3. Can there be Smaller Bases than Z[q — 1]? — It is an interesting question to
what extent ¢g-de Rham cohomology only exists after (¢ — 1)-completion. For example, one
could ask the following question:

(x) Can ¢-Qg, or some version of it, be written as the base change of another object along
the map H — Z[q — 1]? Here

H = lim lim Z[q]/(¢™ — 1)"

m>21n->1

denotes the Habiro ring.

The Habiro ring was first considered in [Hab04] and has since been suggested by Manin
[Man10] to be related to analytic functions over the mythical field with one element ;. This
connection to F; makes (%) a natural question to ask.

We won’t discuss (*) in this thesis, let alone answer it. Still, (x) played an important
motivational role in studying the ¢-Hodge complex. We’ll come back to this after Theorem 1.7,
but let’s first introduce the main object of interest in this thesis.

1.4. The ¢-Hodge Complex. — The primary goal of this thesis is to study a variant of
the g-de Rham complex, which we’ve termed g-Hodge complex. Here’s the construction: For
a framed smooth Z-algebra (R,) as above, we let q—Hdg}’D be the complex obtained from
q—Q}’D by multiplying each differential by ¢ — 1. That is,

(g=1)Vq (¢-DV

* (a—1)Vq q
gy = (Rl =11 5 Qb - 1] thlo-11)
Often we’ll also consider a completed version. If p is a prime number, a framed p-completely
smooth Z,-algebra is a pair (R,0) as above, except that now R is p-completely smooth over
Z, and the framing O: Z,[T1, ..., Ty] — R is p-completely étale (see 1.10 for the terminology).
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Given a framed p-completely smooth Z,-algebra (R, ), we can define a p-completed ¢g-Hodge
complex

— -1V, A -1)V, -1V, A
¢-Hdgly o = (Ruq—lﬂ%%ﬂq—lﬂ @)%, | LD %uq—lﬂ),

where Q}é denotes the p-completion of the Kéhler differential module Q% (so that we again
obtain a complex of degree-wise finite free R[q — 1]-modules).

To the authors knowledge, the ¢-Hodge complex first appeared in Pridham’s work [Pri19],
who defined E.-A[q— 1]-algebras qﬁf\{ p(B/A) for any set P of primes and any flat morphism
A — B of Ap-rings. If P is the set of all primes and (R,0) is a framed smooth Z-algebra
such that the constant A-ring structure on the polynomial ring Z[T7, ..., T,] extends along
O: Z[T,...,Tq) — R, then [Pril9, Theorem 2.8] shows that the underlying complex of
qﬁﬁp(R/ 7)) is quasi-isomorphic to ¢-Hdgy . If P = {p}, then for any framed p-completely
smooth Z,-algebra (R,0) the framing O: Z,[T1,...,Ty] — R induces a §-structure on the
right-hand side (see [BS19, Lemma 2.18] for example), and in this case Pridham’s result shows
that qﬁ?{{p} (R/Z,) is quasi-isomorphic to q—I-/I(;g}‘%,D. Despite these identifications, we’'ve
decided to deviate from Pridham’s notation, to distinguish his homotopical constructions
from our explicit complexes, but also to emphasise that q—Hdg*R)D really is a g-deformation
of Hodge cohomology.

Our main goal in this thesis is to study to what extent q—Hdg}’D is functorial in R and
independent of (I in the derived category. More precisely, we’ll investigate the following
analogue of Theorem 1.2.!

1.5. Conjecture. — There exists a functor
¢-Hdg_: Sm(Z) — Algg__ (Z[[q — 1]])

from the category of smooth Z-algebras into the co-category of (q — 1)-complete Eo-algebras
over Z[q — 1], such that for every étale framing O: Z[T}, ..., Tq] — R of a smooth Z-algebra
R, the underlying object of ¢-Hdgp in the derived oo-category of Z[q — 1] can be computed as

¢-Hdgp ~ ¢-Hdggr 1 -

Unfortunately, it turned out during this project that Conjecture 1.5 is most likely wrong!
However, the reason why we think it fails rests upon a closely related assertion, which is
actually true and already rather interesting on its own. So even though it’s usually pointless
to gather evidence for a wrong conjecture, it will be worthwhile to explain our motivation
behind Conjecture 1.5 before we tell the reader what goes wrong.

First of all, observe nq_l(q—Hdg*R,D) =~ q—Qj‘%,D, where 7741 denotes the Berthelot—-Ogus
décalage operator (see [BO78] or [Stacks, Tag OF7N]). Hence ¢-Hdgy i already contains
all information about q—QRD. Furthermore, Pridham’s results [Pril9] about functoriality
of the g-de Rham complex as a functor on A-rings are all deduced from corresponding
assertions about the g-Hodge complex in this way. This already suggests that q—Hdg}}’D
might be a more fundamental object than q-Q*Rﬂ. But perhaps the most compelling evidence
for Conjecture 1.5, and the reason why the question 1.3(x) has lead to studying ¢-Hodge
complexes, comes from the fact that the cohomology rings H*(¢-Hdgp 5 /(¢ — 1)) for
all m € N admit an incredibly nice structure, which actually is fully functorial in R and
independent of the choice of framing [J.

1Conjecture 1.5 was suggested by Peter Scholze.


https://stacks.math.columbia.edu/tag/0F7N
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1.6. ¢-Witt Vector Structures. — It turns out that H*(¢-Hdgr o /(¢" — 1)) for m > 1
form a system of commutative differential-graded algebras which very much resembles Illusie’s
de Rham-Witt pro-complex of an Fp-algebra from [I1179, Définition I.1.4].

To set the stage, we first define certain g-versions of truncated big Witt vectors. Recall
that Hesselholt [Hes15, Section 1] defined a ring of truncated big Witt vectors Wx(R) for
every subset X C N closed under divisors. If ¥ = ¥, is the set of positive divisors of some
m € N, we put W,,,(R) .= Wyg,_ (R). Now let (¢-W,,,(R))men be the universal system of

rings satisfying the following two conditions:

(a) ¢-W,,(R) is a W,,(R)[q — 1]/(¢™ — 1)-algebra for all m € N.

(b) For all divisors d | m, the Frobenius and Verschiebung maps on the ordinary big
Witt vectors of R extend to Z[g — 1]-linear maps F,,/q: ¢-Wp,(R) — ¢-W4(R) and
Vinja: ¢-Wq(R) — ¢-W,,(R) satisfying the relations

gt -1

gt —1"

FrqoVima=m/d and V, q0F, /=

We call ¢-W,,,(R) the ring of m-truncated big q- Witt vectors® over R. One can construct
q¢-W,,(R) explicitly as a certain quotient W,,(R)[q — 1]/L,, (which is actually how we’ll
define them in Definition 5.3; the universal property will be proved afterwards in Lemma 5.5).

The idea behind ¢-W,,,(R) is pretty natural. While the Frobenius and Verschiebung on
ordinary big Witt vectors satisfy F,, /4 0 V,;,/q = m/d, there’s usually no nice description
of Vi,a © Frnyq, unless the ring in question has characteristic p and m = p" is a power of
p, so that W,,,(—) coincides with the functor of truncated p-typical Witt vectors W, 1(—).
Also it wouldn’t make much sense to artificially enforce F,,, ,q and V,, /4 to commute. So the
next best thing one could try is to enforce that F,, 4 and V,, /4 commute up to g-twist. And
indeed, condition (b) above precisely makes sure that

Vinja © Fnja =14+ "+ (¢)? + - + (¢)™/* ™ = [m/d]¢

is a g-deformation of m/d.

We'll prove in Proposition 5.7 that H°(¢-Hdgp o /(¢™ — 1)) is isomorphic to ¢-W,, (R) for
all m € N. Already the fact that there is a map W,,(R) — R[q—1]/(¢™ —1) (which depends
on the choice of framing [J) seems rather unexpected. But even more is true. In Definition 5.11
and Proposition 5.16 we’ll construct a system of commutative differential-graded algebras
(¢-W,, 5 )m>1, which we call the with a universal property that is very much reminiscent
of the de Rham—-Witt pro-complex. Since these universal properties involve quite a lot of
conditions, we won'’t recall them here but refer to §4.3 and §5.2 instead; but let it be mentioned
that we again obtain Frobenius and Verschiebung maps F,/q: ¢-W,,,Q% — ¢-W;Q% and
Vinja: ¢-WaQp — ¢-W,, Q7 for all divisors d | m as part of the structure. Our main result
will then be the following theorem:

1.7. Theorem (Theorem 5.18). — Let (R,0) be a framed smooth Z-algebra. For all
m € N, there are isomorphisms

W, Q5 = H*(¢-Hdgr o /(¢™ — 1)) .

2The terminology we choose in this thesis is rather pretentious. It may well be that a future resolution of
question 1.3(x) features objects which are more deserving of the titles (big) ¢- Witt vectors and (big) g-de
Rham—Witt complex and which should then be called thusly.
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Under these isomorphisms, the Frobenius map Fy, q: ¢-W,, Q5 — ¢-WaQpy for all divisors
d | m corresponds to the map induced by the projection

¢-Hdgh o /(¢™ — 1) — ¢-Hdgh o /(¢* — 1).

Similarly, the Verschiebung Vy, q: ¢-WaQ5 — ¢-W,, Q% corresponds to the scalar multiplica-
tion map

[m/d]ga: ¢-Hdgh o /(¢* — 1) — ¢-Hdgh o /(™ —1).

The hope for such a big ¢g-de Rham—Witt structure is one of the considerations that lead
to considering ¢-Hdg}, i rather than ¢-Q% . To make this a bit clearer, recall from [Schl7,
Proposition 3.4] that

I (Q‘Q*R,D/[p]q) =0k ®Zp ZP[CP]

is a base change of the Hodge cohomology of R. Now one can show (which we won’t
do, but it should be tractable by the same methods as in §4) that the cohomology rings
H*(q-Q% /[p"]g) for n > 2 extend the structure from n = 1 to a similar kind of ¢-de
Rham-Witt structure as in Theorem 1.7, in such a way that H*(¢-Q% o/[p"]4) plays the role
of W,,, the ring of truncated p-typical Witt vectors of length n. However, there’s no way
to extend this structure to a big ¢-de Rham-Witt structure in which, say, H*(¢-2; o/[m]q)
plays the role of W,,,, simply because H*(q—Q}‘%’D/[p"]q) doesn’t correspond to Wy», but to
Wyn-1 = Why. So the g-de Rham-Witt structures on (H*(¢-Q% 1/[p"]q))n>1 for all primes p
are “inconveniently shifted”, preventing us from unifying them into one big structure. To fix
this issue, a natural approach is to look for a complex C* for which Hodge cohomology already
occurs as H*(C*/(q — 1)) rather than as H*(C*/[p],), which in turn leads to ¢-Hdgp  as
a likely candidate. And indeed, the candidate q—Hdg}}qD lives up to our expectations, as
Theorem 1.7 shows.

Theorem 1.7 also looks encouraging in view of question 1.3(x). Indeed, it’s not at all
necessary to take the (¢ —1)-completion in the definition of ¢-W,, (R). We could as well define
an “uncompleted” version ¢-W?, (R) if we replace 1.6(a) by the condition that ¢-W¢, (R)
is a W,,(R)[q]/(¢™ — 1)-algebra, and merely require that Frobenius and Verschiebung are
Zlg]-linear rather than Z[q — 1]-linear in 1.6(b). On that same note, we could also define
“uncompleted” g-de Rham-Witt complexes ¢-W7, Q%. If ¢-Hdg o were functorial, this would
suggest that ¢-Hdgp o /(¢™ — 1) might be the (¢ — 1)-completion of a complex defined over
Z[q]/ (g™ — 1)—which would certainly look like a step towards a theory defined over the
Habiro ring H, if only q—Hdg}‘%D had better functoriality properties.

1.8. Ok, But What Goes Wrong? — A precise formulation of “Conjecture 1.5 is most
likely wrong” is that there exists no functor ¢-Hdg_) together with functorial isomorphisms

W, Q5 = H*(¢-Hdgp /X (¢™ - 1))

(where we use derived quotient notation as defined in 1.10) which identify the Frobenius maps
Foja: Wi Qh — ¢-WaQ% on the left-hand side with the map induced by the projection
¢-Hdgp /F(¢™ — 1) — ¢-Hdgy /F(¢% — 1) for all divisors d | m. Of course, this doesn’t rule
that a functor ¢-Hdg_y might still exist somehow, but in light of Theorem 1.7 that would
be pretty weird, and it would be questionable how useful such a functor could be at all.

If a functor ¢-Hdg_ exists, we could define its non-abelian left-derived functor, or in
more modern terms, its left Kan extension to the co-category of animated rings. This left



§1. INTRODUCTION

Kan extension will be denoted Lg-Hdg_). If a functorial isomorphism as above exists,
then Lg-Hdg_, / L(g™ — 1) would acquire an ascending filtration, with filtration quotients
given by the non-abelian left-derived functors of R — ¢-W,, Q% [—i], where [—i] denotes the
shift by —i in the derived category. However, by analysing these filtrations, one can show
that the p-completion of Lg-Hdg_) is both zero and nonzero when evaluated at a p-torsion
free perfectoid ring, which is clearly a contradiction. We’ll give a detailed version of these
arguments in §6.

1.9. Leitfaden of this Thesis. — This thesis consists of two mostly separate parts: §2
and §3 are concerned with the ¢-de Rham complex, whereas in §§4—6 we study the ¢-Hodge
complex.

In §2, we give a detailed argument how the existence of a g-de Rham complex over Z with
all expected functoriality properties can be reduced to p-complete case from [BS19, §16], thus
proving Theorem 1.2. In §3, we study the Frobenius on the p-completed ¢-de Rham complex
and prove a g-crystalline analogue of a result of Berthelot—Ogus. This will be used later to
determine, out of curiosity, the cohomology of the (p-typical) ¢g-de Rham—Witt complexes.

§4 is devoted to computing the cohomology H* (q—ITd\g*R,D / (¢"" — 1)) for all primes p, all
n > 0, and all framed p-completely smooth Z,-algebras (R,0). To this end, we introduce
p-typical g-Witt vectors and study their basic properties. Once we know enough about
these rings, we can define our g-de Rham-Witt complexes and prove a p-completed version
of Theorem 1.7. In §5, we globalise these results using Beauville-Laszlo type arguments
and prove Theorem 1.7. Finally, in §6 we give a detailed explanation of why we think
Conjecture 1.5 is wrong.

1.10. Notations and Conventions. — Throughout, a framed smooth Z-algebra is defined
to be a pair (R,0), where R is a smooth Z-algebra and O: Z[T,...,Ty] — R is an étale
map from a polynomial ring. Similarly, a framed p-completely smooth Z,-algebra is a
pair (R,0) in which R is p-completely smooth over Z, (see below for the definition) and
O: Z,[T1,...,Tq) — R is p-completely étale.

As usual, we'll write [m], =1+¢q+---+¢™! for Gaufi’s g-analogue of an integer m > 0.
More generally, if d is any positive divisor of m, we’ll use the notation

" —1

[m/d]qd =1 —|—qd + (qd)2 et (qd)m/d—l — pr—t

In particular, if m = p™ is a prime power and d = p™~!, then [p]qpn—l is the (p™)™ cyclotomic
polynomial, and we’ll always use this notation in favour of @, (q).

We have to use some oco-categoric language. If A is a ring, the derived oco-category of A
will be denoted D(A), whereas D(A) denotes the ordinary derived category. Occasionally, we
use co-categoric language even if we don’t have to. A complex M € D(A) is called discrete if
it is concentrated in degree 0. We’ll also call a sequence K — L — M in D(A) a fibre/cofibre
sequence instead of writing that K — L — M — K][1] is a distinguished triangle in D(A).
Furthermore, we often use the derived quotient notation: If f € A and M € D(A), we let

M/Lf = cofib(f: M — M)

denote the cofibre taken in D(A), or equivalently the cone in D(A), of the multiplication
map f: M — M. For multiple elements f1,..., f € A, we let

M/E(fr, o fe) = (o (MR E ) 2
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Finally, the notion of derived I-completeness for I C A a finitely generated ideal will be
ubiquitous throughout the text. We give an overview of all necessary facts in the appendix,
§A.1. We'll denote by Drcomp(A) and Digomp(A) the full sub(-co-)categories spanned by
the derived I-complete objects. Usually, the ideal I is clear from the context and we just
write Deomp(A) and Deomp(A). A complex M € D(A) is called I-completely flat if M @4 A/
is discrete and flat over A/I. A ring morphism A — B is called I-completely smooth if B
is derived I-complete, I-completely flat, and B ®% A/I is smooth over A/I. In the same
way, the terms I-completely étale and I-completely ind-smooth/étale are defined. By Elkik’s
algebraisation results [Elk73], B is I-completely smooth/étale over A iff it is the derived
I-completion of a smooth/étale A-algebra.

1.11. Acknowledgement. — I would like to express my deepest thanks to my advisor,
Professor Peter Scholze, for answering my many questions, for many Zoom meetings to
discuss my progress, but most importantly for entrusting me with a proper research question
as my Master’s thesis. Although the answer to that question turned out not to be the one
either of us had hoped, it was challenging and exciting to work on this project.
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§2. ¢-de Rham Cohomology over Z

In this section we’ll prove the following theorem.

2.1. Theorem ([Sch17, Conjecture 3.1]). — There exists a functor
¢-Q(~): Sm(Z) — Algg_(Z[q — 1])

from the category of smooth Z-algebras into the co-category of (¢ — 1)-complete B -algebras
over Z[q — 1], such that for every étale framing O: Z[T1,...,Tq] — R of a smooth Z-algebra
R, the underlying object of ¢-Qr in Deomp(Z]g — 1]) can be computed as

q_QR = q'Q*R,D )

where q-QF, o denotes the q-de Rham complex

* Vq Vyq Vq
q'QR,D = (R[q — 1]] — Q}%[[q — 1]] —_— . — Q%[[q — 1H> .

The p-completed analogue of [Sch17, Conjecture 3.1] was resolved by the construction of
the g-crystalline site in [BS19, §16]. We’ll explain how the p-complete result can be used to
prove the global case, i.e. Theorem 2.1. The argument we’ll present is largely formal and
is undoubtedly already known to the experts in some form or another. Still we believe it
doesn’t hurt to work out the argument in some detail.

A different approach to constructing the global version of ¢-(_) was given by Kedlaya
in the course notes [Ked21, Section 29].

2.2. Outline of the Strategy. — Roughly, we'll construct ¢-€2(_) from its p-completions
for all primes p and its rationalisation, using a Beauville—Laszlo type argument. Note that
for a framed smooth Z-algebra (R,) we already know the following:

(a) The rationalisation ¢-27, ®Zﬂq—1ﬂ Q[lg — 1] is just a base change of the ordinary de
Rham complex. We’ll recall the precise result in Lemma 2.6 below.

(b) 1If ]/?:p denotes the p-completion of R, which is a p-completely smooth Z,-algebra, then
the derived p-completion of ¢-Q27, /2,0 satisfies

~

(@0h0), = ¢ | = RTyens(Ry/Zyla — 1),
where the complexes in the middle is the p-complete g-de Rham complex and the
complex on right-hand side denotes g-crystalline cohomology; these constructions will
be recalled in 2.4 and 2.5 below.

In §2.1 we’ll study the rationalisation of g-de Rham cohomology further. In particular,
we'll show a coordinate-free analogue of (a); namely, that the rationalisation of g-crystalline
cohomology is canonically a base change of crystalline cohomology. Once this is done, we
can construct ¢-€2(_) and prove Theorem 2.1 in §2.2.

2.3. Recollections from [BS19], Part I: ¢-Divided Power Algebras. — From here
on until §2.2, we fix a prime p. Let’s first recall the notion of ¢-divided powers. Equip
Zpllg — 1] with the é-structure given by 6(¢) = 0. Let D be a d-ring over Z,[q — 1]. We

10



§2. ¢-DE RHAM COHOMOLOGY OVER Z

assume additionally that D is [p],-torsion free and derived (p, ¢ —1)-complete (or equivalently,
derived (p, [p]q)-complete). If z € D is an element such that ¢(x) € [p],D, we write

ve(x) = o) o0(z)eD.

[ply
This operation 7, should be thought of as a g-analogue of the divided power operation
y(x) = P /p on Z-algebras.

We say that a (p,q — 1)-complete ideal I C D has g-divided powers if 7, is defined on I
and preserves I, that is, if ¢(I) C [p],D and v,(I) C I. Moreover, [BS19, Definition 16.2]
defines a ¢-PD pair to be a pair (D,I) as above, which also satisfies the following two
technical conditions:

(a) D/[p]q has bounded p™-torsion. Together with the above assumptions on D, this implies
that (D, [p]4D) is a bounded prism over (Z,[g — 1], [pl¢Zy[q — 1]).

(b) The ring D/(q — 1) is p-torsion free with finite (p, [p],)-complete Tor amplitude over D.

In such a situation, D is sometimes called a q-PD thickening of D/I.

We also remark that there is a notion of ¢-PD envelope for sufficiently well-behaved rings
and ideals. We won’t recall the precise formulation, but only the special case relevant to us.
Let R be a p-completely smooth Z,-algebra and P a p-completely ind-smooth Z,-algebra,
equipped with a surjection P — R with kernel J. Then by [BS19, Lemma 16.10] (or rather
its upgrade to our situation, by using Zariski descent and taking filtered colimits), there
exists a universal map

(Plg =11, Jlg = 1) — (Dgg-11.4(Pla — 1]), K)

into a ¢-PD pair. The ring D jj4_1],q(P[q — 1]) is called the g-PD envelope of the pair
(Plg—1], J[g —1]). It is (p, g — 1)-completely flat over Z,[q — 1] (and thus flat on the nose
by Lemma A.7), and D jj,—1],4(Plg — 1])/%(q — 1) coincides with the p-completion of the
ordinary divided power envelope of (P,.J).

2.4. Recollections from [BS19], Part II: The ¢-Crystalline Site. — For simplicity,
we'll work over (Zy[q — 1], (¢ — 1)), whereas [BS19, Definition 16.12] works relative to any
¢-PD pair (D, I). Let R be a p-completely smooth Z,-algebra. The g-crystalline site of R
relative to Z,[q — 1], denoted (R/Zy[q — 1])g-crys, is the category of ¢-PD thickenings of R,
that is, the category of triples (D, I,n), where (D, I) is a ¢-PD pair and n: D/T — R is an
isomorphism. We equip (R/Z,[gq — 1])g-crys With the indiscrete Grothendieck topology, so
that every presheaf is a sheaf.

The assignment (D, I) — D then defines a sheaf Og.crys of 0-Zy[g — 1]-algebras on the
g-crystalline site (R/Zy[q — 1])g-crys, and we call

R gcrys (R/Zp[[q - 1]]) = RF((R/Zp lg — 1) g-crys Oq—cryS)

the g-crystalline cohomology of R. Here the author decided to deviate from the original
notation ¢€2gz, [4—1], since otherwise he would get utterly confused by the statement of
Corollary 2.13 below.

2.5. Recollections from [BS19], Part IIT: ¢-de Rham Complexes. — Let (R,0) be
a framed p-completely smooth Zj,-algebra. From this data we can construct the p-complete
g-de Rham complex

p

O* Ve & Vg Vi &
o = (Ruq Y RO TR P, IR (N Y 1ﬂ> ,

11



§2. ¢-DE RHAM COHOMOLOGY OVER Z

where (AZ% denotes the p-completion of Q% or equivalently, the p-completion of Q% /2y We

already know that q—ﬁ}‘% g is independent of the choice of framing up to quasi-isomorphism.
In fact, for every choice of [J there’s a quasi-isomorphism

q‘ARD ~ Rl crys (R/Zp lg — 1ﬂ)

into the g-crystalline cohomology of R; see [BS19, Theorem 16.21].

More generally, assume that P — R is a surjection from a p-completely ind-smooth Z,-
algebra and that P is equipped with a p-completely ind-étale framing O: Zp[{U;}ies] — P.
There is a d-structure on Z,[{U; }iex] given by 6(U;) = 0, which extends uniquely to P. We
extend this d-structure further to the (p,q — 1)-completely ind-smooth Z,[q — 1]-algebra
P[q—1] via §(¢q) = 0. Let J denote the kernel of P — R. As in 2.3, we may then consider the
g-divided power envelope ¢-D = D jj4—1],q(P[q —1]). Using this, [BS19, Construction 16.19]
defines the ¢-divided power de Rham complex

O* V4 pa A Vg = P Vg
4 p/z,[q-1).0 = (q—D —% ¢-D ®z, Qp —5 ¢-D ®z, O —> ) .

In the case P = R, there are no divided powers to be added, and we get back the complex
q-2, o from above. Moreover, as above there’s a quasi-isomorphism

q'QZ-D/Zp[[qfl]],D ~ Rl'gcrys (R/Zp[[q - H]) ;

for the proof we refer to [BS19, Theorem 16.21] again.

§2.1. Rationalised ¢-de Rham and ¢-Crystalline Cohomology

We begin with the result on the rationalised ¢-de Rham complex that was mentioned above.

2.6. Lemma ([Sch17, Lemma 4.1]). — Let (R,0) be a framed smooth Z-algebra. Then
there is an isomorphism of complexes

- 0 Ozpg—17 Qg — 1] = QF @z Qg — 1],

where both tensor products are degree-wise (¢ — 1)-adically completed (which computes the
derived (q — 1)-completions by flatness).

Proof. As in [BMS18, Lemma 12.4], one shows that

_ [ log(q) log(q)" n—1
(2.6.1) Vi= 1t > m(vm) V.

n>2

Here log(q) is to be understood as the corresponding Taylor expansion around 1. Note that
the first factor is an invertible automorphism. Indeed, log(q)/(¢ — 1) is invertible, and the
log(q)™/(n!(q — 1)) for n > 2 are topologically nilpotent and converge to 0 in the (¢ — 1)-adic
topology.

Now in general, assume that M is an abelian group together with commuting endo-
morphisms g1, ...,g¢ and commuting automorphisms hq,...,hq, such that moreover g;
commutes with h; whenever ¢ # j. However, we don’t require g; to commute with h;

12



§2.1. RATIONALISED ¢-DE RHAM AND ¢-CRYSTALLINE COHOMOLOGY

(and it won’t be satisfied in our application). In this case, the cohomological Koszul com-
plexes Kos: (M, (g1, --,94)) and Kos:(M, (h1g1,...,hagq)) are isomorphic, with an explicit
isomorphism given by

0—— M -9, @M%@KJM—»...

H ) l(h hJ)l<J
(hlgl
@ M —— @z<jM*>

Applying this to g; = V; and h;g; = V44, with h; given by the converging series in the first
factor on the right-hand side of (2.6.1), shows the result. O

Next, we’ll aim to prove two more variants of Lemma 2.6: First a version for the ¢-
divided power de Rham complexes from 2.5 and second a coordinate-free version involving
g-crystalline and crystalline cohomology. Both versions will be deduced from Lemma 2.8
below, which connects the rationalisations of ¢-PD envelopes and ordinary P D-envelopes.

2.7. Notation. — Until the end of the subsection, R will denote a p-completely smooth Z,-
algebra. Let P — R be a surjection from a p-completely ind-smooth J-Z,-algebra; for now the
d-structure on P need not be given as in 2.5. We extend it again to a d-structure on Pflg — 1]
by putting §(¢) = 0. Finally, let J denote the kernel of P — R, let ¢-D := D jj4_17,q(Plq—1])
denote its ¢-PD envelope and let D := D J(P); denote the ordinary p-completed PD envelope
of the kernel of P — R.

2.8. Lemma. — With notation as in Notation 2.7, there is a canonical isomorphism

where we take the (¢ — 1)-adically completed localisation on the right-hand side (since ¢-D is
(p,q — 1)-completely flat over Z,[q — 1], and thus flat on the nose by Lemma A.7, it doesn’t
matter whether we take the derived or underived completion) .

Observe that if D° := D;(P) denotes the uncompleted PD-envelope, then the composition
P—Plg—1] — q—D[%]q_l automatically extends to a map
D® — q- D[ ]q 17
since the right-hand side is a Qp-algebra and thus has all divided powers. However, it’s not

clear at all whether this map extends to the p-completion D = (DO);. Showing that this is
indeed the case will be the main difficulty in the proof of Lemma 2.8.

. Notation. — According to [BQIQ Lemmas 2.15 and 2.17], we may uniquely extend
the 5 structure from ¢-D to ¢- D[ ] . We still let ¢ and § denote the extended Frobenius
and é-map. Furthermore, we denote by

P o(x)

v(x) = ? and v4(z) = e

—4(x)

the maps defining a PD-structure and a ¢-PD structure, respectively. Note that v(z) and

~4(x) make sense for all z € q—D[ﬂ;\il since p and [p], are invertible.

13



§2. ¢-DE RHAM COHOMOLOGY OVER Z

To prove Lemma 2.8, we have to send two technical preparatory lemmas in advance.

2.10. Lemma. — Let notation be as in Notations 2.7 and 2.9.

(a) Foralln>1 and alla > 0, the map § sends (q—1)"q-D into itself, and p~“(q—1)"¢-D
into p~ Pt (g —1)"¢-D.

(b) Foralln > 1 and all « = 0, the map v, sends (¢ — 1)"¢-D into (¢ — 1)"*'¢-D, and
p~*(q—1)"¢-D into p~ P>+ (g — 1)"+1¢-D.

Proof. Let’s prove (a) first. Let x = p~%(q — 1)™y for some y € ¢-D. Since ¢-D is flat over
Zp[lg — 1] and thus p-torsion free, we can compute
p(x) —a? (" —1)"9(y) (¢—1)""y”

6($) = D = paJrl - ppoc+1

As gP — 1 is divisible by ¢ — 1, the right-hand side lies in p~ >+ (g —1)"¢-D. If a = 0, then
the right-hand side must also be contained in ¢-D. But ¢-DNp~*(q—1)"¢-D = (¢ — 1)"¢-D
by flatness again. This proves both parts of (a).

Now for (b). Let’s first check that v,(¢ — 1) is divisible by (¢ — 1)2. For that we compute

da-1) @1 (@D SR,
e YT » -0 X (F) -0

In the following, we'll use the relation v4(zy) = ¢(y)v4(z) — 2Pd(y) from [BS19, Remark 16.6]
repeatedly. First off, it shows that

Ya((g=1)"2) = 6((g = 1)""2)vla = 1) = (4 = D*o((¢ = 1)" ')

It follows from (a) that 6((q —1)"~'x) and ¢((g — 1)" ') are divisible by (¢ — 1)"~!. Hence
v4((g — 1)"x) is indeed divisible by (¢ — 1)"*1. Moreover, we obtain

V(P (g —1)"z) = d(p~ ")y ((¢ — 1)"x) — (¢ — 1)"PzPé(p~ ).

Now ¢(p~®) = p~® and §(p~®) is contained in p~P*TVg-D, hence v,(p~*(q — 1)"z) is
contained in p~P*+1) (¢ — 1)"¢-D. This finishes the proof of (b). O

2.11. Lemma. — Let notation be as in Notations 2.7 and 2.9. Let x € J. For everyn > 1,
there are elements yo,...,Yn € ¢-D such that yo admits q-divided powers in q-D and

n—1
Y (x) = yo +p (g — Dy +p 2P (g — 1) %y + - 4 p 20T AP (g 1)y,

holds in q—D[%] , where v =y o --- 07 denotes the n-fold iteration of .

Proof. We use induction on n. For n = 1, we compute

P —-p
(2.11.1) y(z) = o= vq(z) + [p]qp('yq(x) +4(z)) .
Note that = admits g-divided powers in ¢-D since we assume z € J. Then ~,(z) admits
g-divided powers again by [BS19, Lemma 16.7]. Moreover, ([p], — p)/p is contained in
p~ (g —1). This settles the case n = 1. We also remark that (2.11.1) remains true without
the assumption € J as long as the expression 7, (z) makes sense.

14
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Now assume 7" can be written as above. We put z; = p~ 2" ++p+1) (g — 1)iy, for
short, so that v"(x) = yo + 21 + - - - + 2. Recall the relations

p—1 p—1
Yola+b) = v4(a) +v4(0) + Z % (f) a'P™, 6(a+b) =8(a)+0(b) — Z é (f) ipp—i
i=1 =1
The first relation implies that v(yo +21 +- - -+ 25,) is equal to Y(yo) +7v4(21) + - - - +74(2zn) plus
a linear combination of terms of the form ygo zfl s zFn with 0 < ky < pand ko +---+kp, = p.
Now 7,(yo) admits g-divided powers again. Moreover, Lemma 2.10(b) makes sure that each
Y4(zi) is contained in p~2(®"++P+1) (g — 1)"*+1g-D. Finally, a monomial y°2}" - - - zi» with
m = max {i | k; # 0} is contained in p~2("++p+1) (¢ — 1)"+14.D by inspection.

A similar analysis, using the second of the above relations as well as Lemma 2.10(a),
shows that p=*(¢ —1)d(yo + 21 + - - + 2,) can be decomposed into a bunch of terms, each of
which is contained in p=2®"+ P+ (g — 1)i+1¢-D for some 1 <i < n+ 1. By (2.11.1), we
conclude that

[plg —p (

’ Y9(7" () + (7" ()

can be written in the desired form. O

Y (@) = 7, (v (@) +

Proof of Lemma 2.8. As observed below Lemma 2.8, we get a map D° — q—D[%];_l from
the uncompleted PD-envelope D° = D ;(P). By our assumptions in Notation 2.7, D° can be
identified with the sub-P-algebra of P[%] generated by v"(z) for all x € J and all n > 1.
In particular, D° is p-torsion free, and so its p-completion D agrees with the “analytic
p-completion” D°[t]/(t — p), as can be easily checked by derived Nakayama. Thus, to
construct the a map D — q—D[%]q_l, it suffices to check that there is a map
o 117
D [[t]] — q-D [E}q—l
sending ¢t — p. That is, we must show that every p-power series in D° converges in g-D [%];7 1
By Lemma 2.11, every such p-power series can be written as an infinite sum of a p-power
series in ¢-D and, for all n > 1, a p-power series in p—2®" " ++p+1 (g — 1)"¢-D. Each
individual of these p-power series converges in ¢-D [%] , and their sum converges in g-D [11)] a1
Thus, we get a well-defined map as above. It extends canonically to a Q,[¢ — 1]-algebra map
1 117
Dl;lla—1—¢D[;],,-
Since both sides are derived (¢ — 1)-complete, whether this map is an isomorphism can be
checked after derived base change along Q,[¢ — 1] — Q,. But [BS19, Theorem 16.10(3)]
ensures that the right-hand side becomes D[ﬂ after derived base change, as does the

left-hand side. O

Finally, we can prove the two promised variants of Lemma 2.6.

2.12. Corollary. — Let notation be as in Notation 2.7, but we assume additionally that
the d-structure on P comes from a p-completely ind-étale framing O: Z,[{U, }iess] — P as in

2.5. Furthermore, let Q*D denote the p-completed divided power de Rham complex of D over
Zy; see [Stacks, Tag 0THZ]. Then

-y p/z,[¢-1],0 ®2,1q-1] Qlla — 1] = Q) @z, Qplq — 1],
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where both tensor products are degree-wise (q — 1)-adically completed (which computes the
derived (q — 1)-completion by flatness).

Proof. Combine Lemma 2.8 with the argument from the proof of Lemma 2.6. The only

non-obvious point is that equation (2.6.1) still holds in D[%] [¢ — 1]. But every element can

be written as a certain converging infinite sum of elements from the subring D° [%] [q — 1].

This subring coincides with P[ﬂ [g — 1], where the desired equation is clear. O

2.13. Corollary. — There is an equivalence
RFq—cryS( — /Zpla - lﬂ) (@ép[[q—l]] Qpllg — 1] = Rl erys(—/Zyp) @’é,, Qplg —1]

of functors S/I\H(Zp) — :\EEO@ (Z]q —1]) from the category of p-completely smooth Z,-algebras
into the oco-category of (¢ — 1)-complete Eo,-Z[q — 1]-algebras. This equivalence is compatible
with the one from Corollary 2.12 in the sense that for every p-completely smooth Z,-algebra
R and every q-divided power envelope q-D as given there, we get a commutative diagram

Q‘Q;_D/Zp[[q_l]],m (@Zp[qfl]] Qplg —1] — R g-crys (R/Zp[q - 1]]) @’%p[[q—w Qplg —1]

=| J:

O3 8z, Qullg — 1] = RTerys(R/Zy) &% Qullg — 1]

where the top row is induced by the quasi-isomorphism from [BS19, Theorem 16.21] and the
bottom row is induced by the usual quasi-isomorphism Q5 =~ R cpys(R/Zp).

Proof. Let P — R be any surjection from a p-completely ind-smooth Z,-algebra and let
P* be the degree-wise p-completed Cech nerve of Z, — P. Let J* C P*® be the kernel
of the augmentation P* — P[g — 1] — R. Consider the cosimplicial Z,[g — 1]-module
¢-D* = Djepq-1],¢(P*[g — 1]) and the cosimplicial Z,-module D* := Dj.(P*),. The
totalisation of ¢-D*® computes R crys(R/Zp[q — 1]); see [BS19, Remark 16.15]. Hence

qu—crys (R/Z;D[[q - 1]]) ®£p[[q—1]] Qp[[q - 1]] ~ Tot (q_D. [%]A ) .

qg—1
But by Lemma 2.8, the right-hand side coincides with Tot(D*® [%] [¢ — 1]), which computes
RT'rys(R/Zy) @ép Qpllg — 1]. It is straightforward to see that this quasi-isomorphism is
independent of the choice of P. Indeed, the construction is compatible with morphisms
P — P’ over R, and for every two surjections P — R and P’ — R as above, we get another
one via P @ZP P’ — R together with morphisms P — P @Zp P’ and P/ — P @Zp P’ over
R. Moreover, if we choose P to be strictly functorial in R (for example, take P to be the
free 0-Z,-algebra over W (R)), then our quasi-isomorphism upgrades to an equivalence of
functors S/r\n(Zp) — KEJEDO (Z]q — 1]), as desired.
To prove the claimed compatibility, we recall how the quasi-isomorphism

q‘QZ-D/Zp [q—11,0 = Blgcrys (R/Zp[[q - 1]])

was constructed in the proof of [BS19, Theorem 16.21]. Namely, one considers the cosimplicial
complex ¢-M** := ¢-Q)

*

-D* /7, [a—1],0° Its rows ¢-M®* for i > 0 are homotopy equivalent to 0,
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whereas its columns g-M7* are all quasi-isomorphic to the 0*" column q-ﬁ;_ D/ Zyla—1],0" We
then get the desired quasi-isomorphism between the totalisation of g-M *0_ which computes
RU . cxys(R/Zp[g — 1]), and the 0" column % bz [g-11.0°

Now we know from [BJ11, Proof of Theorem 2.12] that the quasi-isomorphism
D = Rlerys(R/Zy)

can be constructed similarly, by considering the cosimplicial complex M** = ﬁ’b.. Applying
Corollary 2.12 column-wise provides an isomorphism of cosimplicial complexes

¢-M** &7, 14-17 Qpllg — 1] = M** &7, Qg — 1] -

Upon inspection, this yields the desired compatibility. O

§2.2. The ¢-de Rham Complex over Z

We need one more lemma before we can give the general construction and prove Theorem 2.1.
The lemma roughly says that after modding out a power of ¢ — 1, the isomorphisms from
Lemma 2.6 and Corollary 2.13 already hold away from a closed subset of SpecZ rather than
only at the generic point.

2.14. Lemma. — Let R be a smooth Z-algebra, p a prime and m < p — 1 an integer.

(a) There is a functorial equivalence of Eoo-Zy[lq — 1]-algebras

qu-crys (ﬁp/zpﬂq - 1]])/L(q - 1)m = RFnyS(}Azp/Zp) ®£p Zp[[q - H]/(q - 1)m .

(b) If R is equipped with an étale framing O: Z[Ty,...,Ty] — R and N is a nonzero integer
divisible by (m + 1)!, then there is an isomorphism of complexes

- a[&]/(a— )™ = Q02 Z[+][g - 1]/(g - 1)™.

Proof. We use the notation from Notations 2.7 and 2.9 again. Since m < p — 1, the element
[plq — p is divisible by p(¢ — 1) in ¢-D/(qg — 1)™. Hence, using (2.11.1), the expression y(x)
makes sense in ¢-D /(¢ — 1)™ for all x € J. Moreover, y(z) can then be written as a sum
of v,(z) and a multiple of (¢ — 1), so v(z) admits ¢-divided powers again. Thus, we can
iteratively make sense of 4" (z) for all n > 1. Therefore, we get a ring map D — ¢-D/(g—1)™.
It can be extended to a map

Dlg—-1]/(¢g—=1)" — ¢-D/(g —1)™.

This map is an isomorphism. Indeed, the case m = 1 is clear from [BS19, Theorem 16.10(3)].
The general case follows by comparing the filtration ((¢ — 1)*D[q — 1]/(q — 1)™)o<i<m on
the left-hand side to the filtration ((¢ — 1)’¢-D/(¢ — 1)™)o<i<m on the right-hand side: By
flatness, the filtration quotients on both sides are D in every degree. Equipped with the
isomorphism D[q — 1]/(¢ — 1)™ = ¢-D/(q — 1)™, the desired functorial equivalence can now
be constructed as in Corollary 2.13. This proves (a).

For (b), observe that all we need to repeat the proof of Lemma 2.6 is that the Taylor
series for log(q) and log(¢q)™/(n!(¢ — 1)) make sense. Since we quotient out (¢ — 1)™, only the
series for n < m+ 1 are nonzero, and each of them has only finitely many terms. Thus, by an
inspection of denominators, all necessary Taylor series are defined over Z[%] [a—1]/(¢g—1)™
if N divisible by (m + 1)L
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2.15. Construction. — Let R be smooth over Z. To construct ¢-2g, we’ll construct the
derived quotients g-Qp /% (q—1)™ first. A priori, this notation is meaningless since we haven’t
yet defined ¢-Qg, but it will follow a posteriori that ¢-Qr/*(q¢ — 1)™ is indeed the correct
quotient of ¢-Qg. To construct ¢-Qr /% (¢ — 1)™, let N be any nonzero integer divisible by
(m 4+ 1)! and take the pullback

q-QR/LJ@ —m [y (RTrys (Bo/Zla = 1) /4 (a — 1))
) J

U @2 Z[% ]l — 11/ = )™ —— Tl (Rlers (B/Zp) €%, Qplla = 11/Ga— )™

in the co-category Kl\gEm (Z[q — 1]). The right vertical arrow is induced by the equivalence
RT g crys (Ry/Z[q—1]) ©F 1, 17 Qpla—1] = RTerys(Ry/Z,) &% @p[q—1] from Corollary 2.13
and the bottom horizontal arrow is induced by (23), =~ RUeys(R/Zp). Both equivalences
are functorial and thus ¢-Qg /L (g — 1)™ is functorial in R as well.

Furthermore, ¢-Q(_y/%(q — 1)™ doesn’t depend on the choice of N. Indeed, if N | N,
then an equivalence between the version of ¢-(_/ L(qg—1)™ defined via N’ and the version
defined via N can be constructed using the derived Beauville-Laszlo theorem (Lemma A.8,
Remark A.9) and Lemma 2.14(a).

Let N°P denote the opposite category of the partially ordered set of positive integers.
Then the functors q—Q(_)/L(q — 1)™ for all m > 1 can be arranged into a diagram

NP — Fun (Sm(Z), Algs_ (Z[q — 1])) -

Indeed, since the inclusion of the 1-skeleton of (the nerve of) N°P is inner anodyne, it suffices
to provide natural transformations ¢-Q_y/*(¢ — 1)™* = ¢-Q_) /" (¢ — 1)™ for all m > 1.
But if we use the same N to construct ¢-Q(_y/*(¢ — 1)™** and ¢-Q(_,/*(¢ — 1)™, such a
transformation is obvious. Hence we get a diagram as above and can define ¢-§(_y as its
limit, that is,

¢-Qr = Rlim ¢-Qr/"(q—1)™.

Proof of Theorem 2.1. We've constructed the functor ¢-(_) in Construction 2.15, so it
only remains to show that its values are the correct ones. Let (R, ) be a framed smooth
Z-algebra. Let m > 1 and let N be a nonzero integer divisible by (m + 1)!. By the derived
Beauville-Laszlo theorem (Lemma A.8, Remark A.9), we get a pullback diagram

0 o/la - 1" ——— Ty (¢ /(- D™)
: J
e nl%]/(a = D™ — Ty (e ([H]/6a-1™)

in the oo-category Deomp(Z[g — 1]). Using Corollary 2.13 and Lemma 2.14(b), this pullback
diagram can be identified with the one defining ¢-Qr /% (¢ —1)™; moreover, this also identifies

the transition maps on both sides. Taking Rlim,,>; on both sides yields the desired equivalence
Q% 0 =~ ¢-Qr in Deomp(Z[g — 1]). O
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2.16. Remark. — It follows from the constructions that there is a functorial equivalence
q-Qr/E(q—1) ~ Q%, as one should expect. Furthermore, for every framed smooth Z-algebra
(R,0) this equivalence is compatible with the isomorphism of complexes ¢-Q7, 5/(¢—1) = QF,.
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§3. Frobenius Action

The goal of this short section is to prove a g-crystalline analogue of a result of Berthelot—
Ogus [BO78]. It will be used in 4.42 to determine the cohomology of our ¢-de Rham-Witt
complexes.

3.1. The Frobenius on the Level of Complexes. — Let R be a p-completely smooth
Z,-algebra. There is a canonical “Frobenius” endomorphism

Pg-crys: Rlgcrys (R/Zp lg - 1ﬂ) — Rl g crys (R/Zp lg - 1ﬂ) )

coming from the fact that the structure sheaf Oy c;ys on the g-crystalline site is a sheaf of
0-Zy[lg — 1]-algebras. However, given a p-completely étale framing O: Z,[T7,...,Ty] — R,
the Frobenius can already be constructed on the level of q‘QE,D'

Since this will be convenient in a moment, we describe the construction in a slightly more
general setting. Choose a surjection P — R from a p-completely ind-smooth Z,-algebra
with a p-completely ind-étale framing O0: Z,[{U;};ex] — P as in 2.5. As described there,
this defines a d-structure on P. We let ¢q: P — P denote the Frobenius on P and let ¢-D
denote the ¢g-divided power envelope of the kernel of P[g — 1] - R. We wish to show that
¢ extends to an endomorphism

o0t ¢y pz,10-11.0 — bz, [0-1],0

of the ¢-divided power de Rham complex. On generators in degree 1, we define it by
oo(dU;) = [p]qUip_1 dU;, and for a general degree-m element we put

oo (zdUs, A+ AdU;, ) = éo(2)én(dUs, ) A« A do(dUs;, ) .

3.2. Lemma. — The above defines indeed an endomorphism of the cochain complex
q—QZ_D/Zqu_lﬂ’D. It is compatible with the Frobenius on RI g crys(R/Zy[q — 1]); that is, the
diagram

4. bz, 14110 —— RTgays(R/Zpg — 1)

¢D J( ‘Mﬁq-crys

q'QZ—D/ZPHq—lﬂ,D —— RTgcrys (R/Zz)[q - 1]])
is commutative.

Proof. By naturality of the Koszul complex construction, proving that ¢ is a cochain
complex endomorphism reduces to showing ¢gno V,; = V4 ;0 ¢ for all i € ¥. So let’s recall
the construction of Vg ;: Let v;: Z,[{Ui }ies| — Zp[{U;}iex] be given by X; — ¢X; and
X — X, for j # i. By p-complete ind-étaleness, v; extends uniquely to a map v;: P — P,
which is compatible with the d-structure on P determined by ¢g. By [BS19, Lemma 16.20],
we may further extend ~; to a §-ring map ;: ¢-D — ¢-D. Then

_ yi(r) — .
Vq7i(x) = m dUZ .
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§3. FROBENIUS ACTION

for all € ¢-D. Using that ~; is compatible with the Frobenius on ¢-D (it is a -ring map
after all), we compute

_ ¢o(vlx) — ¢n(z) _ 7i(en(2)) — ¢n(z)

90(Vail@) = =5 gy P = T Znor PV 4
~vi(¢o(@) —¢alz)
TR [

and the right-hand side coincides with V ;(¢0(x)), as required. This shows that ¢g is a
map of cochain complexes.

To prove commutativity of the diagram above, consider the cosimplicial complex g-M®*
from the proof of Corollary 2.13. It’s clear from the constructions that ¢ induces a map
¢n: ¢-M** — ¢-M*®* of cosimplicial complexes. The induced map on 0*" columns is precisely
the map ¢: q'QZ-D/Zp[[q—u],D — q—Q;’I‘_D/Zp[[(1_1]]7D under consideration, whereas the induced
map on 0" rows computes @g crys: R geerys(R/Zp[q — 1]) — RUgcrys(R/Zp[q — 1]) since it
is given by the Frobenii of the §-rings involved. O

3.3. Construction. — Let ¢: Z,[q — 1] — Zp[q — 1], ¢ — ¢P be the Frobenius associated
to the usual d-structure. The explicit description from Lemma 3.2 implies that the n-fold

iterated Frobenius ¢y . s = @g-crys 0 Pg.crys factors through Ln[pn]qRI’q_Crys(R/ Zpllg —1])-
Moreover, ¢} s is ¢"-linear. That is, it induces a Z,[q — 1]-linear map

Pg-crys: Rlgcrys (R/Zp lq — 1]]) — (¢n)*L77[p"]qRFq-crys (R/Zp lq — 1]]) )

where the right-hand side has the same underlying complex as Lnpyn), RU g crys(R/Zp[q — 1]),
but we equip it with the Z,[g — 1]-module structure obtained via ¢": Zp[q — 1] — Z,[q — 1]
rather than the standard module structure.

3.4. Proposition. — Let R be a p-completely smooth Z,-algebra. For alln > 0, the map
from Construction 3.3 induces a quasi-isomorphism

RF‘I'CY}’S (R/ZP [[q - 1]]) ®£T,[[q—1]],¢" Z;D [[q - 1]] - Ln[p"]qRFq—crys (R/ZP Hq - 1]]) .

Proof. We use induction on n. The case n = 0 is trivial. Now assume the assertion is true for
n 2= 0; let’s show it is true for n 4+ 1 as well. Using the induction hypothesis, the right-hand
side of the map in question can be rewritten as

Lipgyr1), RU grerys (R/ Zpllg = 1]) 2 L) e (Lnipr), RLgecrys(R/Zpla = 11))
= L1jpp] ,n (RTgecrys(R/Zplg — 1]) ®£p[[q_1]],¢n Zplqg — 1)
= (Ln[p]qRFtI—crys(R/Zp [q — 1]”) ®£p [q—1],¢™ Zplg—1].

In the last quasi-isomorphism we used the fact that [p] ,n-1 = #"~([p],) and that the functor

Nip), commutes with base change along the flat morphism "1 Zylg — 1] — Zp[q — 1].
Hence it suffices to check that

Rl crys (R/Zp[[q - 1]]) ®£p la—1],¢ Ly l¢—1] — Ln[p]quq—crys (R/Zp lq - 1]])

is a quasi-isomorphism; that is, it suffices to do the case n = 1 of the proposition. Observe
that both sides are derived (p,q — 1)-complete. Indeed, for the left-hand side this is clear
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as ¢™ is finite, and for the right-hand side [Stacks, Tag 0F7P] implies that the cohomology
groups of L), RT gcrys(R/Zp[q — 1]) are derived (p, ¢ — 1)-complete again, hence so is the
object itself. Therefore, to show that the morphism in question is a quasi-isomorphism, it
suffices to do so after applying (—)/“(¢ — 1) on both sides. But Lemma 3.5 below makes
sure that applying (—)/%(q — 1) leaves us with the quasi-isomorphism

RFCWS ((R/p)/Zp) — anRFcrys ((R/p)/Zp)

from [BO78, Section 8]; see also [BLM21, Section 4] for a treatment from a different
perspective. O

3.5. Lemma. — There is a functorial map (Ln[p]qM)/L(q —1) — Ln,(M/E(q—1)) for all
M € D(Z[q—1]) . Applied to the g-crystalline cohomology of R, it yields a quasi-isomorphism

(Ln[p]quq-CryS(R/Zp [[q - 1ﬂ))/L (q - 1) - anRFcrys((R/p)/Zp) .

Proof. On K-flat representatives it’s clear how to construct the functorial map in question,
so we only need to show the second assertion. As both sides are derived [p],-complete, it
suffices to show that

(Ln[p]qRFq—cryS(R/Zp[[q - 1]]))/L([p]q,q - 1) I (anRFcrys((R/p)/Zp))/L[p]q

is a quasi-isomorphism. By [Stacks, Tag 0F7T] and the g-analogue of the Cartier isomorphism
in [Sch17, Proposition 3.4], we have

(Ligp), RU qeerys(R/Zyla — 11)) /¥ [plg = H* (RTgecrys(R/Zpla — 11)/*[p],)
~ 0% or Rlg — 1]/, -

Furthermore, [p], acts like p on L1, R crys((R/p)/Zy), and so applying (—)/%[p], to it is the
same as applying (—)/Lp. Finally, using the same trick as above as well as the actual Cartier
isomorphism, we obtain

(LT/PRFCryb((R/p)/ZP))/Lp ~ 0" (chryb((R/p)/Zp)/Lp) =~ Q?R/p)/Fp .

Thus, we’re done if we can show that ((AZ’I‘2 ®r Rlq — 1]/[ply)/*(q — 1) — Qrypy/w, 18 &
quasi-isomorphism. This is now obvious. O
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§4. Cohomology of the ¢-Hodge Complex I:
The p-Complete Case

The goal of §4 and §5 is to give a complete and functorial description of the cohomology
groups H*(¢-Hdgp o /(¢™ — 1)) for every framed smooth Z-algebra (R,) and all m > 1.
As a consequence, we will see that these cohomology groups are independent of the choice of
the framing 0.

Although our final result will be completely global, the bulk of the work goes into
computing the cohomology groups after completion at an arbitrary prime. So throughout §4
let’s fix a prime p as well as a p-completely smooth Zj,-algebra R together with a p-completely
étale framing O: Zp[T4, ..., T4] — R. Our goal for now is to compute the cohomology groups

H* (Q'Ifd\g*]{,[]/(qpn — 1)) for all n > 0, and to explain how these can be arranged into a
system of commutative differential-graded algebras, which resembles the de Rham—Witt
pro-complex of an [Fp-algebra.

This section is organised as follows: In §4.1, we’ll investigate the Z,[q — 1]/(¢?" — 1)-
module structure on H*(q—ﬁag}}ﬂ/(qpn —1)). In particular, we’ll show that it is degree-wise
p-torsion free, which will be crucial later on. In §4.2 and §4.3 we’ll construct g-versions of
Witt vectors and the de Rham—Witt pro-complex and show that they come with a comparison
map into the cohomology we're interested in. Finally, in §4.4 we’ll show that this comparison
map is an isomorphism.

§4.1. The Additive Structure

Our strategy will be to construct a certain decomposition of q—ﬁag*RD/ (¢¥ " - 1) according
to a Frobenius lift on R. This is an old trick: A similar decomposition is used in [Sch17,
Proposition 3.4] to compute H* (q-ﬁgﬂ/[p}q), and much earlier in Katz’s proof of the Cartier
isomorphism in [Kat70, Theorem (7.2)].

4.1. The Frobenius Lift. — We always let ¢: R — R denote the Frobenius lift on R,
which is defined as the unique extension of the Frobenius lift on Z,[T1,...,Tq4] given by
T; — T} along the p-completely étale map O: Z,[T1,...,Ty] — R.

We observe that ¢ is injective. Indeed, ¢ is injective modulo p, since R/p is a smooth
F,-algebra and thus reduced. Hence every « € R with ¢(z) = 0 must be divisible by p; say
x = pz’. But then 0 = ¢(pz’) = pp(a’) implies ¢(z’) = 0. Now the argument can be iterated
to see that = € ﬂm>1me. But R is p-complete and thus p-adically separated, so x = 0, as
required.

Futhermore, we observe that for all n > 0, the ring R is a free module over its subring
¢™(R), with a basis given by 77" --- T for all multi-indices a = (a,. .., aq) satisfying
0 < a; < p™ — 1. To see why this is true, it suffices to show that

Z,[Ty,...,Ts) —— R

B l J o

ZylTh,....,Ty) — R
is a derived pushout square of rings. But both the derived pushout and R are derived

p-complete, so by the derived Nakayama lemma it’s enough to check that we get a derived
pushout square after applying — ®£p F, everywhere. This is proved in [Stacks, Tag 0EBS].
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4.2. Frobenius Decompositions. — For every multi-index o = (a1, ...,aq) as in 4.1,
let Q3% C QF be the p-complete graded sub-¢"(R)-module generated by the elements

[I7 A7t ar,

iel jed
for all disjoint decompositions I UJ = {1,...,d}. If a; = 0 for some j, we use the convention
that Tfj -1 dT; = Tf 1 dT;. Then we obtain a decomposition
(4.2.1) R Py,
«@

In the same way, we obtain decompositions
(4.2.2) Qo EB ¢- QY and ¢-Hdgh o = @q-Hdg;f“D .
« «@

as graded ¢"(R)[¢g — 1]-modules. For brevity, the summand corresponding to o = (0, .. .,0)
will be denoted QBO, q—Q}}’OD, and q—Hdg}’OD, respectively.

4.3. Lemma. — Fach of the decompositions from 4.2 is a decomposition of complezes
(rather than just a decomposition of their underlying graded modules).

Proof. It suffices to prove the assertion for q—ﬁ}‘%ﬂ, as it implies the other two. We must
show that V, restricts to a map

. Ak, Ak+1,a
Vi ¢- Qg — ¢ o

for all k and all a. Using the g-Leibniz rule, this is easily reduced to the case k = 0 and
a=(0,...,0). That is, we must check that for x € ¢"(R)[g— 1] one has V,(z) € Q}?’O[[q— 1].
By definition of Vg, it suffices to check that

(4.3.1) (¢ — DTV gi(z) = 7i(x) —x € TP 6" (R)[q — 1] .

for all i =1,...,d. This will be done in two steps.

First we prove that v;(x) € ¢"(R)[¢ — 1]. For that we may assume that z is already
contained in ¢™(R), i.e. x is a constant power series in (¢ — 1) whose only nonzero coefficient
is in the image of ¢™. We can extend ¢ to a Frobenius lift ®: R[q¢— 1] — R[q— 1] by putting
D(q—1) = ¢? —1. Now ~; commutes with ®. Indeed, this can be checked first after restriction
along the (p, ¢ — 1)-completely étale map Z,[T7, ..., T4|[¢ — 1] — R[g — 1], and second after
composition with the (p,q — 1)-complete pro-infinitesimal thickening R[q — 1] — R/p; both
cases follow from a simple inspection. By assumption on x, it is contained in the image
of ®". Hence v;(x) is contained in the image of ®" as well, which is in turn contained in
@"(R)[q — 1], as claimed.

This shows that v;(z) — z € ¢"(R)[¢g — 1]. To finish the proof of (4.3.1), we must show
that the canonical projection

7 6" (R)lg 1] — ¢"(R)lg - 1)/T}"
coincides with ~; o . Again, this may be checked after restriction along the (p,q — 1)-
completely étale map Zpy[T7 ..., T] 1lg — 1] — ¢™(R)[¢q — 1], and after composition with
the (p,q — 1)-complete pro-infinitesimal thickening ¢™(R)[q — 1]]/Tipn — ¢"(R)/(p, Tipn),
where it becomes clear. O
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4.4. Lemma. — For all n > 0 and all multi-indices a, the complex q—ﬁd\g}’aD (qpn —1) s
linear over the ring ¢™(R)[q — 1]/(¢*" — 1).

Proof. We must check that (¢ — 1)V, (z) is divisible by ¢?" — 1 for all x € ¢"(R)[q — 1], or
equivalently, that the canonical projection

m: ¢"(R)[g — 1] — ¢"(R)[g — 1]/(¢"" — 1)

agrees with v; om for all 4 =1,...,d. Asin Lemma 4.3, this may be checked after restriction
along the (p,q — 1)-completely étale map Z,[T7 ..., T3 ][lg — 1] — ¢"(R)[g — 1] and after
composition with the pro-infinitesimal thickening ¢"(R)[g — 1]/(¢"" — 1) — ¢"(R)/p. O

4.5. More Decompositions. — Using Lemma 4.4, we can write
(4.5.1) ¢-Hdgp Y/ (67" — 1) = ¢"(R)[g — 1] ©z,14—1) K(d),

where K*“(d) is the complex of free Z,[g — 1]/(¢?" — 1)-modules with basis the elements

[ A om

iel jeJ

for all disjoint decompositions I LIJ = {1,...,d}, and differentials given by (¢ —1)V,. Asin
4.2, we use the convention that Tjaj_1 a7y =T} ~14Ty if aj = 0. The complex K*%(d) can
be decomposed into a tensor product

(4.5.2) K2%(d) = K (1) @z, [g-1] - @z, [g-11 K ™(1),

where K*%i(1) is the complex

K*9i(1) = (T Zylg - 1]/(¢"" 1) G petan Lz, [g - 1] /(7 - 1>)

concentrated in degrees 0 and 1. If a; > 1, then we can write o; = p®a, where e = v, ()
is the exponent of p in the prime factorisation of «;. The differential (¢ — 1)V, of K*“i(1)
sends the generator T in degree zero to

(¢ =DV (T7) = (¢ = VT ATy = [0 e (¢ = DT AT,

Now observe that [of] ¢ is a unit in Z,[g — 1]/(¢?" — 1). Indeed, it can be written as a sum
of o}, which is a unit, and a multiple of the topologically nilpotent element ¢ — 1. Hence
K*i(1) is isomorphic to the complex K , given by

(4.5.3) K. = (Zpuq ST 17 S R PR T 1)) 7

again concentrated in degrees 0 and 1. If a; = 0, then similarly K*°(1) = K | where the

n,n’
differential of K} , is multiplication with ¢"" — 1, hence zero.

Combining these considerations with (4.5.2), we see that K**(d) can be written as a
tensor product of complexes of the form K, .. for some 0 < ey,...,eq < n. Fortunately, such

a tensor product is easy to compute:
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4.6. Lemma. — Suppose e; = e > 0. Then there is an isomorphism of complezes
K:l,el ®Z;n|1q_1]] K:L, - K:L 62[ ] D K:;, J€o *

Proof. An explicit isomorphism K . ®z [4-1] K}, ., — K, .,[-1] © K}, ., is given by the
diagram (in which we write A := Z,[q — 1] for short, or it wouldn’t fit the page)

(52)
" % -1 ("7 =1),(¢""" —1)
A/(¢" —1) ( )

2> A/ - @A/ 1) Al@" —1)
O J
" " -1 (=@ -1),0)

Al(g" 1) Al —1)®A/(¢" —1) Al(g" 1)

where the vertical arrow in the middle sends (a,b) — (a — %b, b). O
This now implies:

4.7. Proposition. — Let a = (a1,...,aq) be a multi-index as before, and let’s write
a; = p¥ial as in 4.5 (with the convention that e; == n in the case a; = 0). If we denote

e :=min{ey,...,eq}, then there is an isomorphism of complezxes

d—1 .
(I-ﬁac’;;’,am (" —1) =2 ¢"(R)[qg — 1] ®z,[41] < (K;e[,k})@( k )) .
k=0

Proof. Use 4.5, Lemma 4.6, and induction on d. O

From Proposition 4.7 one can easily deduce a description of q—ﬁ(}l\g}")‘D (qpn —1). However,
for us only the following consequence will be relevant.

4.8. Corollary. — For all n > 0, the cohomology groups H* (q—ﬁag}ﬁ/(qpn —1)) are
p-torsion free.

Proof. By Proposition 4.7, each cohomology group of q—ﬁa\g} o/ (¢"" — 1) is a direct sum of
terms isomorphic to

( )[[q - 1]] z pla—1] H (Kn e) or ( )Hq - 1]] ®Zp[q 1] H (Kn e)
for some ¢ > 1. But HY(K;,) = o] (Zylg — 11/(¢”" — 1) 2 Z,[g — 1)/("" — 1) and
also HY(K}: ) = Zp[q — 1]]/(qp — 1), so everything is indeed p-torsion free. O

§4.2. ¢-Witt Vectors

In this subsection, we will show that the 0" cohomology Ho(q—ﬁd\gkg/(ql)n — 1)) can be
identified with a certain ring ¢-W,,+1(R), resembling the ring of truncated Witt vectors of
length n 41 over R. These rings can be defined in quite some generality. So for the next few
pages, we forget about R and consider an arbitrary commutative but not necessarily unital
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ring S instead. We let W,,11(S) denote the usual truncated p-typical Witt vectors of length
n+ 1 over S for all n > 0. Furthermore,

Foi1: Woi1(S) — W,o(S) and V,: W, (S) — W,11(S)

denote the Frobenius and Verschiebung maps. Usually we drop the indices and just write
F and V for these. We'll even abuse notation and write V"~ instead of the (n — i)-fold
composition V, o Vj,_y0---0Vip1: W;1(S) = W,11(S), and similarly for F. Finally,

[_]: S — Wn+1(S)

[

denotes the Teichmiiller lift (this collides somewhat with our notation [m/d],« = qd_ll from

1.10, but it shouldn’t cause any ambiguities).

4.9. Definition. — Let S be a commutative, but not necessarily unital ring. The ring of
q- Witt vectors of length n + 1 over S is the ring

Wi (9) = Wn+1(5)[[q - 1]]/]n+1 )
where [,,11 is the ideal generated by:
. (qPi —1)im V"~ for all 0 < i < n, and
o dm([p" 7] VITT = VIR ) for all 0 < i < j < .

4.10. Remark. — Despite the suggestive name, g-W,,11(S) is no g-deformation of W, 1(5)
in general. For example, if S is p-torsion free and the Frobenius on S/p is injective, then one
can show using Proposition 4.15 below that

¢Wai1(8)/(q—1) = 8P +pSP"" + .. +p"SC S

is isomorphic to the image of the n*® ghost map w,: W, 11(S) — S. Usually (e.g. for S = Q
and n > 1) this image is not even abstractly isomorphic to W;,;1(.5).

However, if S is an F,-algebra, then it is true that ¢-W,41(S) is a ¢-deformation of
W,+1(S). Indeed, in that case the Frobenius and Verschiebung satisfy Vo F=p=FoV
and so

[p"_j]qpi VIiTt Yy iEi =0 mod g —1.
This implies that I,,41 C W,,1+1(5)[¢g — 1] is already contained in the ideal generated by ¢ — 1,
and thus the canonical morphism W,,11(S) — ¢-Wy,11(S)/(q¢ — 1) is indeed an isomorphism.

The functorial way to think about ¢-Witt vectors, and in particular the strange ideal
1,41, is as follows:

4.11. Lemma. — The sequence (¢-Wy4+1(S))n>0 from Definition 4.9 is the universal
sequence of rings satisfying the following two conditions:
(@) ¢Wni1(S) is a Woy1(S)[g — 1]/(¢*" — 1)-algebra for all n > 0.

(b) The Frobenius and Verschiebung maps on the ordinary Witt vectors of S extend to
Z[[q - 1]]’17:77'6047‘ maps Fn—i-l: Q‘Wn—‘rl(s) - Q'Wn(s) and an Q‘Wn(s) - Q'Wn-‘rl(s)
satisfying the relations

Foy10Vau=p and V,oF,11 =[p] jn-1.

qp
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To show Lemma 4.11, we prove an auxiliary lemma first.

4.12. Lemma. — The Z[q — 1]-linear maps F: Wy41(S)[q — 1] — W,(S)[q — 1] and
V:WL(9)]g— 1] = Wri1(S)g — 1] satisfy F(I,4+1) C I, and V(I,,) C I,11. Hence they
descend to maps on q- Witt vectors.

Proof. The condition on V holds by construction. So we only need to check the condition on
F. That is, we need to verify that F' sends all the generators of I,,; from Definition 4.9
into I,,. For i <m — 1, we can use F' oV = p to see that

F((qpi — 1)V"*i1:) = p(qpi —1)ynlitiy

is contained in I, for all z. For i = n, we see that F'((¢?" —1)z) = (¢*" — 1)Fx is divisible by

q° ~" _ 1 and thus also contained in I,,. This deals with the first kind of generators of I,,41.
On to the second kind of generators. For j —¢ > 1 we can use F'V = p again to see that

F([p’nfj]qpl V]*Zy _ V’nlenij) — p([pnflf(jfl)]qpi ijlfiy _ anlfianlf(jfl)y)
is contained in I, for all y. For j = ¢, we use F'V = p once again to compute
F([p" iy = V' IE" ) = " i Fy — pV T T (Fy)

Now [p"~*] i Fy = p[p"~'7"] i Fy mod " — 1 and thus the right-hand side of the
equation above is contained in I, as desired. This finishes the proof that F(I,+1) C I,,. O

Proof of Lemma 4.11. First note that if the construction ¢-W,,11(S) = Wy11(S)[g—1]/Ln+1
satisfies (a) and (b), then it will automatically be the universal choice. Indeed, if the ordinary
Verschiebung V"% extends to a map q-W;y1(S) — ¢-W,11(S), then the image of V=% in
¢-Wyt1(S) must be (gP° — 1)-torsion, so we have to mod out at least (¢°° — 1)im V"¢ for
all 0 < i < n. Furthermore, to ensure V,, 0 F,, 11 = [p]qpnfl for all n > 1, we have to mod out
at least im([p" 7] ,« VI = V' IEM) for all 0 < i < j < .

It remains to check that our ¢-Witt vectors do indeed satisfy (a) and (b). For (a)
this is trivial. For (b), Lemma 4.12 ensures that the ordinary Witt vector Frobenius and
Verschiebung extend to well-defined Z[q — 1]-linear maps F': ¢-W,,11(S) — ¢-W,,(S) and
V:g-W,(S) = ¢-Wpi1(S). These satisfy F'oV = p, because this is already true for ordinary
Witt vectors, and V o F' = [p] ,n-1 because im([p] ,»-1 — VF) is contained in I,+1. Hence
our ¢-Witt vectors satisfy the desired conditions O

4.13. Remark. — F,;1: ¢-W,11(S) — ¢-W,(S) and V,,: ¢-W,,(S) — ¢-W,11(S) will be
called Frobenius and Verschiebung again. Furthermore, the composition

[=]: 8 — Wai1(S) — ¢-Wnia(5)
will also be called the Teichmiiller lift.

4.14. Remark. — What about the restrictions though? As it turns out, the naive attempt
of extending the restriction maps Res: Wy, 41(S) — W,,(S) to a map on ¢-Witt vectors by
putting Res(q¢ — 1) = ¢ — 1 doesn’t work. Indeed, such a map would necessarily commute
with V and thus induce an S[q — 1]-linear map ¢-W,,41(S)/imV — ¢-W,,(S)/im V. By
Proposition 4.15 below, this would provide us with an S[g — 1]-linear map

Sla = 11/[plgpn—+ — Sla = 11/[plgpn-
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which doesn’t exist in general. Nevertheless, one can still construct an analogue of the
restriction maps, but it is rather unsatisfying. If we change the variable ¢ to ¢!/?, then
q-Wp41(S)/im V™ can be identified with ¢-W,,(S)[q"/? — 1]/[p"],1/». The quotient map

Q'Wn+1(s) — ¢-Wnia (S)/im Ve Q'Wn(s) [[ql/p - 1]]/Lpn]q1/f'

(which isn’t Z[q — 1]-linear, as it sends ¢ — ¢'/? instead) can then be regarded as the
restriction we're looking for. That being said, these restrictions won’t play any role in the
theory we’re going to develop.

Our main tool for dealing with ¢-Witt vectors will be the following short exact sequence.

4.15. Proposition. — Suppose the derived p-completion of S is discrete (for example if S
has bounded p™-torsion). Then for all n > 1, there is a functorial short exact sequence

v
0 — ¢-Wn(S) — ¢-Wnia(S) — Sla = 1]/[pljpr— — 0
compatible with the analogous sequence for the ordinary Witt vectors.

The somewhat weird condition that the derived p-completion of S be discrete is explained
by the following lemma.

4.16. Lemma. — The following conditions are equivalent:
(a) The derived p-completion of S is discrete.
(b) Foralln 21, [p] ,n-1 is a nonzerodivisor in Sq —1].

(c) For somen > 1, [p] -1 is a nonzerodivisor in S[q — 1].

Proof. Suppose some nonzero power series £ = » >0 x;(q — 1)* is annihilated by [p]qpnfl.
Without restriction we may assume zy # 0. It’s well-known that [p]qpn_1 is an Eisenstein
polynomial in ¢ — 1 with degree N = (p—1)p"~! and constant coefficient p. We may therefore
write

Pl = (@= DN —plar(@ =D+ +an),

where ay, ..., ay are integers and ay = —1. By comparing constant coefficients, [p] n-12 =0

_ q
implies pzo = 0, and by comparing coefficients of (¢ — 1)**¥, we obtain

z; =plar1xiy1 + -+ + aNTitN)

for all ¢ > 0. Now define a double sequence (y; ;)i j>0 recursively as follows: We put y; 0 == x;
and ¥; j+1 = a1Yit1,5 + - + anyi+n,; for all j > 0. By a simple induction, it follows that
DPYi j+1 = Yi,j. Combining this with the fact that x¢ is a nonzero p-torsion element, we see
that the sequence (yo ;);>0 defines a nonzero element in the limit lim;>o S[p’ '], where the
transition maps are multiplication with p. But then §p is not discrete by Lemma A.5(a).
This shows (a) = (b).

The implication (b) = (c¢) being trivial, it remains to show (¢) = (a). Suppose the derived
p-completion of S isn’t discrete and choose a nonzero element (y;);>0 € lim;>o S[p?™!]. Let u
denote the power series p-([p],,n—1 )yle Z[%] [¢—1]. Let z € S[q—1] denote the power series
obtained from the formal product you by replacing every occurrence of yo/p’ by y;. Then x
is nonzero because its constant coefficient is yo and it satisfies [p}qpnflw = pyo = 0. O
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Before we can prove Proposition 4.15, we need yet another auxiliary lemma.

4.17. Lemma. — Suppose S has discrete derived p-completion. Let n > 1 and consider a

power series x =3 ;5 xi(q — 1) € W, (S)[q — 1]. If the element

Vo = Z Vai(g—1)" € Woy1(S)[q —1]
>0

is divisible by [p] ,n-1, then x must already be divisible by [p] ,n-1.

Proof. We must show that V': W, (S)[g —1]/[p] pn—1 — Wat1(S)[g —1]/[p] pn-1 is injective.
Using the Verschiebung sequence for ordinary Witt vectors, we see that

0 — Wn(S)g—1] -5 W1 (S)[g— 1] — S[g—1] — 0

is exact. To show that V' remains injective after modding out [p]qpnq , it suffices to check that

Tor?ﬂq*lﬂ (Sla—1],Z[q—1]/[p]pn-1) vanishes, which it does since S[g—1] is [p] ,n-1-torsion
free by Lemma 4.16. O

Proof of Proposition 4.15. Let’s first show that V': ¢-W,,(S) — ¢-W,,41(S) is injective. Let
x € Wy(S)[g — 1] and assume that the element Vo € W,11(S)[¢ — 1] (defined as in
Lemma 4.17) vanishes in ¢-W,,11(5), i.e., Vx is contained in I, ;1. This implies that we can
write

417.1) Ve= Y (¢ -V iy)+ Y ([pn*j]qpivf*izi,j—V”*iF”*j(zi,j))

0<isn 0<i<j<n

for some y; € Wiy1[g — 1] and some z;; € W, _(j_iy41[q — 1]. We're free to change
by elements from I,,, so let’s do that to simplify the equation above. If we replace x by
z — (g7 — 1)V 17i(y;) for some 0 < i < n, then the corresponding summand in (4.17.1)
cancels. So we may assume y; = 0 for all 0 < ¢ < n. Furthermore, for j —i > 1 we may
replace « by x — [p”_l_(j_l)]qpi Vitl=ig, o — ynolmipn=1=0-1 (3, ) to assume z;; = 0.
Finally, if we replace z by = — Zl<i<n([pn_1_i]qpi Fz; — V' 1mipn=1=i(Fz; ), then the
summands corresponding to z;; won’t quite cancel, but at least (4.17.1) can be simplified to

n

(4.17.2) Vo= (" —Dy+ [p]qpn—lz —VFz,

where y =y, and z = ZogKn[p"*l*i]qpi Zii-
This is now much easier to work with. We see that V(z—Fz) € W,,11(S)[q—1] is divisible

’l%)}ll [p] pn—1. By Lemma 4.17, we can write x — F'z = [p] ,»—1w for some w € W,(5)[g —1].
en

n—

[p]qpna Vw=V(x—Fz)= [p]qpnfl ((qp t_ Dy + z) .

Since [p] ,n-1 is a nonzerodivisor in Wy,11(5)[g—1] (this follows inductively from Lemma 4.16

and the short exact sequence from the proof of Lemma 4.17), we get Vw = (qp%1 -1y + =z
Since ¢-W,(S) is (7" — 1)-torsion, we have

[p] pr-1w =pw=FVw = (qpn_1 —1)Fy+ Fz=F=z
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in ¢-W,,(S), which implies z = 0 in ¢-W,(S), as desired. This completes the proof that
Vi gW,(S) — ¢Wy1(S) is injective.

It remains to analyse its cokernel. Clearly ¢-W,41/imV = Wy 11[q — 1]/(m V, I, 41).
The ideal (im V, I, 41) coincides with (im V, [p] ,»-1), whence

q-Whyr/imV = (W1 /im V) [g — 1]/[p] pn— = S[g — 1]/[p] jpr-1
as desired. O

4.18. Corollary. — If S is p-torsion free or has bounded p>°-torsion, then the same is
true for all ¢-Wp,41(S5).

Proof. To show that ¢-W,,1(S) is p-torsion free or has bounded p>-torsion, we can argue
by induction on n. The case n = 0 is the respective assumption on S. The inductive step
follows immediately from Proposition 4.15 together with the fact that if S is p-torsion free
or has bounded p>-torsion, then the same holds for S[q — 1] /[p] ,»-1 for all n > 1. To see
why the latter is true, observe that Lemma 4.16 provides a short exact sequence

[p] pn—1
0 — S[g—1] ——— Slg - 1] — S[a - 1]/[p] jpn-+ — 0.

This can be used to compute the p-torsion part T, = Tor’ (S[q — 1/[p] pn-1, Z/p™). Since
the map [p] ,n-1: (S/p™)[q — 1] — (5/p™)[g — 1] is injective by Lemma 4.16, we see that

[p]qpn—l

TOI‘% (S[[q — 1]],Z/pm) _—r TOI% (S[[q _ 1]],Z/pm> T, —0

is exact. If S is p-torsion free, then the same is true for S[qg — 1] and the above sequence
shows immediately that 77 = 0, as desired. If S has bounded p°°-torsion, then the same
is true for SJg — 1] and the above sequence shows that (T}, )nm >0 eventually stabilises, as
desired. O

4.19. Corollary. — On rings with discrete derived p-completion, the functors ¢-Wp1(—)
commute with derived p-completion.

~

Proof. Using induction, Proposition 4.15, and Lemma A.2(b), it’s clear that ¢-W,4+1(S,) is

derived p-complete again, hence the canonical map ¢-W;,4+1(S) — q—Wn+1(§p) factors over a

map ¢-Wy11(S), — ¢-Wny1(Sp). We'll show by induction on n that this is an isomorphism.
The case n = 0 is clear. For the inductive step, we obtain a diagram

GWa(8)y —— g Waia(S); —— (Sla = 11/[pl,n1),

| | .

¢Wi(Sp) —— ¢-Wap1(Sy) —— Spla —11/[p o

in D(Z,[lq — 1]). The top row is a cofibre sequence by Proposition 4.15 and the fact that
derived completion is exact. The bottom row is a cofibre sequence by Proposition 4.15. The
left vertical arrow is a quasi-isomorphism by the inductive hypothesis. The right vertical
arrow is a quasi-isomorphism since S[q — 1] /[p] n-1 >~ S[q — 1]]/L[p]qpn71 is also a derived
quotient by Lemma 4.16 and derived completion commutes with derived quotients. hence
the middle vertical arrow must be a quasi-isomorphism as well. O
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4.20. Corollary. — If S has discrete derived p-completion, then each of the rings ¢-Whp41(S)
has bounded (q — 1)*°-torsion. In particular, they are all (underived) (q — 1)-complete.

Proof. We argue via induction on n. The case n = 0 is clear. The inductive step follows
immediately from Proposition 4.15, if we can show that the (¢—1)*-torsion of S[¢—1]/[p] ,,n -1
is bounded. Using the exact sequence

[p] pn—1
0 — S[g - 1] ——— S[g — 1] — S[g - 1]/[p] pn-+ — 0.

provided by Lemma 4.16 to see that the (¢ — 1)™-torsion in S[g — 1]/[p] ,n-1 is isomorphic
to the kernel of the multiplication map [p] ,»-1: S[¢ —1]/(¢ = 1)™ — S[q —1]/(¢ — 1)™
Let # = Y7 " #i(q — 1) represent an element of S[g — 1]/(q — 1)™ annihilated by [p ] o1
By writing [p ]q,,nq as an Eisenstein polynomial in ¢ — 1 as in the proof of Lemma 4 16,
we find inductively that each x; must be p-torsion. But then x is annihilated by [p] ,n-

iff it is annihilated by its leading term (¢ — 1)", where N = (p — 1)p"~!. This shows that
for m > N the [p] ,»-1-torsion part of S[g —1]/(q — 1)™ is represented precisely of those

polynomials which are divisible by (g — 1)™~% and for which each coefficient is p-torsion.
Upon inspection, this shows that the (¢ — 1)™-torsion part of S[q — 1]/[p] -1 stabilises for
m > N, as desired.

The additional assertion follows from Lemma A.5(a) and the fact that all ¢-W,,41(S) are
derived (g—1)-complete, because they can be written as a cokernel of a map of (¢—1)-complete
objects as we’ll see in the proof of Lemma 4.22 below. O

We’ll show yet another application of Proposition 4.15. In contrast to the previous three
corollaries, this one won’t be used in the rest of the text, but it is perhaps nice to know.

4.21. Corollary. — Let S — S’ be a surjection of rings with discrete derived p-completion
and let J be its kernel. Then for all n > 0 we have a canonical exact sequence

0 — ¢-Wp1(J) — ¢-Wny1(S) — ¢-Wypa(S") — 0.
Proof. We use induction on n. The case n = 0 is clear. For the inductive step, consider

0 0 0

| l |

0 —— ¢WalJ) —— ¢Waii(J) —— Jlg = 1]/[plyyrr —— 0

|

0 —— ¢-Wu(S) —— ¢-Way1(S) —— Slg—1]/[p]pn-r —— 0

|

0 —— ¢-Wn(S") —Y= ¢-W, 1 (") —— S'[q — 1]/[p] pn-r —— 0

|

0 0 0

By Proposition 4.15, each row is exact; for the top row we should mention that .J is still
a (non-unital) ring with discrete derived p-completion, since J — S — S is a cofibre
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sequence. Hence, if we regard each column as a complex, then the diagram can be interpreted
as a short exact sequence of complexes. The left column is acyclic by the induction hypothesis
and the right column is acyclic because [p] ,»-1 is a nonzerodivisor on each of Jg — 1],
Slq — 1], and S’[¢ — 1] by Lemma 4.16, so each quotient is also a derived quotient. Hence
the middle column must be acyclic as well. O

Last but not least, we’ll prove a g-Witt vector analogue of a theorem proved by van der
Kallen [Kal86, Theorem (2.4)] and, independently, by Borger [Borl1l, Theorem B].

4.22. Lemma. — Suppose S — S’ is an étale map of (commutative unital) rings whose
derived p-completions are discrete. Then the canonical morphism

Wii1(S) ®w, 1 (8) War1 (87) = ¢-Wipa ()

(where the tensor product is derived (¢ — 1)-completed) is an isomorphism. In particular,
qG-Wnt1(S) — ¢Wyy1(S) is (¢ — 1)-completely étale.

Proof. Let’s first check that the base change assertion implies the “in particular”. By van
der Kallen’s theorem, W, ;1(S) — W,,11(S5’) is étale again. Therefore, assuming the base
change assertion, we see that ¢-W,+1(S) — ¢-W,41(5’) is the derived (¢ — 1)-completion of
a base change of an étale morphism and thus (¢ — 1)-completely étale.

Now for the first part. Let

M = @ Wit1(S)lg—1] and N = @ Wi—(i-i+1(9)]g —1].

0<i<n o<i<i<n

By definition, we can write ¢-W,,41(S) = coker(M & N — Wy,1+1(5)[q — 1]), where the map
in question is given as follows: For 0 < i < n, the i*® component of M — W, 1(S)[q — 1] is
given by v

(@@ =)V Wia(S)g = 1] — Wapa(S)[g — 1],

and for 0 <4 < j < n, the (4,5)" component of N — W,,;1(S)[q — 1] is given by
" i VI = VIR Wiy (S)]g = 1] — W (S)[g - 1]

Observe that the well-known relation V(F(z)y) = 2V (y) for Witt vectors shows that these
maps are morphism of W;,11(5)[¢ — 1]-modules, if we equip W;11(S) with the module
structure obtained through the Frobenius morphisms F"~%: W, 1(S) — W;1(S) rather
than the one obtained via the restrictions.

With this module structure (but also with the one via the restrictions), the canonical map

Wit1(S) @w, 1 (s) Was1(S") == Wiy (S")

is an isomorphism. Indeed, in the case where S and S’ are F-finite Z,)-algebras (which is all
we ever need), this was proved by Langer and Zink in [LZ04, Corollary A.18]. But together
with their base change result, their argument actually covers all Z,)-algebras, even though
they don’t state it. By Zariski descent of Witt vectors, it remains to check the case where S
and S’ are Z[%]-algebras, which is trivial because then W,,11(S) = S"*! via the ghost maps.

Now write ¢-W,,4+1(S5") = coker(M’ & N — W,,+1(S")[¢ — 1]), with M’ and N’ defined
in an analogous way to M and N. The above discussion yields

M' = M ®w,, (s) Was1(S') and N'= N @w,,,(s) Was1(5)
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where the tensor products are (derived or underived) (¢ — 1)-completed. So if we can show
that the derived (¢ — 1)-completion of ¢-W,1(S) ®w,, ., (5) Wnt1(5') is discrete again, then
it will automatically coincide with coker(M’ @& N’ — W,41(5")[q¢ — 1]) = ¢-Wy11(S’) and
we'll be done. To show discreteness, recall from Corollary 4.20 that ¢-W,,11(S) has bounded
(g — 1)>°-torsion. Since W, 1(S’) is étale and thus flat over W, 11(S), the base change
Wi i1(S) ®w,, . (s) Wn1(S’) still has bounded (g — 1)*°-torsion and then Lemma A.5(a)
does the rest. O

This finishes our discussion of ¢g-Witt vectors in general and we return to the situation at
hand. So from now on, R is again as specified at the beginning of §4.

4.23. Proposition. — For all n > 0, there are isomorphisms
G- Wni1(R) = H (¢-Hdgh o/ (¢"" — 1)) .

Under these isomorphisms, the Frobenius F': ¢-Wy11(R) — ¢-Wni1(R) gets identified with
the map induced by the canonical projection

T 1 % n T n—1
¢-Hdgr n/(¢" —1) — ¢-Hdgr /(¢ —1),

and the Verschiebung V: ¢-Wy(R) — ¢-W,y1(R) gets identified with the map induced by the
scalar multiplication map

— " n—1 _— % n
[Pl o1t ¢-Hdgr o/(¢"  —1) — ¢-Hdgr n/(¢" —1).
To prove Proposition 4.23, we first construct a rather unexpected ring morphism.

4.24. Construction. — Let A be any d-ring over Z,) and let ¢4: A — A denote its
Frobenius. Let furthermore &; be the inverse Joyal operations from Lemma A.12. We define
a map (of sets) ¢,: Wyy1(A) — Afg — 1]/(¢"" — 1) by the formula

n

Cn([an s azn]) = Z[pi}qP"*i Z—’i (Ei(x()v s 7501)) :
i=0
4.25. Lemma. — The map c,: Wy 1(A) — Afq —1]/(¢?" — 1) from Construction 4.24 is
a morphism of rings.
Proof. By taking a suitable surjective map A’ — A of d-rings, we may replace A by a d-ring
which is flat over Z,). Then

Alg—1]/(¢"" — 1) — HA[[q = 1]/[pl -+ x A

is an injective ring map. Indeed, in the case A = Z,) this follows from the fact that
" —1=(¢g-1) H?:l[p]qpnfi is the prime factorisation of ¢?" — 1 in the factorial ring
Zp)lq — 1], and the general case follows since AJg — 1] is (¢ — 1)-completely flat and thus
flat on the nose over the noetherian ring Z,)[q — 1]; see Lemma A.7.

Therefore, it’s enough to check that the induced maps ¢y ;: Wny1(A) — Alg—1]/[p] -

for j=1,...,n and ¢y ny1: Whi1(A) — A are ring morphisms. Observe that
. 0 if1<j<i
7 o )
[p]pn—i = {pi i< mod [p] ,n-i .
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Indeed, the first case follows from the factorisation [pi]qpnﬂ- = [pl -1 - [p] pn—1, Whereas

qP

iI_IIl the second case we have that ¢?" =1 mod [p] pn-s , sO that [pi}qpnfi =p' mod [p) o -
ence

j—1
cn,j([$07"'7 Zp(b 81 an"'axi)) = Z_j+1 (szdjj_l_l(gi(xOW"7$i))>
i=0
)
= (bn ]ij,l ([370, . ,.’L‘j,ﬂ) s
for all j =1,...,n, where w;_1: W,+1(A) — A denotes the (j — 1) ghost map. Now w;_1

is a ring morphism by definition of the ordinary Witt vectors and thus the same is true for
n—j+1

Cnj = ®y ow;—1. A similar calculation shows that ¢, n4+1 = wy is also a ring morphism.
This finishes the proof. O

4.26. Construction. — We can extend the map c,: W,41(4) — Afg — 1]/(¢?" — 1)
canonically over ¢-W,,+1(A). We only need to check that the diagrams

Wisa(4) —=— Alg = 1)/(@" ~1) Wa(4) === Alg—11/(@" " 1)

FJ l and Vl J[p]qpm

Wi (A) = Alg—1]/(¢"" — 1) Wog1(A) —= Afg—1]/(¢"" — 1)

commute, for then the universal property from Lemma 4.11 will provide us with the desired
extension. By definition of the Witt vector Frobenius, we have w;_;(Fz) = w;(z) and thus
the equation

Cn—lxj(Fx) = ¢:¢Ll ij 1(Fz) = ¢A w]( ) = Cn,j+1($)

holds for all j =1,...,n. If A is flat over Z,), this is enough to show commutativity of the
diagram on the left by the same trick as in the proof of Lemma 4.25. The general case can
again be reduced to this special case by taking a surjection A’ — A of d-rings with A flat
over Z,y. A similar calculation shows that the diagram on the right commutes as well, as
desired.

Proof of Proposition 4.23. Recall from 4.1 that the framing O: Z,[T7,...,T4] — R deter-
mines a Frobenius lift ¢: R — R and thus, by p-torsion freeness, a J-structure. Let’s
denote HY 1(n) == H(¢-Hdg} o/(¢?" — 1)) for short. It follows from Proposition 4.7 that

H%,D(") C R[g—1]/(g"" — 1) is the subring

n

S s (6" (R)g — 11/(@" ~ 1) € Rlg — 11/ — 1)

=0

recall from 4.2 that ¢*(R) is a direct summand of R as Z,-modules, so ¢*(R)[g —1]/(¢*" — 1)
can indeed be regarded as being embedded into R[q — 1]/(¢?" — 1), as the formula above
suggests. By inspection, the map ¢, : ¢-W,+1(R) — R[q—1]/(¢?" —1) from Construction 4.26
lands inside H%’D(n).
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We'll show that ¢pq1: ¢-Wyy1(R) — H 5(n) is an isomorphism using induction on n.
The case n = 0 is trivial, as ¢-W1(R) = R = HY, 5(0). For the inductive step, we use that
we have a diagram of short exact sequences

0 ——— ¢Wn(R) —Y— ¢-W,i1(R)

Cn—1 Jg
[p]qpnfl

0 » Hy (n —1) ——— H} 1(n)

Rlg = 1)/[pl ot —— 0

- ol

¢"(R)[g —11/[plgn-+ —— 0

in which the top row is the sequence from Proposition 4.15 and the bottom follows immediately
from our explicit description of H%,D(n) C R[q —1]/(¢*" — 1). The left square commutes
by what we’ve checked in Construction 4.26, and the right square commutes by a simple
inspection. Hence the five lemma finishes the inductive step and we’re done. O

§4.3. The ¢-de Rham Witt Complex

Having studied the ¢g-Witt vectors in the previous subsection, we’ll now proceed to construct a
sequence of commutative differential-graded algebras (¢-W,,2%)n>1, which satisfy a universal
property similar to that of the de Rham-Witt pro-complex of an [Fp-algebra. This will
provide us with a comparison map

W1 — H* (¢-Hdghp/(¢"" — 1)),

which is in fact an isomorphism, as we’ll show in §4.4. To motivate the definition of
(¢-WpR)n>1, let’s first recall how the usual de Rham-Witt complex works.

4.27. De Rham—Witt Complexes. — Classically, de Rham—Witt complexes were defined
as a certain left adjoint functor in [I1179, Théoréme I1.1.3]. For us it will be convenient to work
with an equivalent variant of that definition, which appears in [BLM21, Definition 4.4.1] and
which we’ll recall here. Let B be an F,-algebra. A B-framed V -pro-complex consists of the
following data:

e A pro-system of commutative differential-graded algebras

(M1 = (- 22 g 25 g B 0y
e Maps V: M} — M, , of graded abelian groups for all n > 1.
o A W, (B)-algebra structure on M2 for all n > 1.
This data is required to satisfy the following three conditions:

(a) For all n > 1, the structure maps W,,(B) — MY are compatible with the restriction and
Verschiebung on both sides. Furthermore, V o Res = Reso V.

(b) Forallm>1andall z,y € M}, one has V(zdy) = Ve dVy.

(¢) Foralln>1andallbe B,ye MY, onehas Vyd[b],+1 = V(y[b]2~1) AV [b],., where [b],,
and [b],,+1 denote the images of the respective Teichmiiller lifts of b under W,,(B) — M?
and W, 11(B) — M} ;.

There is an obvious category VPCp of B-framed V-pro-complexes, and the classical de
Rham—Witt pro-complex (W,,Q%),>1 is its initial object. We remark that a priori there’s
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no mention of any Frobenii, and in fact, the Frobenius operators on (W,,Q2%),>1 are only
constructed a posteriori.

In our situation, there seems to be no analogue of the restriction maps Res, as we’ve
already seen in Lemma 4.11. So we simply leave out the restrictions, keep the other conditions
and add a few technicalities to obtain the following definition:

4.28. Definition. — Let R be a (not necessarily framed) p-completely smooth Z,-algebra.
An R-framed p-complete q-V -sequence consists of the following data:

o A sequence (M;)n>1 of degree-wise p-torsion free and degree-wise (p,q — 1)-complete
commutative differential-graded Z,[q — 1]-algebras.

o Maps V,,: My — M, of graded Z,[q — 1]-modules for all n > 1. We’ll usually drop
the index and just write V' if n is clear from the context.

e An ¢-W,(R)-algebra structure on M_ for all n > 1.
These data are required to satisfy the following conditions:

(a) For all n > 1, the structure maps ¢g-W,,(R) — M} are compatible with the Verschiebung
on both sides.

(b) Forallm>1andall z,y € M}, one has V(zdy) = Ve dVy.

(¢) Foralln > 1 and all r € R, y € M?, one has Vyd[r],.1 = V(y[r]2=1)dVr],,
where [r],, and [r],+1 denote the images of the respective Teichmiiller lifts of r under
¢-Wp(R) — M) and ¢-W,11(R) — MY ;. From now on we’ll omit the indices and just
write [r] for both Teichmiiller lifts.

There is an obvious category q—VS/e\q r of R-framed p-complete g-V-sequences.

As for the classical situation, the Frobenii should be additional structure rather than part
of the definition.

4.29. Definition. — Let (M),>1 be an R-framed p-complete ¢-V-sequence. A set of
Frobenius operators on (M;),>1 consists of maps Fy,11: M, — M of graded Z,[q — 1]-
algebras, which satisfy the following conditions:

(a) For all n > 1, the structure maps ¢-W,,(R) — MY are compatible with the Frobenius
on both sides.

(b) Forallm >1,onehas Fj,; 10V, =pand V,, 0 F,41 = [p]qpnfl.

As before, we’ll drop the index and just write F' whenever n is clear from the context. An
R-framed p-complete ¢-V-sequence equipped with a choice of Frobenius operators will be
called a p-complete q- Witt sequence over R, and the corresponding category will be denoted
q-Wittg.

4.30. Remark. — The axioms from Definition 4.28 and Definition 4.29 formally imply
number of further relations, which we’ll summarise here. First of all, the condition from
Definition 4.28(b) yields

(4.30.1) V(aday---dzy) =VadVay ---dVay .

forall m,k > 0 and all a,z1,..., 2 € M. If M is generated by elements of this form, then
Definition 4.28(b) is even equivalent to (4.30.1). Also, the condition from Definition 4.28(a)

implies that V,,(1) = [p] ,n-1, so using Definition 4.28(b) with z =1 € MY? shows

Vpod=[p] m-1(doVy)=doV,ol[p] .
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However, the source of V;, is M}:, which is (q”ni1 — 1)-torsion, so do V,, o [p]qpnfl =doV,op
and we obtain the relation

(4.30.2) Vod=p(doV).

In particular, the graded Z,[¢ — 1]-module map V': M}, — M, 11+ is neither compatible
with the multiplicative nor with the differential-graded structure.

Furthermore, if (M;),>1 is equipped with Frobenius operators as in Definition 4.29, then
F: My, — M} is compatible with the multiplicative structure (by assumption), but not
with the differential-graded one. Instead, we get the relations

(4.30.3) FodoV=d and p(Fod)=doF.

Indeed, for the first one, observe that p(FodoV) = Fop(doV) = FoVod = pd, which implies
the desired relation by the p-torsion freeness assumption. For the second, first observe that
[p] on—1 F' = pF', because the target of F' is M, which is (qul — 1)-torsion by condition (a).
Hence we can compute p(F od) = [p] ,n-1(Fod) =Fodolp] n1 =FodoVoF =doF,
where we also use the first relation from (4.30.3).

Finally, if (M¥),,>1 is equipped with Frobenius operators, we get yet another two relations
for free:

(4.30.4) eVy=V(F(z)y) and pV(yz)=V(y)V(z)

for all z € My, |, y,z € M, (these relations are automatically satisfied by Definition 4.28(a)
if z, y, and z are in the images of ¢-W,11(R) — M2, and ¢-W,(R) — M respectively, but
for arbitrary x, y, and z we really need to show something). Indeed, we compute

pV (F(z)y) = V(F(z)py) = V(F(2)FV(y)) = VF (2V(y)) = [pl pnr2Vy.

Now Vy is a (qpn_1 — 1)-torsion element, whence [p] o1 2Vy = pzVy. By p-torsion freeness,

this proves the first relation from (4.30.4). The second relation formally follows from the
first one by plugging in Vz instead of x.

4.31. Remark. — Observe that the Teichmiiller relation V (y)d[r] = V (y[r]?~1) dV[r]
from Definition 4.28(c) is redundant if y is contained in the image of ¢-W,,(R) — M2 or if
(M})n>1 can be equipped with Frobenius operators. Indeed, in either case we have

PPV (P = pV )V ()"

by a repeated application of (4.30.4). As d is a derivation, we can conclude

PV ) AV =gV @)V ()" = V) d((VED?) =2 V) d(V (i)
Note that [r]P = [rP] = F[r] holds in W,,(R) by a standard relation for ordinary Witt vectors.
Thus V([r]?) = VF[r] = [p] pn-1[r] holds in ¢-W;11(R). Plugging this into the equation
above, we obtain
PPV (ylr]P =) AV ] = p" = pl o V() dlr] -

But V(y) is (¢°" — 1)-torsion, hence the right-hand side agrees with pPV (y)d[r]. So the
Teichmiiller relation holds up to multiplication with p?. But then it must hold on the nose,
since everything is p-torsion free.
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We can now explain the connection to the cohomology groups we're interested in. In the
following we'll denote H}, (n) == H*(¢-Hdg% /(¢?" — 1)) for short.

4.32. Lemma. — The graded Zy[q — 1]-modules Hj, 5(n) for n =1 can be equipped with
the structure of an R-framed p-complete q-V -sequence in a natural way. Furthermore, there
is a natural choice of Frobenius operators.

Before we can prove Lemma 4.32, we have to explain where all the additional structure
comes from.

4.33. The Graded Algebra Structure. — The complex q—ﬁd\gf% g itself can be given

the structure of a non-commutative differential-graded algebra as follows: For homogeneous

generators w = zdT;, A---AdT;, € q-Hdg’j’% gand n=ydlj A---AdTj, € q-Hdgﬁ% g we put
wAn=x%, (Viy (- Y () ) T3y A -+ AdTy, AdTj, A--- AdT,

More succinctly, we use the good old wedge product and impose the additional non-

commutative rule dT; A x := y;(z) AdT; for all z € R[g— 1] and all i =1,...,d.

From the g¢-Leibniz rule, we easily get V,(w A1) = Vy(w) An+ (=1)*w A V,(n),
so this multiplication does indeed define a differential-graded algebra structure. Hence
q-Hdg} o /(q? - 1) inherits a differential-graded algebra structure, and so its cohomology
H}%D(n) comes equipped with the structure of a graded algebra.

However, a priori it might not be commutative. But it is! Indeed, if x € q—Hdg% O
represents an element in H% o(n), then v;(z) —2 =0 mod ¢”" — 1 holds by definition, and
therefore dT; A x = o A dT; in Hj, 4(n).

4.34. Bockstein Differentials. — Since ¢?" — 1 is a nonzerodivisor in R[g — 1], we have
a short exact sequence of complexes

p”il)
-

[T % ™ ( T 1k n " n
0— Q-Hng,D/(qp -1) ! q-Hng,D/(qp - 1)2 B q-Hng,D/(qp -1)—0.

The associated connecting morphisms £, : Hj, 5(n) — HI’?Dl(n) are called Bockstein differen-
tials. As the name suggests, (3, turns the graded Zy[q — 1]-module H}, ;(n) into a cochain
complex (see [Stacks, Tag OF7N] for example). This interacts well with the multiplicative
structure:

4.35. Lemma. — The Bockstein differential from 4.34 and the graded algebra structure
from 4.33 make (H}, 5(n), Bn) a commutative differential-graded Z,[q — 1]-algebra.

Proof. We only show that 53,,: H%D(n) — H}%E(n) is a derivation; the arguments in higher
degrees are similar. Let z,y € R[q — 1] be elements whose images modulo ¢?" — 1 are
contained in Hp, (n). Then (¢ —1)V4(z) € Qi[g — 1] is divisible by ¢*" — 1, so that V,(f)
is divisible by [p"],. A quick unravelling then shows that 8, (x) is the image of
(4- DVyle) _ Vyla)
" =1 [p"]q
in H}%,D(n), and likewise for 3, (y). Furthermore, V, ;(z) being divisible by [p"], implies
that v;(z) — f = (¢T3 — T3)Vq.i(x) is divisible by ¢”" — 1. Thus, by the g-Leibniz rule,
Vgi(zy Vg.ily Vi@ Vgily Vgi(z
q():%(m)q()Jr g (%) a.i(y) q.i(x)

[pn]q [p”]q Y [pn]q z [pn]q +y [pn]q mod ¢¥ —1.
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This shows S, (zy) = 28, (y) + yBn(x), as desired. O

4.36. Remark. — In the special case n = 0, we see that the Bockstein differential sends x
to the image of V,(z) in Hp 5(0). But since Hy, 5(0) = Qg — 1]/(q — 1) = Q3 holds as
graded Z,[g — 1]-modules, we conclude that as a commutative differential-graded algebra,
(Hp 0(0), Bo) coincides with the p-completed de Rham complex ((AZ*R, d).

4.37. Frobenius and Verschiebung. — Proposition 4.23 suggests that the canonical
projection and the multiplication map

Fi Hyo(n) — Hyp(n—1) and V= [plns: Hypn — 1) — Hjs(n)

should be thought of as Frobenius and Verschiebung. They clearly satisfy the relations
VoF =[p] ,n-1 = FoV. But the target of I is H ;(n — 1), which is (¢*" " — 1)-torsion,
hence also F' o V = p. Thus, once Lemma 4.32 is proved (which we’ll do in a moment), we
see that all the relations from Remark 4.30 are satisfied.

Proof of Lemma 4.32. By Corollary 4.8 and Lemma 4.35, the H}, 5(n) are indeed degree-wise
p-torsion free and degree-wise (p,q — 1)-complete commutative differential—graded algebras.
Define V': Hp, 5(n — 1) — Hp p(n) and F': Hp 5(n) — Hjp o(n — 1) as in 4.37 above. The
condition from Definition 4.28(a) is satisfied by Proposition 4.23 (and its proof).

Let’s check Definition 4.28(b) next. Suppose w,n € q—ﬁd\g}D are representatives of
elements from H ;‘%D(n —1). Using the explicit descriptions of 5n—1, and 3, from the proof of
Lemma 4.35, we find that both V(wB,-1(n)) and Vwp,(Vn) are represented by the element

Vo)  Vallplgrm)

as desired. It remains to check the Teichmiiller condition from Definition 4.28, but this
follows from the argument in Remark 4.31. O

Let’s now construct the g-de Rham-Witt pro-complex of any p-completely smooth Z,-
algebra R, not necessarily equipped with a framing.

4.38. Proposition. — Let R be a p-completely smooth Z,-algebra. The category q—Vg(-eaR
has an initial object (¢-W, Ox Rnz1. It satisfies g-W, Q% > ¢-W,(R) for alln > 1. Moreover,
q- Wlﬁ};b = Q*R is the p-completed de Rham complex of R, and in general, g- W,LQR is a

quotient of the (p, q—1)-completed de Rham complex Qq-Wn(R)/ZP[[qflﬂ by a differential-graded
ideal.

4.39. Definition. — For alln > 1, the commutative differential-graded algebra ¢-W, Q
from Proposition 4.38 is called the n** g-de Rham—-Witt complex over R.

4.40. Remark. — Throughout the proof of Proposition 4.38, we’ll have to take various
completions, so let’s ensure that they behave well. We claim that for all n > 0 there
exists a polynomial ring (in finitely many variables) P,.1 over Z, together with a map

Pot1lg — 1] — ¢-Wyt1(R) that becomes surjective after (p,q — 1)-completion. This will
imply that ¢-W,,;1(R) is noetherian and that the (p,q — 1)-completed Kahler differential
modules Qq Wos1(R)/Zy[q—1] 21€ finite modules over it. In particular, all their quotients will
stay (p,q — 1)-complete.
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To prove the claim, let’s first assume R admits a framing . By the explicit description
of H}%,D(”) in the proof of Proposition 4.23, we can regard ¢-W,,11(R) both as a subring
of R[g — 1] and as an algebra over ¢™(R)[q — 1]. Since R[q — 1] is finite over ¢™(R)[q — 1]
(see 4.1), so is ¢-W,,4+1(R), and the claim follows. For general R, choose a surjection R" — R
from another p-completely smooth Z,-algebra R’ such that R’ admits a framing; for example,
R’ can be taken to be the p-completion of a suitable polynomial ring. Then ¢-W,,1(R) is a
quotient of ¢-W,,;1(R’') and thus satisfies the desired condition as well.

Proof of Proposition 4.38. We first describe the construction of (q-anAZ})n% and then we
check that it’s indeed initial. Put ¢-W:Q% = Q} and observe that it is degree-wise p-
torsion free as R is p-completely smooth over Z,. Now let n > 1 and suppose ¢-W; Q has
already been constructed as a quotient of Qr ¢ Wi(R)/Zp[a—1] for ¢ = 1,...,n. Furthermore,

assume that for ¢ = 1,...,n — 1 we have already constructed suitable Verschlebung maps
V:g-W,; QR — q- VVH_lQR satlsfymg the conditions from Definition 4.28.

We wish to construct q-Wn_HQR and V: ¢-W, Q — q- Wn+1Q To this end, let

Ny C Qq Wit1(R)/Zp[q—1]

denote the degree-wise (p, ¢ — 1)-complete differential-graded ideal generated by the following
two kinds of generators:

o Forall7 € R, y € ¢-W,(R) we take the element Vyd[r] — V(y[r]?~1)dV[r] in degree 1.
Such generators will be called generators of Teichmdiller type.

o Forall k > 1, all finite indexing sets I, and all sequences (a;, ;. 1, . .., Zik)icr of elements
of ¢-W,,(R) such that
0= Zaidxm ARER /\dxi,k
icl
holds in q—WnQ% (which is a quotient of QZ—Wn(R)/Zp [q—1]> SO the above sum makes
indeed sense), we take the element

f = Z V(li dei,l A A dVﬂcik
icl
in degree k. Such generators will be called generators of V -type.
Now define ¢-W/ +1QR = Qq Wi (R)/Zp[a— 1]]/ wi1- As this might not yet be p-torsion free,

we let ¢- WnHQ be the quotlent of ¢-W}! +1Q by its differential-graded ideal of p>°-torsion.
Furthermore, we define V': q-WnQ h— ¢ Wn+1Q % by the formula

V(adzy A Adag) =VadVay A AdVay, .

The generators of V-type make sure that this gives a well-defined Z,[¢q — 1]-linear map.
Moreover, the conditions from Definition 4.28(a) and (c¢) are satisfied by construction, and so
is the condition from Definition 4.28(b) by Remark 4.30. So we get a well-defined p-complete
R-framed ¢-V-sequence (q—Wnﬁ*R)n>1.

It remains to show that (q—W Q3 T n>1 is initial. So let (M}),>1 be any p-complete
R-framed ¢-V-sequence. Then MY} is an R—algebra SO by the universal property of the de

Rham complex, we get a unique map fi: q—WlﬂR = Q* — M7 of degree-wise (p,q — 1)-
complete commutative differential-graded Z,[q — 1]- algebras Now let n > 1 and assume
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fi: q—Wiﬁ’g — M} have already been constructed for ¢ = 1,...,n in such a way that they
are compatible with the Verschiebung maps on both sides. We show that there is a unique
choice for f,11: ¢-Wyn1Q% — M, . Since M2+1 is a ¢-W,,4+1(R)-algebra, we get a unique
map R

In+1t Qgw, a(R)/2,la-11 — Muta

of of degree-wise (p, ¢ — 1)-complete commutative differential-graded Z,[q — 1]-algebras. So
fns1, if it exists at all, is necessarily unique. To show existence, let’s show that NV}, ; is in
the kernel of g, 41. This can be done on generators. For generators of Teichmiiller type, this
is clear. So let’s consider a generator of V-type. We put w = Ziel a;dx; 1 A--- Adz;y, for
short. Then we need to show g,4+1(Vw) = 0. Using Definition 4.28(a) and (b) for (M,,)n>1
we find that necessarily

Inr1(Vw) =V (frw).

But w vanishes in q—WnQ% by assumption, and hence so does V(f,w) in MF 1. This shows
that g,41 factors through ¢-W)_ Q. But since M is p-torsion free, the p>-torsion ideal
of ¢-W, Q0% must also be mapped to 0, so gn41 descends indeed to a map

frgr: C]-Wn+1Q}k?, - M:;Jrl :

As we've already noticed above, Definition 4.28(a) and (b) for (My,)n>1 imply that f,410V =
V o f,, and we’re done. O

4.41. Variants. — There are two more categories in which (q—WnSAZ*R)n>1 happens to be
the initial object.

(a) The category of all (M}),>1 that satisfy all the conditions from Definition 4.28, except
for possibly the Teichmiiller condition.

(b) The category q—\m gr of all p-complete ¢-Witt sequences over R as defined in Defini-
tion 4.29.

To see why (a) is true, observe that the argument in Remark 4.31 implies that the generators
of Teichmiiller type are already p°°-torsion elements in the quotient

QZ_WH(R)/ZPMA]]/(generators of V-type).

So q—Wnﬁj} could also be obtained by modding out all p>°-torsion from that quotient. This
shows that (q—Wnﬁ”I})n>1 is still initial if we start to denazify our category and drop the
Teichmiiller condition as a requirement.

For assertion (b), first note that by Theorem 4.43 below and Lemma 4.32 there is a
choice of Frobenius operators on (q—Wnﬁ*R)n>1. Alternatively, these Frobenius operators can
also be constructed by hand, which we’ll have to do in the global case in §5. Furthermore,
observe that any morphism (¢-W,Q%)n>1 — (M})n>1 of p-complete ¢g-V-sequences will
automatically be compatible with any potential Frobenius operators on (M.}),,>1. Indeed, in
degree 0 this is clear from Definition 4.29(a) and in degree 1 it follows from (4.30.3) and
p-torsion freeness. In all higher degrees, compatibility is then automatic since the Frobenius
operators are multiplicative and ¢-W,, Q% is (p, ¢ — 1)-completely generated by its elements
in degree 0 and 1.
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4.42. Relation to ¢-Crystalline Cohomology. — Since the usual de Rham—Witt com-
plex computes crystalline cohomology, one might ask whether the ¢-de Rham—-Witt complex
computes g-crystalline cohomology. The answer is “yes, but actually no”. Using Theorem 4.43
below and [Stacks, Tag OF7T], we get a sequence of quasi-isomorphisms

G- Ws1Q5 ~ H (¢-Hdgh o/ (¢" — 1)) = L (¢-Hdgh 0) /X (¢ —1).
Now the right-hand side can be identified with

Laypm, (q'Q?{,D)/L(qpn —1) = Rl crys (R/Zp[[q - 1]]) (/X\)ép[[q—l]],w Zpla — 1]]/(qp" —-1)

using Proposition 3.4. So yes, ¢-W;, 1 (AZ}‘% computes a base change of g-crystalline cohomology.
But no, since ¢": Z,[g — 1] — Z,[q — 1]/(g*" — 1) factors over Zy, this is actually just a
base change of the crystalline cohomology of R.

§4.4. The Main Theorem in the p-Complete Case
Finally, we can formulate and prove the main result of §4.

4.43. Theorem. — Let (R,0) be a framed p-completely smooth Z,-algebra. For all n > 0,
the unique map induced by Lemma 4.32 and Proposition 4.38 is an isomorphism

W1 Q5 = H* (¢-Hdgh /(67" — 1))

4.44. Outline of the Strategy, Part I. — The proof of Theorem 4.43 will occupy the rest
of this subsection. We'll keep the shorthand notation Hj, 5(n) = H* (q—}Tch*RE/(qp" —1)).
We first consider the case where R = Z,(T) is the p-compietion of a polynomial ring in one
variable. In this case, we understand Hy <T>’D(n) well enough to verify the desired universal
property directly. Next, we’ll handle the case R = Z,(T7, ..., T4): The main idea is to show
that HZ,, <T17___,Td>ﬂ(n) is “not too far” from being the (p, g — 1)-completed tensor product

Hz, 2y 0(n) 82,1011+~ Oz, 1q-11 Hz, 1,y 0(1) -

This will enable us to reduce the case R = Z,(T1,...,Ty) to the one-variable case. Finally,
we’ll reduce the general case to the case of a polynomial ring via an étale base change
argument that uses Lemma 4.22

4.45. Lemma. — Theorem 4.43 is true in the case where R = Z,(T) is the p-completion
of a polynomial ring in one variable and O: Z,[T] — Z,(T) is the obvious framing.

Proof sketch. Let (M})n>0 be any R-framed p-complete ¢-V-sequence. As HI*%,D(O) = ﬁ}‘%
by Remark 4.36, we get a unique morphism Hp, 5(0) — M7. Now let n > 1 and assume
we've already constructed morphisms f;: Hp, 5(i) — M, for i =0,...,n — 1 in such a way
that they are compatible with the Verschiebung maps on both sides. We must show that
there is a unique choice for f,: Hp 5(n) — My, ;.

By Proposition 4.23, we already have a map f2: H%’D(n) — 3+1 as part of the data
of (M})>1. So we only need to construct the degree-1 part f,}. Denote R, = Z,(T?") for
short. By Proposition 4.7, we can write

»
Hpo(n) & Rollg — 1] @z, 14— @ T AT - Z,[q — 1/(¢" - 1),

a=1
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where we define e, := v,(@) to be the exponent of p in the prime factorisation of c. It follows
that f! is already determined by the values of f!(T*~1dT). Write o = pa’. As observed
in 4.5, [a/] pea is a unit. From the explicit description of the Bockstein differential 3,, in the

proof of Lemma 4.35, we find that
1

[a/]qpeo‘

To7HdT = Bu([p" = | grea T)

so fa(T*~1dT) is already uniquely determined by f([p" ] pea T). Also observe that
[p" o] gpea T € HY 5(n) is (gP"* —1)-torsion, hence so is the prescribed value of f,, (T~ dT).
Therefore, we can extend these values to a unique R, [¢ — 1]-linear morphism

fat Hyp(n) — My,

To finish the proof, we must verify that f, defined as above is indeed a morphism of
commutative differential-graded Z,[¢q — 1]-algebras. This leads to some straightforward but
tedious calculations, which have been moved to the appendix, §A.3. O

4.46. Remark. — A quick reality check: In the proof of Lemma 4.45, including the
calculations that have been outsourced to the appendix, we never use the Teichmiiller
condition from Definition 4.28(c). However, this doesn’t mean the proof is fishy; on the
contrary, in the light of 4.41 it would be suspicious if we had to use the Teichmiiller condition.

This finishes the case R = Z,(T). Onward to arbitrary polynomial rings!

4.47. Outline of the Strategy, Part II. — For the next few pages, R = Z,(T1,...,Ty)
is the p-completion of a polynomial ring in d variables, equipped with its obvious framing
O: Z,[Th,...,Tq) = Z,(T1,...,T4), and assume that Theorem 4.43 is true for P := Z,(T1)
and Q = Z,(Ts,...,Tg). It follows from Lemma 4.32 and functoriality of the ¢-Witt
vectors that (HJ*%,D(n —1))p>1 is both a P-framed and a Q-framed p-complete g-V-sequence.
Therefore we get morphisms of commutative differential-graded Z,[q — 1]-algebras

HI*D,D(n) <§>Zp[[q—1]] H(E,D(n) - HE,D(”)

for all n > 0. To prove that (H};)D(n —1))p>1 has the desired universal property, we’ll
carefully analyse how far the above map is from being an isomorphism. To do this, we’ll use
a decomposition of q-ﬁa\g rO/ (¢"" —1) similar to Proposition 4.7. This will allow us to work
with small manageable complexes and we can get away with only a tiny bit of calculation.
So let’s set up these decompositions first.

4.48. The Return of the Frobenius Decompositions. — In the following we’ll denote
R, = ¢"(R) = Z,(T} ,...,TY ) for short; also define P, and @,, similarly. Recall that
Proposition 4.7 allows us to write

T * nt1 ~ *
¢-Hdgho/(" = 1) = Qniala — 1] @z, 1011 P Krivr o, =51 -
J

where 0 < e; < n+1and 0 < k; < d—2; the indexing set doesn’t matter for our considerations.
Since q—HdgaD/((I”n — 1) is a quotient of q-HngNj/(qp"+1 — 1) and Qn41 is flat over Zy, it
follows that

(4.48.1) Hy5(n) = Quialla — 1] @z, 10—y D H (K1 e,)
J
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where we put K}, = K:;H’e/(qpn —1). Of course, we could have applied Proposition 4.7
directly to q—}mam /(g"" — 1) to obtain a similar decomposition with @,, in place of Q1.
The reason why we didn’t do that is somewhat technical and will become apparent in 4.51.
Also, we note that F;+1,e¢ = K:vmm{ei,n}, but we’ll stick to the former notation to emphasise
which decomposition it is we're using.

Similarly, we can write

(4.48.2) Hp0(n) = Poialg — 1] ©z,10-0 @ H* (Kiyi o)

(no shifts occur since P is the p-completion of a polynomial ring in only one variable).
Furthermore, since ¢-Hdgpn/(¢?" — 1) ®z,[¢-1) ¢-Hdgo,o/(¢"" — 1) = ¢-Hdgro/(¢*" — 1),
we see that also HF, 5(n) has a decomposition

(4483)  Hpp(n) = Rl = 1) ©2,10-0 @ H ™ (Kipre, @2,10-1) Kntre,)
%]
By construction, the decompositions from (4.48.1), (4.48.2), and (4.48.3) are compatible

with the morphism H}, ~(n) ®Zp[[q—1]] H{ n(n) — Hp o(n) from 4.47. This has some nice
consequences.

4.49. Lemma. — The morphism from 4.47 is injective; moreover, it induces an isomor-
phism after inverting p. That is,

(Hpn(n) ®z,10-11 Ho o) [5] = Hi o) [5]-
Proof. By 4.48, it suffices to check that
(4491) H* (F:H-L@i) ®Zp|1q71]] H* (F:H-l,ej) — H" (F:H-Lm ®ZPHQ*1H F:‘H»GJ)

is injective, and an isomorphism after inverting p, for all ¢ and j. This is a straightforward
calculation: H*(K}; .. ) is a degree-wise free Z,[q — 1]/(¢”"" — 1)-module generated by

n—e; — 770 _ 771
wo = [p" )5 € Kypye, and wi=1€ K, 4,

in degrees 0 and 1, respectively. Here we put €; := min{e;,n} to get a consistent notation in
the case e; = n + 1 (we brought this case upon ourselves by working with the decomposition
from 4.48 rather than the one from Proposition 4.7, but as mentioned before, it will come
in handy later on). Likewise, H* (F;‘Hl}ej) is degree-wise free over Z,[q — 1]/(¢?” — 1)
generated by

Ny = [pn ej]qpej S Kn-l—l,e,- and m=1¢ Kn+17ei .

Assume e; > ej; the other case is entirely analogous. Since both sides of (4.49.1) are
degree-wise free Zy[q — 1]/ (qpej — 1)-modules, it suffices to show that generators are mapped
to generators up to powers of p.

Degree 0. By Lemma 4.6, HO(K, |, .. ®z7, [¢-1] FZHM) is generated by the element
o :=1® [p"~%] % . Using the fact that [p"~%] .7 acts like p"~% on any (¢"" — 1)-torsion
element, we see that wg ® 79 is mapped to

P ® "5 = P (10 "5 ) = 0"
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The left-hand side differs from &y only by a power of p. Thus the degree-0 part of (4.49.1) is
indeed injective and an isomorphism after inverting p.
Degree 1. By Lemma 4.6, we have

Hl (?1*1%»1,61' ®Zp[[q—1]] F’T‘k‘rl,ej) = Hl (F’):LJ,*LE]‘ [_1] @ F’):LJrl,e]‘) 9

and a basis of the right-hand side is given by & = ([p"_gf]qpfj ,0) and & = (0,1). Now
condider w; ® 1y and w1 ® 79. Under the isomorphism from Lemma 4.6, they are mapped to
&o and (—[p”‘gi]qpéj , [p" %] p7 ), respectively. Hence wi ® 10 +w;i @19 is mapped to p™~ &,
where we use the same torsion trick as in degree 0 above. So again a basis is mapped to a
basis up to powers of p and thus (4.49.1) in degree 1 is as desired.

Degree 2. wy; @1 is a generator of HI(F;‘LJrl’ei) ®z,[a-1] Hl(?;‘lﬂ’ej) and is mapped to
a generator of H> (F;H,ei ®z,[q-1] F;+1,ej)~ Since all other degrees vanish, we’re done. [J

4.50. Lemma. — Let D* C H;‘%’D(n) [ﬂ be the (p,q — 1)-complete sub-differential-graded
Zpllq — 1]-algebra generated by:

o the image of Hp,1(n) ®Zp[[q71]] H o(n), and
o the sub-Zy[q — 1]-modules p~" im(V' @ V) C Hp, 5(n) [zl)] fori=1,...,n.
Then D* = Hp, 5(n).

Lemma 4.50 will be the heart of the proof of Theorem 4.43 in the polynomial ring case.
Before we can prove it, we need to go on a brief digression about the Bockstein differential

Bn on Hp 5(n).

4.51. The Bockstein Differential modulo p. — Unfortunately, 5, doesn’t seem to
interact well with the decomposition of ¢-Hdg}, 5/ (¢"" — 1) constructed in 4.48. However,
this difficulty goes away if we reduce things modulo p.

First note that since both the complex q—ﬁd\g}} D/(qpn — 1) and its cohomology are
degree-wise p-torsion free, we get

Hf,o(n)/p = H* (¢-Hdgh o/ (p, ¢ — 1)) -

Next, observe that the ideal (p,q?"  — 1) = (p, (¢*" — 1)?) is contained in (p, (¢7" — 1)2).
Hence for every multi-index « as in 4.2 we get quotient maps of complexes

[T .%,Q nt1 S o n — n
¢-Hdgih/(p, " —1) — ¢-Hdgp/(p, (¢ —1)%) — ¢-HdgL/(p, (¢ —1)).

Now Proposition 4.7 shows that q—ﬁd\g;:}“] (p, (;(p"+1 — 1) can be written as a direct sum
of shifts of complexes of the form R,1[q — 1] ®z,[4—1] K+1../p- This induces similar
decompositions for the other two complexes above. Therefore, 3, modulo p can be computed
using the Bockstein differentials 3,41, associated to the short exact sequences

n

* " (¢®" —1) " . n
0— Kni1/(p¢" —1) ——— K1/ (0. (@ —1)?) — Kn1 /(g —1) —0

fore=0,...,n—1.
Explicitly, this means the following: Suppose w is an element of ¢-Hdg}, 5/ (¢"" —1), which
is contained in a subcomplex of the form Ry, 41[q— 1] ®z,jq—1] K;i11../(¢7" —1)[—Fk] for some
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k and some e. Suppose furthermore that w represents an element of the cohomology HF, .
By flatness of R,,41, we may then write w as a sum w = ZZ r; ® x;, where r; € Ry,11]q — 1]
and x; € Kﬁﬁrl’e /(g”" — 1) represent elements in the cohomology. Then

Bu(ri @ z;) =71; @ Bpy1.e(zi) mod p.

If k; # 0, then automatically B,41.c(z;) = 0, so that 8,(r; ® x;) = 0 mod p. Also, if
e =n+ 1, then one checks that 3,41 ,+1 vanishes, so again 3, (r; ® z;) =0 mod p. So let’s
suppose k; = 0 and e < n. In that case, for z; to represent an element of the cohomology, we
must have (¢?° — 1)z; = 0 in Z,[q — 1] /(p,¢*" — 1), so we can write z; = [p"~¢] pc y; for some
yi, which is unique up to multiples of (¢°° — 1). Then it’s easy to check that B, 11..(2i) = v,
so that 8, (r; ® ;) =7; ® y; mod p.

Proof of Lemma 4.50. If w € Hp(n — i) and n € Hj o(n — i) are any elements, then
H}, 5(n) already contains the element

Viw®n) = 1§<vi<w> S Vi()).

This already proves D* C Hp, 5(n). To show equality, it then suffices to show that the
induced morphism modulo p is degree-wise surjective, because both sides are degree-wise
p-complete.

For this, we’ll use the decompositions from 4.48 and argue very similar to the proof of
Lemma 4.49. Consider an arbitrary summand

Rotillg = 1] @z, 1q-11 B (K1 e, @2,10-1] Krtiye,)

of Hj o(n) as well as the corresponding summands P41[q — 1] ®z,g—1] H* (Kn+1.,) of
Hpn(n) and Quia[g—1] @z, [q— 1) H* % (Kp41,e;). We assume e; > ej, the other case being
analogous, and we put €; := min{e;,n}, € = min{e;,n}. Let furthermore wy, w1, 1o, M,
&o, &1, &2 be defined as in the proof of Lemma 4.49. We’ll do a degree-wise case distinction
again, except this time everything is shifted by k;.

Degree kj. Rny1lq—1] @z, 1q-1] H* (K11 0, ®27,[q-1] F;H’ej) is generated by 1 ® & as
an R, 11[¢ — 1]-module. As in the proof of Lemma 4.49, we see that (1 ® wy) ® (1 ® ng) is
mapped to p" (1 ® &). Now observe that

1®wy €imV™ % and 1®mny €im V" %

Indeed, in q-ﬁch};,D/ (¢"" —1) the element 1®wy = 1® [p”*a}q,ﬁi is divisible by [p™~¢] PO
[p]pn—1 -+ [Plgo7: , and thus it is contained in the image of V"~ on the level of complexes.
Furthermore, any preimage will automatically represent an element in H ;,D(n —€;), hence
1®wy also lies in the image of V"~ on the level of cohomology. The same argument works for
1®mn. Since e; > e;, we can conclude that 1® & is contained in p~("=¢) im(V"—% @ V7 ~%)
and thus in D*.

Degree kj + 1. As we’ve seen in the proof of Lemma 4.49 (1 ® wi) ® (1 ® 1) is mapped
to 1®& and (1®@w1) ® (1®@n) + (1 ® wo) @ (1 ® 1) is mapped to (1l ® &), If
e; =n+ 1, then p"~% =1 and we obtain a generating system of the R, 11[¢ — 1]-module
gﬁﬁ;[gf;l 18]11;8)5;[[(1_1]} HY (K0 o, ©2,00-1] K7 1.c,)- Sosuppose e; < n. Then also e; < n.

ﬁn(éb) = 1®(071) =1®& modp,
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so in this case £, (&) and wy ® 1o form a generating system modulo p. In either case we find
a generating system modulo p which is contained in D*.

Degree kj +2. As we've seen in the proof of Lemma 4.49, (1®w1) ® (1 ® ;) is mapped to
a generator of the Ry 1[g — 1]-module R, 11[q — 1] @z, g—1] H* (K511 0, @2, [q-1] ?;-s-l,ej)'
Since all other degrees vanish, we are done. O

4.52. Corollary. — Theorem 4.43 is true in the case where R = Z,(T1,...,Ty) is the
p-completion of an arbitrary polynomial ring and O: Z,[Th, ..., Ty] — Zy(T1,. .., Tq) is the
obvious framing.

Proof. We do induction on d. The case d = 1 is Lemma 4.45. For d > 2, define P and
Q as in 4.47. Let furthermore (M}),,>1 be any R-framed p-complete ¢-V-sequence. Since
HJ*%,D(O) = ﬁj{ by Remark 4.36, we get a unique map fy: H;‘%’D(O) — M. Now let n > 1
and assume f;: H}“?D(i) — M, | have already been constructed for ¢ =0,...,n — 1 in such
a way that they are compatible with the Verschiebung maps on both sides. We need to
show that there exists choice for f,: HI*%)D(n) — My, ,. Using the induction hypothesis
for P and @, we get a unique extension g,: Hp,(n) ®Zp[[q—1]] H{ o(n) — M, which, by
Lemma 4.49, induces a map

gn[2]: Hyp(n) [3] — My [1].

Since M, is degree-wise p-torsion free, it can be regarded as a sub-differential-graded
Zpllg — 1]-algebra of M1+ [%] Therefore, there’s at most one choice for f,,. But Lemma 4.50
makes sure that the restriction of g, [ﬂ to Hl*%ﬂ(n) lands in M7, 1, as desired. O
Now that we’ve dealt with the case of polynomial rings, R is again allowed to be an
arbitrary p-completely smooth Z,-algebra. We only need one more preparatory lemma.

4.53. Lemma. — Let R’ be another p-completely smooth Z,-algebra and let R — R’ be
p-completely étale. Then O: Z,[Ty,...,Tg) — R’ is also a p-completely étale framing of R/,
and the induced morphism

¢-Hdgh 0/ (@ —1) 8w, (r) ¢-Wat1 (R) = ¢-Hdgh /(6" — 1)
(where the tensor product is degree-wise (p,q — 1)-completed) is an isomorphism.

Proof. Since the two ¢-Hodge complexes are degree-wise free over Rg — 1]/(¢?" — 1) and
R'[q —1]/(¢*" — 1) respectively and have compatible bases by construction, it’s enough to
check that

Rlg—10/(¢"" = 1) ®gw,..(r) ¢-Was1(R) == R'[q —1]/(¢"" — 1)

is an isomorphism. By Elkik’s algebraisation results [Elk73], R’ is the derived p-completion
of an étale R-algebra. Combining this with Lemma 4.22 and Corollary 4.19 shows that
qGWii1(R) — ¢-Wy,i1(R') is (p, g — 1)-completely étale. So we may as well check that

Rlg—11/(¢" = 1) k) - Wast (R) == Rlg = 1)/(¢"" — 1)

is a quasi-isomorphism. By derived Nakayama ([Stacks, Tag 0G1U]), this can be checked after

applying the functor R @éﬂq_lﬂ/(qpn_l) — on both sides. The left-hand side then becomes
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R Q%g—WnH(R) ¢-Wpt1(R'), where R is considered as an ¢-W,,11(R)-algebra via the map
Cnnt1: ¢Whi1(R) — R from the proof of Lemma 4.25. But this map coincides with the
n-fold Frobenius F™: ¢-W,,+1(R) — ¢-W1(R). By Lemma 4.22 and the analogous assertion
for ordinary Witt vectors, we have

¢Wi(R) ®Lw, () “Wni1(R) ~ ¢-Wi(R) ~ R'.

But also R @éﬂq_lﬂ/(qpn_l) R'[q —1]/(¢*" — 1) ~ R’ by (p,q — 1)-complete flatness. This
finishes the proof. O

Proof of Theorem 4.43. Let P := Z,(T1,...,Ty), so that Theorem 4.43 is true for P by
Corollary 4.52. The framing O induces a p-completely étale map P — R, and so ¢-W,,11(P) —
¢-Wrt1(R) is (p,q — 1)-completely étale by the argument in the proof of Lemma 4.53.
Furthermore, that lemma shows that

Hpo(n) = Hpn(n) @gw, Py ¢-Wat1(R)

as graded-commutative Z,[q — 1]-algebras, and then also as commutative differential-graded
Zyllq — 1]-algebras by a general fact about étale base change of differential-graded algebras;
see Lemma A.16. Thus, we may reduce the desired universal property for the R-framed
p-complete g-V-sequence (Hp o(n — 1))n>1 to the corresponding universal property for the
P-framed p-complete ¢-V-sequence (H;D(n —1))n>1- O
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§5. Cohomology of the ¢-Hodge Complex I1I:
The Global Case

After dealing with the p-complete case in Theorem 4.43, we can now attack the global
problem of computing the cohomology groups H*(¢-Hdgp o /(¢™ — 1)) for any m > 1.

§5.1. Big ¢-Witt Vectors

We start with a brief recollection about truncated big Witt vectors, following Hesselholt’s
exposition in [Hesl5, Section 1.

5.1. Big Witt Vectors. — Let S be an arbitrary commutative, but not necessarily unital
ring, and X C N a subset which is closed under divisors (a truncation set in Hesselholt’s
terminology). As a set, the big Witt ring Wx (.9) is given by S*. Its ring structure is uniquely
determined by the condition that for all n € ¥ the ghost map w,,: Wx(S) — S given by

wn((ai)iez) = Z das/d

d|n

is a morphism of rings and functorial in S.

For us, ¥ will always be the set X, of positive divisors of some integer m, and we’ll write
W, (S) = Wy, (S) for short. By [Hesl5, Lemmas 1.3-1.5], for every divisor d | m there are
Frobenius and Verschiebung maps

Fm/dZ Wm(S) e Wd(S) and Vm/dZ Wd(S) I Wd(S)

such that F,,/; is a ring map and V,, /4 is a map of abelian groups. If n = m/d and the
numbers m and d are clear from the context (or irrelevant), we abuse notation and write
just Fy, = Fy, /g and V,, :=V,;, /4. These maps fulfil the following relations: For all chains of
divisors e | d | m we have

Fd/eOFm/d:Fm/e and Vm/dovd/e: mje -
Furthermore, if n > 1 is arbitrary and k is coprime to n, then
F,oV,=n and F,oVy,=V,oF,,

where we use the abuse of notation we just warned about. Finally, there’s a multiplicative
section of wy,: W,,(S) — S, called the Teichmdiller lift

[—]m: S — W,.(9).

We usually drop the index if no confusion can occur (and to avoid further confusion with the
notation [m/d],« = ‘f;—:ll from 1.10). It interacts with the Frobenius and the Verschiebung via
the formulas F,[s] = [s"] for all s € S and @ =}, Vina[za] for all @ = (za)ajm € Wi (S5).

~

5.2. Remark. — If m = p” is a prime power, then W, (S) = W,41(S) equals the
ring of truncated p-typical Witt vectors of length n + 1. Furthermore, the Frobenius and
Verschiebung maps F}, and V), coincide with their p-typical namesakes F' and V, as does the
Teichmiiller lift.
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Now there’s a natural way to generalise our p-typical Definition 4.9 to the big world: In
addition to F), o V,, = n, we would like to enforce the condition that V,, o F}, is a g-analogue
of n; more precisely, we want that V,, 4 0 Fy,,/q = [m/d]4a. This leads to the following.

5.3. Definition. — Let S be a commutative, but not necessarily unital ring. The ring of
m-truncated big q- Witt vectors over S is the ring

Q‘Wm(s) = Wm(s)[[q - lﬂ/ﬂm s

where I,,, is the ideal generated by:
e (¢*—1)im Vinya for all divisors d | m, and

o im([d/e]ge Vinja — VinjeFayse) for all chains of divisors e | d | m.

5.4. Remark. — Observe that if m = p” is a prime power, then ¢-W,n (S) = ¢-W,41(S5)
by inspection and Remark 5.2.

5.5. Lemma. — The system (¢-W,,(S))men from Definition 5.3 is the universal system

of rings satisfying the following two conditions:

(a) ¢-W,,(S) is a W, (S)[g — 1]/(¢™ — 1)-algebra for all m € N.

(b) For all divisors d | m, the Frobenius and Verschiebung maps on the ordinary big
Witt vectors of S extend to Z[q — 1]-linear maps Fy, q: ¢-W,, (S) — ¢-Wy(S) and
Vinja: ¢-Wa(S) — ¢-W,,,(S) satisfying the relations

FrjaoVima=m/d and Vi, q0F, g =[m/d],.

Proof. The only non-obvious point is that the Frobenius maps extend, the rest can be done
as in Lemma 4.11. It suffices to show that Fj,: W,,,(S)[g — 1] — Wy, ,,(S)[q — 1] satisfies
F,(I,) € L/, for all prime factors p | m.

Let’s first consider generators of the form (g — 1)V jax for x € W4(S). Depending on
whether n = m/d is coprime to p or not, the relations from 5.1 yield, respectively,

Fp((q" = 1)Vaz) = (¢ = )Va(Fpa) or  Fo((¢* — 1)Vaz) = p(¢” = 1)Vim/p) az -

In either case, we get an element of I,,,,. Now let’s consider generators of the form
[d/elqeVinjat — VipjeFajex for some x € Wy(S). If p divides both m/d and m/e, we can
use an easy computation as above to show that Fj, sends the element into I, /,. Next, let’s
assume p is coprime to both m/d and m/e. Let’s write mg := m/p, do = d/p, and eg == e/p
for short. Using the relations from 5.1, we can compute

Fp([d/e]qevm/dx - Vm/eFd/ex) = [d/e]qﬂvmo/do (pr) - Vmo/eoFdo/eo (pr)
= [do/eo]qeO mo/do (pr) - Vmo/eoFdo/eo(pr) + ([d/e]qc - [do/eo]qeo)vmo/do (pr)

The first summand is contained in I, /,, by definition. Regarding the second summand, observe
that our assumptions imply that p is coprime to d/e = dp/ep and therefore the sequences
L,g®?, (¢°/P)? ..., (¢¢/P)¥ =" and 1,¢%, (¢°)%. .., (¢°)¥¢" coincide modulo ¢*/? — 1 up to
permutation. Thus [d/e],c — [do/eo]qe0 is divisible by ¢¥/P — 1 = g% — 1 and so the second

summand is also contained in I, /.
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It remains to consider the case where m/d is coprime to p, but m/e is not. Put mg :=m/p
and dy := d/p again. Using the relations from 5.1, we can compute

Fp([d/e]qum/dsc — Vm/eFd/efL') = [d/e]qumo/do (pr) —meO/eFd/efE
= p([do/e]q“ Vmo/do (pr) - Vmo/EFdo/E(pr)) + ([p]qdo - p) [dO/e}q“Vmo/do (pr) .

The first summand is again contained in I by definition. Regarding the second summand,

m/p
we observe [p] 4, = p mod ¢% — 1 and so [p] a0 [do/€]qe = pldo/e]qe mod g% — 1. Hence the
second summand is contained in (qdO —1)im V5, /4,, which is in turn contained in I, /, by

definition. This finishes the proof.

5.6. Lemma. — Let S be a commutative, but not necessarily unital ring, and let m € N be
arbitrary.
(a) Let p be a prime, let (=), denote derived p-completion and let v,(m) be the p-adic

valuation of m. Assume that §p is discrete. Then

~

q'Wm(S); ~ Q'VVv,,(m)—i-l(Sp) .
(b) Let N be an integer divisible by m and let (—);_, denote derived (q — 1)-completion.
Then R
Wi () 5],y = S[x]-
Proof. For (a), observe that n :=m/p*»(™ and [n],m/» are units in Z,[q — 1]. Hence, using
Lemma 5.5, the Frobenius and Verschiebung induce quasi-isomorphisms

Fut ¢-Won(S); =5 g-W o (S); and Vit ¢-W o0 (S)7 = =Wy ()7

p p p

which are mutually inverse (up to unit). Combining this with Remark 5.4 and Corollary 4.19
proves (a). For (b), a similar argument shows that

Fu: W (S) (%], == ¢Wi(9)[x],_, = 5[]

is a quasi-isomorphism, with inverse (up to unit) given by V. O]

Combining Lemma 5.6 with the derived Beauville-Laszlo theorem (Lemma A.8, Re-
mark A.9) provides a convenient method to reduce assertions about big ¢-Witt vectors to
their p-typical counterparts. For example, that method can be used to show analogues of
Proposition 4.15, Corollary 4.18, and Corollary 4.21 for big g-Witt vectors, but also to deduce

the global version of Theorem 4.43 (as we will see soon). With that being said, we can start
computing the cohomology of the g-Hodge complex.

5.7. Proposition. — Let (R,0) be a framed smooth Z-algebra. Then for all m € N, there
are isomorphisms
g W, (B) > HO(¢-Hdgp /(g™ — 1))

Under these isomorphisms, the Frobenius Fy, q: ¢-Wp(R) — ¢-Wq(R) gets identified with
the map induced by the canonical projection

¢-Hdgh o /(¢" — 1) — ¢-Hdgh o /(¢* - 1),

and the Verschiebung Vi, q: ¢-Wq(R) — ¢-W,(R) gets identified with the map induced by
the scalar multiplication map

[m/d]ga: ¢-Hdgh o /(¢* — 1) — ¢-Hdgp 0 /(g™ — 1).

52



§5.1. BIG ¢-WITT VECTORS

5.8. Outline of the Strategy. — We put Hj, o(m) == H*(¢-Hdgy 1 /(¢™ — 1)) for short.
To prove Proposition 5.7 we’ll see the combination of Lemma 5.6 and derived Beauville-Laszlo
in action for the first time. Unfortunately though, the argument will be somewhat convoluted,
due to the following complication: For our Beauville-Laszlo arguments to work, we need to
ensure that the g-Hodge complex and its cohomology interact well with various completions.
However, in order to ensure that, we already need to prove a part of Proposition 5.7.

So we’ll proceed as follows: First, we construct a map ¢-W,,,(R) — R[q — 1]/(¢"™ — 1)
and check that it lands in H%D(m). Then we use this to show that ¢-Hdgp o /(¢™ — 1)
is a complex of finite modules over the noetherian ring ¢-W,,(R). Once this is clear, all
completions till the end of this section will behave nicely and we can finish the proof of
Proposition 5.7.

Proof of Proposition 5.7 (first half). Let’s first construct a map
¢-Wn(R) — Rlg—1]/(¢" = 1).

Using Lemma 5.6 as well as derived Beauville-Laszlo in the form of Remarks A.9 and A.10,
we get a pullback square of Z[q — 1]-modules (and then also of Z[q — 1]-algebras)

G- W (R) —— Tl W, (my+1(Ep)

|

R[y] [y B[]

where N is any integer divisible my m. A similar pullback diagram exists for R[g—1]/(¢™—1).
We note that R[q — 1] is noetherian, so all derived completions that appear in the following
will be discrete and coincide with their underived counterparts. As in Lemma 5.6, we see
that R[g — 1]/(¢™ — 1) — R[q — 1]]/(qpvp(m) — 1) becomes an isomorphism after (—), for
all prime factors p | N. Similarly, the quotient map R[q — 1]/(¢"™ — 1) — R becomes an

isomorphism after (—) [%};\_1. Thus, we get a pullback

Rlg = 11/(@" = 1) — Ty Rollg = 11/ = 1)

J - J

~

R[y] [Lpin B[]

of Z[q — 1]-algebras. The maps q—va(m)H(Ep) — Rylq — lﬂ/(qpvpm) — 1) from Proposi-
tion 4.23 induce a map between these pullback squares, which gives us the desired map
Wi (R) — Rlq—1]/(¢™ = 1).

This map doesn’t depend on the choice of N by a standard argument. It’s also immediately
clear that it lands in H%’D(m). Indeed, q—Hdg}iD /(g™ — 1) can be written as a similar
pullback above, and then, by construction, ¢-W,,(R) is sent to 0 in each of the factors. This
finishes the first half of the proof. O

5.9. Lemma. — For all m € N, the ring ¢-W,,(R) is noetherian, and the map from
Proposition 5.7 makes ¢-Hdgr o /(¢™ — 1) into a complex of finite ¢-W,,(R)-modules.
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Proof. Let P = Z[T,...,T4] and P, :== Z[I{",...,T;"]. Replacing R by P in the above,
we get a map ¢-W,,,(P) — P[g — 1]/(¢™ — 1), which is injective because so are the maps
on all the pullback factors. Moreover, its image contains P, [¢ — 1]/(¢™ — 1), because each
pullback factor contains 7;™ for all ¢ = 1,...,d by inspection and Proposition 4.23. Now
q¢-W,,(P) is finite over the noetherian ring P,,[q — 1]/(¢"™ — 1) since it is a submodule of the
finite module PJq —1]/(¢"™ —1). This proves that ¢-W,, (P) itself is noetherian. To show the
same for ¢-W,,,(R), choose a surjection P’ — R from another polynomial ring P’ to see that
¢-W,,(R) is a quotient of ¢-W,,(P’), which is noetherian by the same argument as for P.

The complex ¢-Hdgp o /(¢™ — 1) is degree-wise finite free over R[q — 1]/(¢™ — 1), hence
it suffices to show that R[g — 1]/(¢™ — 1) is finite over ¢-W,,(R). In the case R = P,
this follows from the arguments above. In general, the étale framing [J: P — R induces a
quasi-isomorphism

Plg—1]/(¢™ = 1) 8L, (p) ¢ Wm(R) = Rlg —1]/(¢™ — 1).

Indeed, using Lemma 5.6 and derived Beauville-Laszlo (Remark A.9), this can be reduced
to an analogous assertion for p-typical g-Witt vectors, which has already been shown in the
proof of Lemma 4.53. O

5.10. Remark. — The proof of Lemma 5.9 shows slightly more: For all m € N, there exists
a Polynomial ring (in finitely many variables) P, over Z and surjection P, [¢—1] = ¢-W,,(R).
Furthermore, the argument didn’t use that (R,) is a framed smooth Z-algebra; all we
needed was that R has finite type over Z.

Proof of Proposition 5.7 (second half). On finite modules over a noetherian ring, p-com-
pletion is exact. Therefore, Lemma 5.9 ensures

Hyo(m); = HO ((¢-Hdgho /(0" ~1)),) = B (e-Hdgg, /(@ = 1))

and s0 ¢-Wp,(R) — H}, (m) is an isomorphism after (—), for all prime factors p | N by
Lemma 5.6 and Proposition 4.23. A similar argument shows that it is an isomorphism after
(=) [#] 41 Whence we are done by derived Beauville-Laszlo. O

§5.2. The Big ¢-de Rham—Witt Complex

Hesselholt-Madsen [HMO03] and Hesselholt [Hes15] have introduced a big de Rham-Witt
complex over any ring A. However, the (yet to be defined) object that we will confidently
call big q-de Rham Witt complex over R isn’t really a g-version of their big de Rham—Witt
complex. Instead, it’s probably better to think of it as a big version of the g-de Rham—Witt
complex from Definition 4.39.

On that note, let’s first give big versions of Definitions 4.28 and 4.29.

5.11. Definition. — Let R be a (not necessarily framed) smooth Z-algebra. An R-framed
q-V -system consists of the following data:

o A system (M})men of degree-wise Z-torsion free and degree-wise (¢ — 1)-complete
commutative differential-graded Z[q — 1]-algebras.

e Maps V,,,/q: M — M, of graded Z,[q — 1]-modules for all divisors d | m. Occasionally
we’ll use the same abuse of notation that we warned about in 5.1.
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e An ¢-W,,(R)-algebra structure on M2 for all m € N.
This data is required to satisfy the following four conditions:

(a) For all m € N, the structure maps ¢-W,,(R) — M), are compatible with the Ver-
schiebung on both sides.

—~
=
~

For all chains e | d | m of divisors, one has V,,,/q 0 Vy/e = Vi /e

—
()
~

For all d | m and all 2,y € M}, one has V,,, /4(x dy) = Vi, jq AV, /qy.
For all d | m and all € R, y € MY, one has

~—~
S

m/d—
Vm/dy d[T]rrL = Vm/d (y[T]d / 1) de/d[T}d s
where [r]g and [r],, denote the images of the respective Teichmiiller lifts of r under
¢-W4(R) — MY and ¢-W,,(R) — M),.
There is an obvious category ¢-V Sysp of R-framed g-V-systems.
5.12. Definition. — Let (M})men be an R-framed ¢-V-system. A set of Frobenius

operators on (M., )men consists of maps F,,,/q: My, — M of graded Z[q — 1]-algebras for
all d | m, which satisfy the following conditions:

(a) For all m € N, the structure maps g-W,,(R) — MY, are compatible with the Frobenius
on both sides.

(b) For all chains e | d | m of divisors, one has Fy. 0 Fy, /g = Fp/ec.
(c) Forall d|m, one has F, /40 V,,/q =m/d and Vi, g0 Fyy g = [m/d]ga.

An R-framed ¢-V-system equipped with a choice of Frobenius operators will be called a
q- Witt system over R, and the corresponding category will be denoted ¢-Witt g.

5.13. Remark. — Just as in Remark 4.30 (only that we have to replace p-torsion freeness
by general Z-torsion freeness), we get a whole zoo of relations that hold for any R-framed
q-V-system (M,,)men- First of all,

(5.13.1) Viood=n(doV,)

holds for all n > 1. Furthermore, if (M,,)men is equipped with Frobenius operators, then
(5.13.2) F,odoV,=d and n(F,od)=doF,

holds for all n > 1, along with the projection formulas

(5.13.3) aVoy = Vo (Fu(z)y) and nVi(y)Va(z) = Va(yz)

for all y, z € M}, x € M}, (but note that these formulas also hold without the existence of
Frobenius operators as long as x, y, and z are contained in the image of the structure maps
W (R) — MO and ¢-W,,(R) — M?, respectively). Finally, if n and k are coprime,
then the relation

(5.13.4) F,oVy=V,o0F,

holds automatically. Indeed, by Z-torsion freeness, this can be checked after applying
n = F, oV, on both sides, hence also after applying V,,. For x € M}, we obtain V,, F,,V,x =
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[n]gem/n Vex and Vi, Vi Fpo = ViVoFpx = [n]gm/»Viw. Since k and n are coprime, the
sequences 1,¢™/™, (¢™/™)?,...,(g™/™)" 1 and 1,¢*™/", (¢*™/™)2, ..., (¢"™/™)"~ coincide
modulo ¢™ — 1 up to permutation. Now Viz is a (¢"™ — 1)-torsion element and thus
[n]gm Vi = [1] jkm/n Vi, as desired.

5.14. Remark. — As in Remark 4.31, one can show that the Teichmiiller condition from
Definition 5.11(d) is redundant for y contained in the image of ¢-Wy(R) — MY, and in the
presence of Frobenius operators even for arbitrary .

5.15. Lemma. — Let (R,0) be a framed smooth Z-algebra. The graded Z[q — 1]-modules
H*(¢-Hdgr o /(¢™ — 1)) for m € N can be equipped with the structure of a q-Witt system
over R (Definition 5.12) in a natural way.

Proof. The differential-graded algebra structures along with the Frobenius and Verschiebung
maps can be constructed as in 4.33, 4.34, and 4.37, and to show that they satisfy the desired
conditions one can argue as in the proof of Lemma 4.32. It only remains to show that
H*(¢-Hdgr o /(¢™ — 1)) is Z-torsion free in every degree. But for every prime p, being
p-torsion free can be tested after derived p-completion (as long as everything stays discrete,
see Lemma A.5(b)), and

i % m S T T A vp(m)
(H'(¢-Hdgrp/(¢™ — 1)), = H'(¢-Hdgh /(" - 1))
P>
holds for all ¢ by Lemma 5.9, so Corollary 4.8 finishes the job. O

5.16. Proposition. — Let R be a smooth Z-algebra. The category ¢-VSysp has an
initial object (¢-W,,, Q%) men. It satisfies ¢-W,, Q% = ¢-W,,,(R) for all m € N. Moreover,
¢-W,QF = Q% is de Rham complex of R, and in general, ¢-W,,Q% is a quotient of the
degree-wise (q — 1)-completed de Rham complex ﬁZ—Wm(R)/Z[[q—I]] by a differential-graded ideal.

5.17. Definition. — For all m € N, the commutative differential-graded algebra ¢-W,, Q%
from Proposition 5.16 is called the m™ big q-de Rham~Witt complex over R.

Proof of Proposition 5.16. Remark 5.10 implies that QZ—WM(R)/Z[[q—l]] is degree-wise finite
over the noetherian ring ¢-W,,(R). Hence all completions in the following will be nicely
behaved.

We first describe the construction. Let m > 1 and suppose the ¢-W; Q% fori <m —1
along with the Verschiebung maps between them have already been constructed as desired.
We wish to construct ¢-W,,,Q% and V,,/q: ¢-WqQ% — ¢-W,,,Q% for all divisors d | m. To
this end, let R

Now € Qg.w, (m) /21011
denote the smallest degree-wise (¢ — 1)-complete differential-graded ideal with the following
property: For all divisors d | m, d # m, all k > 1, all finite indexing sets I, and all sequences
(@i, i1, - - Tik)ier of elements of ¢-Wy(R) such that

0= Zaidxm /\/\dJ?Lk
i€l

holds in q—W’UlQ’f,L (which is a quotient of ﬁ;_wd (R)/Z[g—1]" SO the above sum makes indeed
sense), the degree-k element

§= Z Vinyai AV, jqzia A -+« ANdVi, g
iel
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is contained in Ny, (here V,,,/; denotes the Verschiebung on big ¢-Witt vectors, so the
definition isn’t circular). Now define ¢-W QF, = Qq_wm(R)/Z[[q_l]]/N;"n. As this might not
yet be Z-torsion free, we let ¢-W,,,Q}, be the quotient of ¢-W! QF, by its differential-graded

ideal of Z-torsion. Furthermore, we define V,,, /4: ¢-WqQp — ¢-W,,, Q% by the formula
Vm/d (a dxl VANRERAN dxk) = Vm/da de/dxl VANEERIVAN de/dxk

for all divisors d | m. By definition of N}, the map V;,,4 is well-defined. Hence the
above construction yields indeed a system (¢-W,,,Q2};)men that satisfies all conditions from
Definition 5.11 except for possibly the Teichmiiller condition. But since ¢-W,,,Q% = ¢-W,,,(R),
Remark 5.14 ensures that the Teichmiiller condition holds true automatically. Finally, proving
that (¢-W,,Q2%)men is indeed initial in ¢-V'Sysp can then be done by a straightforward
argument as in the proof of Proposition 4.38. O

§5.3. The Main Theorem in the Global Case

5.18. Theorem. — Let (R,0) be a framed smooth Z-algebra. For all m € N, the unique
map induced by Lemma 5.15 and Proposition 5.16 is an isomorphism

W Q5 = H*(¢-Hdgr o /(¢™ — 1)) .

In contrast to the p-complete case, this time we won’t get around proving the existence
of Frobenius operators on (¢-W,,Q};)men. Instead, their existence will play a crucial role in
the proof. So that will be our first task.

5.19. Proposition. — For any smooth Z-algebra R, the big q-de Rham—Witt complex
(¢-W,, Q% ) men admits a unique choice of Frobenius operators. Therefore, it is also an initial
object in the category q¢-Wittg from Definition 5.12.

We send an auxiliary lemma in advance.

5.20. Lemma. — Let m € N and n > 1. Then for all x € ¢-W,,,(R), the element
dF,(z) € ¢W,,Qk is divisible by n.
Proof. Since all maps in sight are linear over Z[g— 1] and (g — 1)-adically continuous, we may

as well assume 2 € W,,,(R). Let 2 = (24)gjmn, 50 that z = Zdhrm Vinnyalzal by 5.1. Then
we may further reduce to the case x = V,,,, /q[x4]. Putting k = ged(n, mn/d), we compute

Fo (@) = Fy (Vinnyalzal) = kVimny s ary (Fuyi(@a)) = kVinnyar) ([2a]™*) -

Since d is a derivation, d([z4]™/*) is divisible by n/k. Hence also Viun)/(ar) d([z4]"*) =
(mn)/(dk) dV(mn)/(dk)([xd]"/k) is divisible by n/k. But (mn)/(dk) and n/k are coprime by
definition of k, so already d‘/(mn)/(dk)([xd]”/k) is divisible by n/k. Then the calculation
above shows that dF,,(z) is indeed divisible by n. O

Proof of Proposition 5.19. 1t suffices to construct Fj,: ¢-W,, Q% — ¢-W,, ,,Q% for all prime
factors p | m. The Frobenius on big ¢-Witt vectors induces a map of differential-graded alge-
bras on (¢—1)-completed de Rham complexes over Z[¢g—1]. Combining this with Lemma 5.20
shows that we can define a map of graded rings Fj,: ﬁ;—Wm(R)/Z[[q—l]] — q¢-Wp, ,, Q% via

FoadFpyxy A--- ANdFpay
P

Fy(adzy A--- Aday) =
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for all a, z1, ..., 2 € ¢-W,,,(R); here we also use Z-torsion freeness to ensure that the quotient
is well-defined. We’re certainly done if we can show that this map descends to ¢-W,,Q%.

To this end, first note that F, satisfies d o F,, = p(F), o d). By Z-torsion freeness of
q-W,, p %, this implies that the kernel of F), is a differential-graded ideal, even though F,
itself is not a map of differential-graded algebras. Hence it suffices to show that F}, annihilates
the generators of the differential-graded ideal N7, from the proof of Proposition 5.16 (because
it also automatically annihilates any remaining Z-torsion).

So let € be as in the proof of Proposition 5.16. Let’s first assume p divides m/d. Then
Fy0Vinja = pVim/p)/a and therefore

Fp(f) = p‘/(m/p)/d (Z a;dx; 1 A A dxi,k) .

i€l

But Ziel a; dz; 1 A---Adz; j; vanishes in g-WgQ5, by assumption, and so Fj,(§) = 0, as desired.
Now assume p is coprime to m/d; let mg := m/p and do := d/p. Then F,oV,, /4 = Vi d, 0 Fp.
Furthermore, arguing inductively, we may assume that F,: ¢-W3Qp — ¢-Wy,,Q7% has already
been constructed. This allows us to compute

Fp(f) _ Z (Vmo/doFPa‘i) d(Vmo/don‘Zl;l) ARERNA d(vmo/donxi,k)
el

= mo/don (Z a; dl’@l VARERIAN d$17k> .

el

But Ziel a;dx; 1 A -+ Ada; i vanishes in ¢-WgQF, again and therefore we get F,(§) = 0
in the second case too. This finishes the proof that (¢-W,,Q25;)men can be equipped with
Frobenius operators. Uniqueness and the fact that we get an initial object in ¢-Wittg can
be deduced as in 4.41. O

We need only one final lemma before we can prove Theorem 5.18.

5.21. Lemma. — The full subcategory of ¢-Wittgp spanned by those q-Witt systems
(M} ))men over R such that each M}, is degree-wise p-complete is equivalent to the category

q—\ﬁit\tﬁ of p-complete q- Witt sequences over ﬁp (Definition 4.29).
P

Proof. Let (M},)men be an element of ¢-Wittg such that each M, is degree-wise p-complete.
If we denote n :=m/ p?»(™) | then Frobenius and Verschiebung

Foi My, — My, and Vo: M0 — M,

are mutually inverse (up to unit) isomorphisms by the same argument as in Lemma 5.6.

Hence (M, )men = (Mpn)n>1 defines the desired equivalence. O

Proof of Theorem 5.18. Let N be any integer divisible by m. By the derived Beauville-Laszlo

theorem (Lemma A.8, Remark A.9), whether ¢-W,, Q3 — H*(¢-Hdgr 5 /(¢™ — 1)) is an
isomorphism can be checked after applying the functors (—), for p [ N and (—) [%];_1 in
every degree.

Let’s consider the p-completions first. Using Proposition 5.19, we see that the degree-wise

p-completion of (¢-W.,Q%)men is the initial object in the category of all g-Witt systems

58



§5.3. THE MAIN THEOREM IN THE GLOBAL CASE

(M}, )men such that each M is degree-wise p-complete. By Lemma 5.21, this provides us
with isomorphisms _ N
(q_WmQ%); — q_WUP(m)-&-lQZ’R?p

for all 7. But thanks to Lemma 5.9, we also have an isomorphism
i * m ~ o~ il AT vp (m)
(H' (¢ Hdgh o /(0™ ~ 1)), = H' (¢ gy /@ = 1))

Hence Theorem 4.43 finishes the job after p-completion.
Now let’s consider the situation after (—) [%] -1 has been applied. By the same argument
as in Lemma 5.6, the Frobenius

Fon: W [5], s — ¢ WiQk[x], ) = Qk[¥]
is an isomorphism for all 4, with inverse (up to unit) given by the Verschiebung V;,,. But the

same argument again, together with Lemma 5.9 to ensure that (¢ — 1)-completion commutes
with cohomology, shows that

(' (¢-Hdgk o /(q" = 1)) [5],_, — H'(¢-Hdgk o /(e = 1) [§],, = %[F]

is an isomorphism as well. We are done! O
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§6. Why Functoriality Fails

Fix a prime p. In this section, we’ll attempt to explain why there is no p-completed g-Hodge
complex functor

q—Hdg(,) : SmZp — Dcomp (Zp [[C] - 1]])

from the category of p-completely smooth Z,-algebras into the full sub-oco-category of derived
(p, ¢ — 1)-complete objects in the derived oo-category D(Z,[q — 1]); or, at least, we’ll explain
why the properties we would reasonably expect from this functor are inconsistent. For the
sake of contradiction, assume such a functor exists.

6.1. The Derived ¢-Hodge Complex. — Let m(Ring) denote the full sub-oco-category
of derived p-complete objects in the co-category of animated rings. Here, the oo-category of
animated rings refers to the animation of the category of rings as defined in [CS21, Section 5.1];
for example, it can be obtained as the co-categorical localisation of the category of simplicial
rings at those morphisms that are weak homotopy equivalences of underlying simplicial sets.
Also an animated ring A is called derived p-complete iff A ~ Rlim, >4 A/ Lpn,

If a functor as above exists, we can study its left Kan extension along sz — Am(Rlng)
(where the left Kan extension is necessarily taken in the co-categorical sense; see [HTT, §4.3]).
This left Kan extension exists because Deomp(Zp[g — 1]), being a Bousfield localisation of
D(Zy[q — 1]), has all colimits. We still let

Q-ﬁ(Tg(—)i E(Ring) — Deomp (ZP[[Q - HD

denote the extended functor. This notation makes sense, because the value q—ﬁd\g R On p-
completely smooth Z, algebrab R remains unchanged; indeed, by derived (g — 1)-completeness

and the filtration of ¢- Hdg r/T(qg—1) from Lemma 6.3 below, this reduces to the observation
that /\ L R~ Q ‘2, Where L r denotes the p-completed cotangent complex of R.

6.2. ¢-De Rham—Witt Filtrations. — For all n > 0 and all 7, let
Filf ™ (¢-Hdg ) /* (7" — 1))

denote the left Kan extension of the functor R — 7<i(¢-Hdgr/(¢”" — 1)) on p-completely
smooth Z,-algebras. For any derived p-complete animated Z,-algebra A, this defines an
increasing filtration

{Filr " (¢-Hdga/ (¢ = 1) = ¢-Hdga/"(¢" = 1)}

on q—ﬁ&\g /% (g?" — 1) by functoriality of left Kan extensions; we call it the ¢-de Rham-Witt
filtration. This terminology is due to the following observation: Left Kan extension (being
a left adjoint) preserves colimits of functors (which are computed pointwise), and hence
in light of Theorem 4.43 we would expect that the filtration quotients, i.e., the cofibres
gr™? ~ cofib(FIl2Y? — FilT™) in Deomp (Zpq — 1]), are given by

gr?" (g-Hdga /" (¢"" — 1)) ~ Lg-Wy1 Q4[] ,

where the right-hand side denotes the left Kan extension (shifted by —i) of the functor
R q—WnHQl}2 on p-completely smooth Z,-algebras.
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Furthermore, preservation of colimits shows that the filtration is exhaustive, that is, we
have an equivalence

q—ITd\gA/L(qp" —1) ~ (colim Filg'wQ (q—}Td\gA/L(qp" - 1))) ,
i20 (p,g—1)
where the right-hand side is the derived (p, ¢ — 1)-completion of the colimit in D(Z,[q — 1])

and thus agrees with the colimit taken in Deomp(Zp[g — 1]). Finally, by functoriality of the
smart truncation 7%, the projection map

— n — n—1
¢-Hdga/"(¢"" — 1) — ¢-Hdga/"(¢" - 1)

should be compatible with the g-de Rham—Witt filtrations on both sides. In view of
Theorem 4.43, we should moreover assume that the map Lg-W,,+1(A) — Lg-W,,(A) induced
on the 0" filtration quotients is induced by the Frobenius F': ¢-W,,;1(A4) — ¢-W,,(A), and
similarly in higher degrees.

6.3. Lemma. — In the case n = 0, the filtration quotients from 6.2 can be explicitly
determined: For every derived p-complete animated Z,-algebra, one has

Lq—Wlﬁfﬁl ~ (/\TAEA) y
P
where EA denotes the derived p-completed cotangent complex of A and /\f4 denotes the derived
exterior power functor; see [SAG, Construction 25.2.2.2) for example.

Proof. We need to show that ( A’y L A); is the left Kan extension of the functor R — Qﬁ
on p-completely smooth Z,-algebras. Unfortunately, this isn’t immediately clear from the
construction of the cotangent complex, which we now recall: Let Poly, denote the category
of polynomial rings in finitely many variables. Then the functor Ani(Ring) — D(Z) given by
A N’y L4 is the non-abelian left derived functor, or animation, of the functor Poly, — D(Z)
given by P — Q%. That is, it’s the contractibly unique sifted colimits-preserving extension
guaranteed by [HTT, Proposition 5.5.8.15].

Then A — (A", EA); is the animation of Poly; — Deomp(Zp) given by P — ﬁfp, because
the derived p-completion functor (—);: D(Z) — Deomp(Zy) preserves all colimits. Hence
the technical Lemma 6.4 below (together with the derived Nakayama lemma to verify the
required condition) finishes the proof. O

6.4. Lemma. — Let F': Poly; — Deomp(Zy) be a functor whose animation

LF: Ani(Ring) — Doomp(Zp)

~

satisfies LF(A) ~ LF(A,) for all animated rings A. Then the restriction of LF to the full
sub-co-category of derived p-complete animated rings agrees with the left Kan extension of
the restriction of LF to Smg,,.

Proof. Note that the forgetful functor KE(Ring) — Ani(Ring) has a left adjoint given by
derived p-completion; moreover, the counit is evidently an equivalence as all derived p-
complete animated rings A satisfy A\p ~ A. Hence KITi(Ring) can be regarded as a Bousfield
localisation (and thus indeed as a full sub-co-category) of Ani(Ring).
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The unit of the adjunction above induces a natural transformation LF' = LF o (—);
which is an equivalence by our assumption on LF. Hence LF factors over a functor

L'F: Ani(Ring) — Deomp(Zp) -

By general nonsense about localisations, L'F' is necessarily the left Kan extension of LF.
Hence by general nonsense about Kan extensions, L'F is also the left Kan extension of

F along (—),: Poly; — KHi(Ring). But then L'F can also be computed by first left Kan
extending F' to a functor
F: Smz, — Deomp(Zy)

and then left Kan extending F’ along S/I\HZP — KrTi(Ring). So it remains to show that
F’ is the restriction of LF, or equivalently of L'F. But that’s a general property of Kan
extensions along fully faithful functors, and S/I\HZP — KITi(Ring) is indeed fully faithful because
the discrete derived p-complete rings form a full sub-oco-category of all derived p-complete
animated rings (and even a Bousfield localisation, with left adjoint given by ). O

6.5. Remark. — Given that q—ﬁagR/L(q —1) ~ q—ﬁd\g*R,D/(q — 1) for every framed
p-completely smooth Z,-algebra (R,), we might even expect that the filtration for n = 0 is

split, that is,
¢-Mdgr/"(g— 1) <EB/\ALA>

20

However, we won’t need that to derive our contradiction.

6.6. Proposition. — There is no functor
q—Hdg Anl(ng) — Deomp (Zp[a — 1])

such that q-ﬁd\gA/L(q”" — 1) has a filtration as in 6.2 for all derived p-complete animated
rings A and all n > 0.

Our strategy to prove Proposition 6.6 will be to evaluate q—ﬁd\g(,) at a perfectoid ring R
and show that it has contradictory properties. We send two lemmas in advance.

6.7. Lemma. — If A is a discrete derived p-complete ring, then the q- Witt vectors of A
coincide with their derived variant. That is

Lq'Wn(A) = q'Wn(A) .

Proof. By construction of left Kan extensions, [HTT, Definition 4.3.2.2], Lg-W,,(A) is a
colimit over ¢-W,,(R), indexed by maps R — A with R a p-completely smooth Z,-algebra.
By functoriality of ¢-W,,(—), this provides a contractibly unique map Lg-W,,(A) — ¢-W,,(A).
We use induction on n to show that it is an equivalence. The case n = 1 is clear, as then
both sides are just A. For the inductive step, Proposition 4.15 and its derived variant provide
a map of cofibre sequences

Lq'Wn(A) - Lq-Wn+1(A) - A[[q - 1]]/L[p] n-1

| | -

Wl A) ——— ¢- Wiy (4) Allg —11/[pl -
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in Deomp(Zypg — 1])). The left vertical arrow is an equivalence by the induction hypothesis,
and the right vertical arrow is an equivalence because [p] ,»-1 is a nonzerodivisor on Afg — 1]
by Lemma 4.16. Hence the middle arrow must be an equivalence as well. O

6.8. Lemma. — Let R be a perfectoid ring and let Aing = Ains(R). Then

Q-ﬁd\gAi,,f ~ Ainelg — 1] .

Proof. Since Aj,¢ is p-torsion free, its Frobenius defines a unique d-structure. Then Con-
struction 4.26 provides maps ¢-Wy 41 (Aing) — Aine[g — 1]/(¢?" — 1) for all n > 0. Using the
same inductive argument as in the proof of Proposition 4.23, plus the fact that the Frobenius
¢: Aint — Ajpr is an isomorphism, shows that ¢-W, 1 (Aing) = Aine[q — 1]/(¢?" — 1) for all
n > 0. Using 6.2, Lemma 6.7, and Lemma A.11, we get maps

Aintlg — 1] — Rlim ¢-Wy41(Aing) — Rlim ¢-Hdga,,/ (¢"" —1) ~ ¢-Hdga,, -

is an equivalence can be checked

inf

Whether the composite map Aje[g — 1] — q-IT(fg A
after applying (—)/*(q — 1) on both sides. But La,, ~ 0 by a standard argument and so
Lemma 6.3 shows that we get indeed an equivalence. O

Proof of Proposition 6.6. Let R be a perfectoid ring in the sense of [BMS18, §3]. We assume
that R is p-torsion free for convenience. First we wish to show that ¢-Hdgp is discrete and

nonzero. Applying Lemma A.5(b) twice, it suffices to show that q—ﬁd\gR/L(p, g—1) is discrete
and nonzero. By 6.2, we can write

¢-Hdgr/"(p.q = 1) = colim Fil! ™ (¢-Hdga/" (¢ — 1)) /"p.

Because this is a filtered colimit, it suffices to show that each Filg'WQ(q-ﬁ(IgA/L(q —1)/Lp
is discrete and that the transition maps are injective. Moreover, both assertions will follow
at once if we can show that each filtration quotient gr™""(¢-Hdga /% (q — 1))/Lp is discrete.

These filtration quotients can be evaluated using Lemma 6.3: We have Lg ~ RJ[1]; see [BMS19,
Proposition 4.19] for example. Hence a result of Illusie (see [I1171, Proposition 4.3.2.1] or

[SAG, Proposition 25.2.4.2]) shows
(ARLr) =i = (AR(RI))) [i] = TR(R) = R,

where I'i;(—) denotes the i*! divided powers functor. Since we assume R to be p-torsion free,
we see that R/Lp is indeed discrete, as desired.

By now we know that q—ﬁa\g r is discrete. Moreover, it is (p, g — 1)-completely flat over
Zyp[lg — 1] since q—IId\g r/Y(p,q — 1) is discrete and thus automatically flat over F,,. Together
with Lemma A.7, this implies that ¢-Hdgr/L(¢? — 1) and ¢-Hdgr/Ep are discrete as well.
So all these derived quotients can also be written as ordinary quotients, which we’ll do in
the following.

We’re ready to derive the final contradiction. Write R & A, /€, where & is a distinguished
nonzerodivisor, and consider the map

Auntllg = 1] ~ ¢-Hdga,, — ¢-Hdgr.
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The element ¢ € Ajy¢[q — 1] vanishes under ¢-Wi(Aing) — ¢-W1(R), hence it vanishes in
q—%R/(q — 1). Thus the image of £ in q—ﬁa\gR must be divisible by ¢ — 1. Similarly,
the element ¢(§) — [p]40(§) € Aint[g — 1] vanishes under ¢-Wa(Aing) — ¢-Wa(R), because
o(&) — [pl49(€) is the image of the Teichmiiller lift [¢] € ¢-Wa(Ains) under Construction 4.24.
Hence the element ¢(€) — [p]40(§) vanishes in q—I—Td\g r/(¢P — 1), which means that its image
in q—ITd\gR must be divisible by ¢P — 1.

We conclude that in ¢-Hdgg/p both &7 and ¢(&) — [pl46(¢) = €7 — (¢ — 1)P=15(¢) mod p
are divisible by (¢ — 1)P. Hence (¢ — 1)P~16(¢) is divisible by (¢ — 1)P. But q—ﬁd\gR/p is
(g — 1)-torsion free as q—ﬁd\gR/L(p,q — 1) discrete. Hence §(&) is divisible by (¢ — 1) and
thus vanishes in q—ﬁa\gR /(p,q — 1). Then it must already vanish in the 0*" filtration step
¢-W1(R)/p = R/p. However, this forces R/p = 0, since ¢ is distinguished and therefore 6(¢)
is a unit. This is clearly a contradiction. O
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§A. Appendix
§A.1. Derived Complete Algebra

Completions, both derived and underived, are ubiquitous throughout the text. For the
reader’s convenience, we collect all the necessary facts in this subsection.

A.1. Derived Completeness. — Let A be a ring and f € A. Recall that an element
M € D(A) of the derived category of A is called derived f-complete if

Rlim(...HMLMLM)zO.

The Rlim on the left-hand side is denoted T'(M, f) in [Stacks, Tag 091N], where T probably
stands for telescope.

More generally, if I C A is any ideal, we say that M is derived I-complete iff it is derived
f-complete for all f € I. Equivalently, by [Stacks, Tag 091Q)] it suffices to require that
M is derived f-complete for all f in a generating system of I. We let Dr_comp(A) denote
the full subcategory of D(A) spanned by the derived I-complete objects. Furthermore, if
D(A) denotes the derived oco-category of A, then Dr_comp(A) denotes the full sub-co-category
spanned by the derived I-complete objects. If I is clear from the context, we often just write
Deomp(A) and Deomp(A4).

A.2. Lemma. — Let A be a ring and I C A an ideal.
(a) The sub-oo-category Deomp(A) C D(A) is closed under finite colimits and arbitrary
limits.

(b) An object M € D(A) is derived I-complete iff its cohomology H'(M) is derived I-
complete in every degree i. Thus, the category of all A-modules which are derived
I-complete as objects of D(A) is closed under kernels, cokernels, and extensions.

Proof. Part (a) is clear as Rlim, being the internal limit in the stable co-category D(A),
commutes with finite colimits and arbitrary limits. For the first half of (b) see [Stacks,

Tag 091P]. Together with (a), this formally implies the second half of (b). O
A.3. Koszul Complexes and Derived Completion. — If the ideal I is finitely gen-
erated, there’s yet another criterion for derived I-completeness. Let fi,..., f, be arbitrary

generators of I and let

K ::Kos*(A,(f{L,...,ff)):(Afi» @4 @a (Af—:>A)

denote the cohomological Koszul complex of A with respect to f1, ..., f, where each of the
complexes in the tensor product on the right-hand side is concentrated in degrees —1 and
0 (so that K is concentrated in degrees —r,...,0). Then [Stacks, Tag 091Z] shows that
M € D(A) is derived I-complete iff the canonical map

M == Rlim M @4 K*
n>1

is a quasi-isomorphism. Furthermore, M — Rlim,>; M ®% K} defines a left adjoint to
the inclusion Deomp(A) € D(A), thus making Deomp(A) a Bousfield localisation of D(A).
We'll usually denote this left adjoint by (—)7 and call it derived I-completion. It follows
formally that (—)7 commutes with colimits, or in other words, that colimits in Deomp(A) are
computed by taking the colimit in D(A) and then I-completing it.
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A.4. Lemma (Derived Nakayama lemma). — Let A be a ring and let M € D(A).
(a) If M is derived f-complete for some f € A, then M /L f ~ 0 implies M ~ 0.

(b) IfI C A is a finitely generated ideal and M ®@% AJI ~ 0, then M ~ 0. Moreover, if M
is discrete, then already M/IM = 0 implies M = 0.

Proof. If M/*f ~ 0, then multiplication by f induces a quasi-isomorphism f: M — M.
Thus T (M, f) ~ M. But if M is derived f-complete, then T'(M, f) ~ 0 by definition. Hence
part (a) follows. For (b) see [Stacks, Tags 0G1U and 09B9] O

Next we’ll discuss various questions of discreteness.

A.5. Lemma. — Let f € A and M € D(A).

(a) If M is discrete, then the derived f-completion of M is discrete iff lim,>1 M[f"] =0,
where M|[f"] denotes the f™-torsion part and the transition maps M[f"+1] — M[f"]are
multiplication by f. In particular, if M is f°°-torsion free, then its derived f-completion
1s discrete and coincides with the underived f-completion.

(b) If M is discrete, then M is f-torsion free iff Z/\l\f is discrete and f-torsion free.
(¢) If M is derived f-complete and M/ f is discrete, then M is discrete.

Proof. Part (a) follows from [Stacks, Tag 0BKG], which implies that M, ¢ is concentrated in
degrees 0 and —1, with H~1(Mj) 2 lim, > M[f"].

For part (b), first note that M/L f is derived f-complete (because its cohomology is
f-torsion, so Lemma A.2(b) applies) and that derived f-completion commutes with (—)/~f.
Hence M/Lf ~ J/W\f/Lf. Since the f-torsion part of M is isomorphic to H~*(M/Ef), the
claim follows.

Finally, we prove (c¢). Observe that we have exact sequences

0 — H'(M)/f — H'(M/"f) — HTH(M)[f] — 0

for all i. If M/Lf is discrete, then H'(M)/f = 0 for all i # 0. But H*(M) is derived
f-complete by Lemma A.2(b), hence H'(M)/f = 0 implies H (M) = 0 by the derived
Nakayama lemma. ]

A.6. Lemma. — Let A be noetherian and I C A any ideal. Then derived and underived
I-completion coincide for all finite A-modules.

Proof. If T is principal, this follows directly from Lemma A.5(a). For the general case see
[Stacks, Tag OEEU]. O

A.7. Lemma. — Let A be a noetherian ring and I C A an ideal. Let M € D(A) be derived
I-complete and I-completely flat. Then M is discrete and a flat A module.

Proof. We may assume that A is I-complete, for if not, we can replace A by its I-completion
A (which is flat as A is noetherian). It suffices to show that M ®4 N is discrete whenever N
is finite over A. Note that M @4 N ~ M @ﬁ N by [Stacks, Tag OEEV]. Also, if we choose
generators fi,...,f, of I and let K} = Kos"(4, (f*,...,f")) denote the corresponding
homological Koszul complexes, then

M BN = Rl (M 5 N) ok ;) = Rl (M 65 (V04 K7)
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by definition of derived I-completion and the fact that K is degree-wise free. Now the
pro-objects {N ®4 K}},>1 and {N/(fT,..., f7)}n>1 in D(A) are isomorphic; this can be
shown by virtually the same argument as in [Stacks, Tag 0921]. Hence

Now each M @4 N/(f*,..., f*) is discrete as M is I-completely flat, hence it coincides with
(M ®a N)/(fT",..., f). This shows that the transition maps are surjective and thus the
Rlim above must be discrete. O

The formalism of derived completion allows us to prove a derived analogue of the Beauville—
Laszlo theorem ([BLI5]; see also [Stacks, Tag 0BNI]). This result is used on several occasions
throughout the text, both in the construction of the g-de Rham complex over Z and in the
computation of the cohomology groups of the ¢-Hodge complex.

A.8. Lemma (Derived Beauville-Laszlo). — Let A be a ring and f € A any element. We
write (—) [%] D(A) — D(A) for the f-localisation functor and (—)7: D(A) — D(A) for
derived f-completion.

(a) The functors (—) [%] and (=)} are jointly conservative.

(b) For any M € D(A) we have the following pullback square in the derived oo-category
D(A):

Proof. In contrast to the Beauville-Laszlo theorem for modules, the derived version is
almost trivial. For (a), recall from [Stacks, Tag 091V] that M/ can also be computed as
RHom 4 (C, M), where C denotes the complex A — A[%] in degrees 0 and 1. Thus, My ~ 0
implies

RHom 4 (A[%],M) ~ RHomy (A, M) ~ M.

But then M is already f-local, so M[%] ~ M. Therefore M[%] ~ 0 implies M ~ 0.

For (b), we use (a) to see that the homotopy pullback property may be checked after
applying (—) [ﬂ and (—)7. If we apply (—) [%] to the diagram above, both columns become
quasi-isomorphisms and the pullback property is obvious. Similarly, derived f-completion
vanishes on f-local objects, hence after (—); the bottom row becomes 0, whereas the top
row becomes a quasi-isomorphism, so again the pullback property is trivially satisfied. [

A.9. Remark. — Whenever Lemma A.8(b) is used in the text, it will appear in the
following formulation: Let M € Dgomp(Z[g — 1]) be derived (¢ — 1)-complete and let N > 0
be an integer. Then

Hp|N Mp
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is a pullback diagram in Deomp(Z]g — 1]). Indeed, this can be seen as follows: First apply
Lemma A.8(b) in the case A = Z[q¢ — 1] and f = N and observe that the derived N-
completion of M coincides with the product over the derived p-completions of M for all prime
factors p | N; for example, this follows from the Chinese remainder theorem. Then apply
derived (¢ — 1)-completion to the ensuing pullback diagram. This preserves the pullback
property and gives the pullback diagram above, as M and J\//.Tp coincide with their derived
(g — 1)-completions because they are already derived (¢ — 1)-complete by assumption and
Lemma A.2(a).

A.10. Remark. — Let A be any ring. Observe that if we have a pullback diagram

— s L

1 o]

M —— N

in the oo-category D(A) for which all participants are discrete, then this diagram is also
a pullback in the category of A-modules. Indeed, the pullback property is equivalent to
K — M &L — N (where the maps are equipped with your favourite sign convention) being
a fibre sequence in D(A). But then 0 — K — M & L — N — 0 must be a short exact
sequence of A-modules, proving that the above square is indeed a pullback (and a pushout)
of A-modules.

In particular, if M in Remark A.9 is discrete and all completions happen to stay discrete
as well, then the pullback diagram given there is also a pullback diagram of Z[q — 1]-modules.
This observation is used several times in §5 to get some strictly functorial maps out of
Remark A.9.

Finally, we prove a technical assertion needed in the proof of Lemma 6.8.

A.11. Lemma. — Let M € Dcomp(Zp[q — 1]) be a derived (p,q — 1)-complete complex.
Then the following canonical map is a quasi-isomorphism:

M = Rlim M/E (P —1).

Proof. Both sides are derived (¢ — 1)-complete, so it suffices to check that we get a quasi-
isomorphism after applying (—)/%(¢ — 1). Note that this commutes with the Rlim,>;. Also
note that

(Zpla = 11/(@”" = 1)) /" (g = 1) = Zp/"(¢"" —1) 2 Z,[1] © Z,.

The transition maps (Z,[g — 1]/(¢”" = 1))/"(q = 1) = (Zy[g — 1]/(@" = 1))/*(¢ - 1)
are the identity on the summand Z, and multiplication by [p],,» = p mod ¢ — 1 on the
summand Z,[1]. Putting everything together, we see that

Rlim (M/*(¢”" —1))/*(q— 1) =~ T(M/*(q — 1),p)[1] ® Rlim M/*(q — 1).

n=0 n>1

But M/*(q — 1) is derived p-complete and thus the telescope T'(M /% (g — 1),p) vanishes.
Therefore, after applying (—)/(¢ — 1) to both sides of the original map we get indeed a
quasi-isomorphism M/L(q — 1) ~ Rlim,, >0 M/*(q — 1), as claimed. O
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§A.2. Joyal’s §,-Operations and their Inverses

Let A be a 0-ring. By a result of Joyal, [Joy85], there are functorial maps (of sets) d;: A — A,
called Joyal’s §;-operations, which satisfy

¢" () = So(z)"" +pSi (@) 4 -+ p"n()

for all z € A and all n > 0. In particular, do(x) = x, 01(z) = é(x), and = — (dp(z), 61(x),...)
defines a ring map A — W (A) which is a section of the 0" ghost map wqy: W (A4) — A.

In this subsection we’ll construct maps €;: A1 — A which are inverse to Joyal’s
d;-operations in a certain sense.

A.12. Lemma. — Let A be a §-ring. There exist functorial maps (of sets) g;: ATt — A
which are uniquely determined by the property that for allm > 0 and all zg, ..., x, € A,

n n—1
af +pal 4 p e, = 0" (co(w0)) + po" (e1 (2o, 1)) + -+ P En(Tos 0, Th) -

Proof. Uniqueness is clear by taking a surjection A’ — A from a p-torsion free d-ring A’. To
show existence, first observe that it suffices to construct ¢;(z) = ¢;(x,0,...,0) for all z € R,
as then e;(zo, ..., ;) = gi(wo) + &i—1(x1) + - - - + eo(x;) will do the job. Now consider the
recursive definition gg(x) = x, e, (x) = — Z?:_Ol €i(0n—i(z)). We show, using induction on n,
that it gives a sequence of maps €;: A — A satisfying 27" = ¢"(go(z)) + - - - + p"en(x) for
all x € A. with the required properties. For n = 0, the assertion is trivial. Now let n > 0
and assume it holds for all smaller values. We compute

S (@) = 67(@) = 3o pen 3 (6 (a)
i=0 i=1 i=0

n n—k
=o"(x) = > P | Do D (e (0k(2)))
k=1 j=0

=¢"(x) - (p51(l’)pn_1 + o +p"5n(93)) :

which agrees with z?". In the first equality plugged in the recursive definition of each ¢;. In
the second equality, we reordered the sum by putting £ = ¢ — j. In the third equality, we
applied the inductive hypothesis to each of the sums. This finishes the proof. O

§A.3. Some Technical Calculations

In this subsection we complete the proof sketch of Lemma 4.45.

A.13. Lemma. — For the morphism fL: H}, 5(n) — M}, constructed in the proof sketch
of Lemma 4.45, the following relations hold:
(@) dofl=0.

() faoBn=dofy.
() frlaw)=zfl(w) for allz € H%,D(n) and all w € H}%’D(n).

Therefore, fn: Hy 5(n) — M., is a morphism of commutative differential-graded Z,[q—1]-
algebras.
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What makes the proof of this lemma so annoying is that while [p"~*] ea T is an element
of H%,D(n)’ the monomial T'* alone is not. So we always have to carry these factors around
to make sure get well-defined expressions ... Before we start the actual proof, we’ll prove
two auxiliary lemmas which will be used several times.

A.14. Lemma. — Foralla=1,...,p", we have
[pnie“‘]qpea fvlL (Tozfl dT) _ fg([pnie“]qpea Tafpﬂa) dfg([pnie“]qpea Tpea) )

Proof. Since M, | is degree-wise p-torsion free, it suffices to verify the desired equation after
multiplying by some power of p. Moreover, as both sides are (qpea — 1)-torsion, we may as
well multiply by powers of [p"~%] sea . Now

[pnfea]oz ‘-1 [pn e”‘}qpeaf (Ta ldT)

/ 1
———df([p" ] oo T%)

n—eq o

= [p }qpea .

[a/]qi’e"‘
1 _ caya!
= [pn 604} pea - 4[0/] - d (f,?([pn ea]qpcﬂ TP ) )
qr
n—e a n—eq caya/—1 n—eq Co
= [p O‘}qpea ’ [O/] e fg([p ]qu"‘ ™ ) dfg([P ]qpea " )

o e ] (i W K T Vi (U W Ll B

In the third equality we used that d is a derivation. In the fourth equality we also used that

o and [o/]pee act the same, since everything is (¢?"" — 1)-torsion. O

A.15. Lemma. — For all 0 < j < i< n we have
")y A (0" 1 TP) = F ("1 TP 77 ) A ("1 T ) -

Proof. Note that the left-hand side can be rewritten as [p"*i}qpi dfg([p”*j]q ,TP'); this
follows from the identity [p"~7] ,; = [p"~7] ,s - [p""’] .+ by moving the factor [p"~/] ;. Now
a similar trick as in Lemma A.14 can be employed: By p-torsion freeness and the %act that
both sides are (qp] — 1)-torsion, it suffices to check the equation after multiplying both sides
by a power of [p"_j]qu. But then

—J

" T e AR (" T
= (" e Af ("), 7))
= " 2 (") Tpf)P“"—ldfO([ ), TP
:[p“*ﬂqw-fO(Lp”*JquTPJ’)’*" Ao ([, ")
= " (") T ) AR (" T

In the second equality we used that d is a derivation. In the third equality we used the fact
that [p"~"] . -p™7 and [p*~7] 5 - [p" "] 0 = [p" 7] s act the same because everything is
(¢"" — 1)-torsion. O
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Proof of Lemma A.13(b). It suffices to verify the relation f!8,(x) = df2(x) in the special
case x = THP" . [p"=¢e] ,ca T for some k and some o, because a general z can be written as
a (p, ¢ — 1)-power series whose coefficients are finite Z,[¢q — 1]-linear combination of elements
of the above form. We compute

(Tkp [pn eu] oo Ta) _ Tkp"ﬂn([p 76"‘]qpea Ta) + k‘[pnie”‘}qpea Ta+(k71)p"ﬂn (Tpn)
— Tkpnﬁn([pn—ea]qua Ta) + k‘[pn_e”]qpea Ta+(k_1)pn ) Tpn_l dT
= T B, ([p" %] goee T) + K[p" = gpea T - T*71 AT .
In the first equality we used that ,, is a derivation. In the second equality we used the

explicit description of 3, that was given in the proof of Lemma 4.35. By construction of f;}
and by Lemma A.14, we conclude

Fal (T [ guea T) = SUT") A2 (I Jgoea T7)
R ([P g TP ) A ([0 e TP)

So much about f}3, (z); now we need to compute df2(x). We obtain
Af (T ") gpea T) = fU(T*") dFR ([ gree T°)
o ([P e TEFETIP) A F(T)

= fg (Tkpn) dfg([pn e&]qpea T )
L ([P g T ) R ([P0 e 7).

The first equality follows as d is a derivation. Furthermore, Lemma A.15 for i = n and j = e,
implies [p=e]pee dfO(TP") = fO([p ] ypea TP " ) dfO([p" 5] ea TP ). Plugging this
in, shows that the second equality holds after multiplication with [p" =] ca . But then our
standard argument shows that it must hold on the nose as well. This justifies the calculation
above. Upon comparing the expressions for f!3,(x) and df%(z), we have thus finished the
proof of part (b). O

Proof of Lemma A.13(a). By a similar argument as in (b), it suffices to show df!(w) = 0 in
the special case w = T*" . T*~1dT for some k and some a. If k = 0, this is clear because
f(T*~1dT) is contained in the image of d: MY, , — M}, by construction. So assume
k > 0. Then the integer kp™~° + ' is positive and therefore a nonzerodivisor in M, which
is after all a p-torsion free Z,[q — 1]-algebra. Furthermore, w is (qpea — 1)-torsion, and hence
[p" %] pea acts like p™~° on it. Using Lemma A.14 and the definition of f, we can thus
compute

n

[pn—ea]lgg:a"ia +a’ (kpn—ea + a/) . frlz (Tkp
— [pnfea]sfg;*ea—&-a (kpn €a —|—O/) 0 (Tkp ) (Ta 1dT)

= [p" %) oo (kp" " + o) - 2 ([
= " g S (10" 5 e 7)™ C”*&) .

This is clearly contained in the kernel of d: M}, ; — M2, . Hence so is f;}(w). This finishes
the proof of part (a). O

- T7hdT)

TCata’—1

n ea oo T ) dfg([pn—ea]qua TPEC")
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Proof of Lemma A.13(c). We already know that f! is R, [g— 1]-linear, so it suffices to verify
the condition

I ([pnieﬁ]qpeﬁ Tﬂ)fi (Te=tar) = f, ([pnieﬁ]qpﬂfx T8 .71 dT)

foralla=1,...,p"and all 5=0,...,p" — 1. Let v:=a+ f and e, = vp(y). The left-hand
side of our desired equation is (qpﬁa — 1)-torsion, so by the same arguments as always together
with Lemma A.14 we obtain

p" % . (left-hand side) = f° ([p"_eﬂ]qpe;j [p" ] e Tﬁ+a_pea) df([p"c] e Tpea) .

Similarly, Lemma A.14, together with a quick case distinction on whether 1 < v < p™ or
pt <y < 2p" — 1, shows

p" 7% - (right-hand side) = fﬁ([p"_eﬁ]qm [p" ] oo T’Y_pev) df,?([pn_e”]qpfw Tpev) )

If eq = e, this is already sufficient. If not, then § = o — 7 implies eg = min{e,, e, }. Hence
we may Lemma A.15 for ¢ = e, and j = eg to the first equality, and for i = e, and j = eg to
the second equality, to obtain

P - (left-hand side) = f;) ([p" ]2 ) df (") e TP
= p" ™% . (right-hand side).

We are done, at last. O

§A.4. Etale Base Change of Differential-Graded Algebras

In this subsection we prove a technical lemma about extending differential-graded structures
along étale maps, which was needed in the final step of the proof of Theorem 4.43. The
author strongly suspects that this result is known already, since it seems like a rather natural
question, but didn’t succeed in locating a reference. In the following, CDGA means strictly
graded-commutative differential-graded algebra.

A.16. Lemma. — Let A* be a CDGA concentrated in nonnegative cohomological degrees.
Let A% — BO be an étale ring map. Then the graded-commutative ring B® ® 40 A* admits a
natural CDGA-structure with the following universal property: For every map A* — E* of
CDGAs together with a BY-algebra structure on E°, there is a unique map B® ® 40 A* — E°
such that the diagram

AY ——— E*

|

BY & A0 A*
commutes and consists of maps of CDGAs.

A.17. Remark. — Observe that we do not assume that the differentials on A* are
AD-linear. So extending the differentials to B® ® 40 A* will be a non-trivial part of the proof.

Proof of Lemma A.16. We will proceed in three steps: In Step 1, we’ll construct linear maps
dn: BO®40 A" — BY ® 40 A1, In Step 2, we verify that these satisfy the Leibniz rule. In
Step 3, we use this to show that d5"! o dl = 0.
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Step 1. Construction of the differentials. The differentials on A* define an A%-linear map
Q4. — A'. Using that A — B is étale, this can be extended to a BY-linear map

QlB() gBO ®AO 9}40 —>BO ®A0 Al,

which defines a derivation d%: B® — B% ®40 Al. To construct the higher differentials,
consider the map D: B® x A" — B% ® 40 A" given by D(b,a,) = d%(b)a, + bd%(an),
where the products are taken with respect to the graded ring structure on B ® 40 A*. D is
clearly Z-bilinear. Moreover, it is A%-balanced in the sense that D(b,aa,) = D(ba,a,) for
all a € A% this is straightforward to check using the Leibniz rule for d% and d’j. Hence D
defines a Z-linear map d%: B ® 40 A" — B% ® 40 A"*! by a lesser-known universal property
of the tensor product.

Step 2. The Leibniz rule. Next we check Ay (byby,) = d'5 (b)by, + (—1)™by, d(by,) for
all b,, € B® ® 40 A™ and b,, € B ® 40 A". Tt suffices to do this on elementary tensors, so
let’s assume b,, = b ® a,, and b,, = c® a,,. Then

dytr (b®@am)(c®ay)) = A5 (be @ aman)
= d%(be)amay, + bed} " (aman)

d% (b)caman + bd%(c)aman, + bed} (am)an + (—1)"bean, A% (a,) -
One down, one to go. We compute

dE(b® am)(c®an) + (-1)"(b® ap,) di(c® ay,)
= (dOB(b)am + bdﬁl(am)) (c®an)+ (-1)"(b® am)(d%(c)an + cdﬁ(an))
= d%(B)amca, + bdY (am)can + (—1)"ba,, d%(c)an + (—1)™bamcd(a,)
= d%(b)caman + bed (am)an + bd%(c)aman + (—1)™beay, A% (an) ;
in the last line, we used graded commutativity, which ensures that ¢ commutes with everything
and bd%(c)a,a = (—1)"ba,, d%(c)a,. Hence the graded Leibniz rule holds.

Step 3. dp is a differential. Proving d%“ od% = 0 can be reduced to the case n = 0 via
the graded Leibniz rule. Using the graded Leibniz rule again, we compute

dj d%(be) = dj ( OB(b)c+bd0 (0)
= dp dj(b)c — d(b) dip(c) + dp(b) djs(c) + bdj dp(c)
=dp d%(b)c+bdy d%(c).

Hence d0d%: B — BY® 40 A? is a derivation. It clearly vanishes on A°, hence the induced
map (Y, — B%® 40 A? is zero. But then also 2k, = BY ® 40 Q) — B ® 40 A? must vanish
since B — AU is étale. This shows d}; o d% = 0, as required.

We’ve thus completed the proof that B ® 40 A* can be equipped with a CDGA-structure.
It remains to check the universal property, but this follows from the construction by an easy
inspection. [
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