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Abstract. — Hodge-filtered derived de Rham cohomology of a ring R can be
described (up to completion and shift) as the graded pieces of the even filtration
on HC−(R). In this paper we show a deformation of this result: If R admits a
spherical E2-lift, then the graded pieces of the even filtration on TC−(ku b SR/ku)
form a certain filtration on the q-de Rham cohomology of R, which q-deforms the
Hodge filtration.

We also explain how the associated Habiro–Hodge complex from rWag25s can be
described in terms of the genuine equivariant structure on THH(KU b SR/KU). As
a special case, we’ll obtain homotopy-theoretic construction of the Habiro ring of a
number field from rGSWZ24s.
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§1. Introduction

§1. Introduction

Let ku denote the connective complex K-theory spectrum. The ring π0(kuhS
1
) „= ku0(BS1)

contains a canonical element q, which corresponds to the standard representation of S1 acting
via rotations on C. In this paper we explain that this is the “same q” as in q-de Rham
cohomology.

§1.1. q-Hodge filtrations from THH over ku

Many interesting cohomology theories in arithmetic geometry can be obtained as graded pieces
of motivic filtrations on localising invariants. In the case of de Rham cohomology, this is
particularly well understood: The corresponding localising invariant is given by Hochschild
homology (and its cousins, negative cyclic and periodic homology), the motivic filtration is
given by the even filtration of Hahn–Raksit–Wilson rHRW22s.

More precisely, combining rAnt19, Theorem 1.1s and rHRW22, Theorem 5.0.2s, one has the
following result:

1.1. Theorem (Antieau–Hahn–Raksit–Wilson). — Let R be a quasi-syntomic ring. Then
completion of the Hodge-filtrered derived de Rham complex of R agrees (up to shift) with the
the graded pieces of the S1-equivariant even filtration on HC−(R/Z):

fil⋆Hdg d̂RR/Z » Σ−2˚ gr˚
ev,hS1 HC

−(R/Z) .

The goal of this paper is to show a deformation of this theorem, in which Z gets deformed
to ku and de Rham cohomology gets deformed to q-de Rham cohomology.

1.2. Theorem (see Theorem 4.27). — Let R be a quasi-syntomic ring such that 2 ∈ R×.
Assume that R admits a lift to a connective E2-ring spectrum SR such that SR b Z » R. Then
the derived q-de Rham complex q9dRR/Z can be equipped with a q-deformation of the Hodge
filtration fil⋆q9Hdg q9dRR/Z, and the completion of this filtration agrees (up to shift) with the
graded pieces of the S1-equivariant even filtration on TC−(ku b SR/ku):

fil⋆q9Hdg q9d̂RR/Z » Σ−2˚ gr˚
ev,hS1 TC

−(ku b SR/ku) .

Before we discuss Theorem 1.2, let us comment on the origins of the result and highlight
some of the preceding work of Arpon Raksit and Sanath Devalapurkar that this theorem
crucially relies on.

1.3. Relation to work of Raksit. — In the case where SR is the flat spherical polynomial
ring Srxs, Theorem 6.10 was first shown in unpublished work of Raksit, who also gave an
explicit description of the q-deformed Hodge filtration in this case:

1.4. Theorem (Raksit, unpublished; see Theorem 6.10). — Let q9Ω˚
Zrxs/Z,□ be the coordinate-

dependent q-de Rham complex, where the choice of coordinates is the identity □ : Zrxs! Zrxs.
Equip q9Ω˚

Zrxs/Z,□ with the filtration by subcomplexes fil0q9Hdg,□ q9Ω
˚
Zrxs/Z,□ := q9Ω˚

Zrxs/Z,□ and

filiq9Hdg,□ q9Ω
˚
Zrxs/Z,□ :=

´

(q − 1)iZrxsJq − 1K q9∇
−! (q − 1)i−1ZrxsJq − 1Kdx

¯

for all i ⩾ 1. Then

filiq9Hdg,□ q9Ω
˚
Zrxs/Z,□ » Σ−2i griev,hS1 TC

−`kurxs/ku
˘

.
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§1. Introduction

To the author’s knowledge, Raksit’s result marks the discovery of the relation between q-de
Rham cohomology and TC−(−/ku).

Moreover, Raksit shows a generalisation of Theorem 1.4, in which ku can be replaced by
the connecitve cover τ⩾0E of any 2-periodic E∞-ring spectrum E. The result is a version of the
q-de Rham complex, in which the differentials send xm 7! ⟨m⟩Exm−1 dx, where ⟨m⟩E denotes
the reduced m-series of the formal group of E. It would be very interesting to see whether such
a variant of q-de Rham cohomology can be made coordinate-independent. Some speculation
about the (im-)possibility of this can be found in rDM23, §4.3s.

1.5. Relation to work of Devalapurkar. — The crucial input in our proof of Theorem 1.2
is the following theorem that was conjectured by Lurie and Nikolaus (for all p) and finally
proved (for p > 2) in Devalapurkar’s thesis:

1.6. Theorem (Devalapurkar rDev25, Theorem 6.4.1s). — For primes p > 2, there exists an
S1 × Z×

p -equivariant equivalence of E∞-ring spectra

THH
`

Zprζps/SpJq − 1K
˘∧
p

»
−! τ⩾0

`

kutCp
˘

.

This theorem allows us to construct a comparison between the p-completions of q-de Rham
cohomology and TC−(−/ku), as was observed both by Devalapurkar and the author (see
rDev25, Theorem 6.4.2s and the discussion afterwards as well as rMW24s, arXiv versions ⩽ 3).
The idea is to construct an S1-equivariant map THH(Rrζps/SJq − 1K)! THH(ku b SR/ku)tCp
as follows:

THH
`

Rrζps/SJq − 1K
˘

THH(ku b SR/ku)tCp

THH(SR) b THH
`

Zprζps/SJq − 1K
˘

THH(SR)tCp b kutCp
`

THH(SR) b ku
˘tCp

» »

Here the bottom left arrow is given by the cyclotomic Frobenius on THH(SR) and the map from
Theorem 1.6. Now the S1-equivariant even filtration on THH(Rrζps/SJq−1K) yields p-completed
q-de Rham cohomology by a variant of the arguments in rBMS19, §11s, as we’ll explain in
§A. On the other hand, (THH(ku b SR/ku)tCp)hS

1
» TP(ku b SR/ku)∧p is already close to the

p-completion of TC−(ku b SR/ku). After some massaging, this will yield Theorem 1.2.

Let us now give several remarks on Theorem 1.2. We begin with the notions of even
filtrations that we use.

1.7. Even filtrations. — Since SR is only assumed to be E2, we cannot use the even
filtration from rHRW22s on TC−(ku b SR/ku). Instead we’ll work with Pstrągowski’s perfect
even filtration rPst23s, which is already defined for E1-ring spectra.

We’ll also need an S1-equivariant version of Pstrągowski’s construction, which first appears in
rAR24, Definition 2.55s but is originally due to Raksit: We let Sev := fil⋆ev S and Tev := fil⋆ev SrS1s

denote the even filtrations of S and SrS1s, respectively, and then define a filtered version of
S1-fixed points via (−)hTev := Hom⋆

Tev
(Sev,−), where Hom⋆

Tev
denotes the internal Hom in

filtered Tev-modules. Finally, we let

fil⋆ev,hS1 TC
−(ku b SR/ku) :=

`

fil⋆ev THH(ku b SR/ku)
˘hTev ,

where fil⋆ev THH(ku b SR/ku) denotes the non-equivariant even filtration of THH(ku b SR/ku),
regarded as a left module over itself.
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§1.1. q-Hodge filtrations from THH over ku

1.8. The solid even filtration. — We’ll first show a p-complete version of Theorem 1.2
(see Theorem 4.8) and then deduce the global theorem via an adelic gluing argument. For the
p-complete version, it will be very convenient for us to work in the setting of solid condensed
spectra in the sense of Clausen–Scholze (see 2.1–2.2 for a brief recap).

To this end, we’ll develop a variant of Pstrągowski’s perfect even filtration in the solid setting
in §2. The idea is simple: For an E1-algebra R in solid condensed spectra, the ∞-category of
left R-modules has a compact generator given by NullR := cofib(Rrt∞us! RrN ∪ t∞us), the
free left R-module on a nullsequence. We then call a left R-module solid perfect even if it is
contained in the sub-∞-category generated by NullR under even shifts, extensions, and retracts.
With this definition, we’ll adapt the constructions from rPst23s in a straightforward way.

As we’ll see in §2, not all of the nice properties of the perfect even filtration carry over to the
solid case, since Pstrąwski frequently exploits the fact that perfect even modules are dualisable,
which fails in the solid setting. However, under certain additional nuclearity assumptions,
everything works as expected. These assumptions are satisfied in the cases we’re interested in.
In particular, they are satisfied in the discrete case (see Corollary 2.17), and so our construction
will recover Pstrągowski’s.

Let us now discuss to what extent the assumptions in Theorem 1.2 are optimal.

1.9. The theorem for E1-lifts. — For the perfect even filtration of THH(kubSR/ku) to be
defined, it needs to be an E1-algebra, which requires SR to be E2-algebra. However, in the case
where R only admits an E1-lift SR, it can still happen that THH(ku b SR/ku)∧p is concentrated
in even degrees for some primes p. More generally, it can happen that SR admits a cosimplicial
resolution by E1-algebras SR ! SR• for which THH(ku b SR•/ku)∧p is even. In this case, we
can define an ad-hoc even filtration by

fil⋆ev THH(ku b SR/ku)∧p := lim
∆∆
τ⩾2⋆THH(ku b SR•/ku)∧p ,

and then one can put fil⋆ev,hS1 TC
−(kub SR/ku)∧p := (fil⋆ev THH(kub SR/ku)∧p )hTev again. This

agrees with lim∆∆ τ⩾2⋆TC
−(ku b SR•/ku)∧p .

It turns out that the p-complete version of Theorem 1.2 is still true for these ad-hoc even
filtrations. Moreover, we’ll see in Theorem 4.17 that the filtration fil⋆q9Hdg(q9dRR/Z)

∧
p admits a

very simple explicit description in this case. We’ll use this in §6.2 to prove Theorem 1.4, and in
joint work with Meyer rMW24s to compute π˚ TC

−((ku b S/pα)/ku).

1.10. The theorem at p = 2. — We expect that the assumption 2 ∈ R× in Theorem 1.2
can be removed once Theorem 1.6 is proved for p = 2 as well. In any case, the E1-version of
the theorem discussed above can be proved unconditionally for p = 2.

1.11. Are lifts to ku enough? — It’s natural to ask if the E2-lift SR in Theorem 1.2 can
be replaced by the weaker datum of an E2-ku-algebra kuR satisfying kuR bku Z » R. Although
we don’t know any counterexample, we consider this unlikely. At the very least, the E1-version
of the theorem is provably wrong if only an E1-lift kuR is assumed. Here’s a counterexample:
Let Zptxu∞ denote the free p-complete perfect δ-ring on a generator x and let R := Zptxu∞/x.
Since Zptxu∞ is a perfect δ-ring, it lifts uniquely to ku (even to the sphere spectrum), and so
kuR := kuZptxu∞/x can be equipped with an E1-ku-algebra structure via rAng08, Corollary 3.2s.
However, it can be shown that the filtration fil⋆q9Hdg(q9dRR/Z)

∧
p from Theorem 4.17 is not a

q-deformation of the Hodge filtration in this case (see rWag25, Example 4.24s), and so the
p-complete version of Theorem 1.2 cannot hold in this case.
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This explains why we don’t expect a lift to ku to be enough. We do expect, however, that
it’s enough to have a lift jR to the image of J-spectrum j := τ⩾0(SK(1)). Indeed, if the diagram

THH(j)∧p

j THH(Zp)∧p

were S1-equivariantly commutative, we could use the construction discussed below Theorem 1.6
to get an S1-equivariant map THH(Rrζps/SJq− 1K)! THH(kubj jR/ku)

tCp , which could then
be used to show the p-complete version of Theorem 1.2 with SR replaced by jR.

Unfortunately, the diagram above is not S1-equivariantly commutative, similar to what
happens for THH(Zp) ! Zp ! THH(Fp). But the issue doesn’t seem to be too serious. For
example, a chromatic height-2 analogue of rDR25, Theorem 0.3.6s would likely fix this, in the
same way as the cited result fixes the problems for THH(Zp)! Zp ! THH(Fp).

§1.2. Habiro descent, homotopically
Let us now discuss the q-deformed Hodge filtration fil⋆q9Hdg q9dRR/Z from Theorem 1.2. It’s
natural to ask whether the q-de Rham complex in general can be equipped with a q-deformation
of the Hodge filtration. This question is studied in the companion paper rWag25s. It turns
out that fil⋆q9Hdg q9dRR/Z is a q-Hodge filtration in the sense of rWag25, Definition 3.2s; this
roughly means that the rationalisation and the rationalised p-completions of fil⋆q9Hdg q9dRR/Z
behave as expected. It is not always possible to find a q-Hodge filtration (the ring from 1.11 is
a counterexample), so Theorem 1.2 provides a large source of examples where it works.

To any q-Hodge filtration on q9dRR/Z we associate a q-Hodge complex in rWag25, 3.5s. It is
defined as

q9HdgR/Z := colim
´

fil0q9Hdg q9dRR/Z
(q−1)
−−−! fil1q9Hdg q9dRR/Z

(q−1)
−−−! · · ·

¯∧

(q−1)

(we’ve abusingly suppressed the choice of q-Hodge filtration in the notation q9HdgR/Z, but it
will always be clear from the context). As a straightforward corollary of Theorem 1.2, one finds
that

q9HdgR/Zrβ±1s » Σ−2˚ gr˚
ev,hS1 TC

−(KU b SR/KU) .

In rWag25, Theorem 3.11s we show that the q-Hodge complex q9HdgR/Z is, in a non-trivial
way, the (q − 1)-completion of an object q9HdgR/Z, which lives over the Habiro ring

H := lim
m∈N

Zrqs∧(qm−1) .

We call q9HdgR/Z the Habiro–Hodge complex. Our second main goal in this paper is to
show that in the situation where the q-Hodge filtration fil⋆q9Hdg q9dRR/Z comes from homotopy
theory by means of Theorem 1.2, the Habiro–Hodge complex q9HdgR/Z can also be described
homotopically.

1.12. Cyclonic spectra. — This description will involve some genuine equivariant homotopy
theory. Since this is not standard in arithmetic geometry, we’ll give a review of the necessary
parts of the theory in §5.1. We’ll then work with in the ∞-category of cyclonic spectra CycnSp,
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introduced by Barwick–Glasman rBG16s; see 5.20. Roughly, a cyclonic spectrum is a spectrum
X with an S1-action, equipped with compatible genuine enhancements of the action of the
finite cyclic subgroups Cm ⊆ S1 for all m ∈ N.

The spectrum THH(SR) admits a natural cyclotomic structure, which induces a cyclonic
structure. Similarly, ku admits a natural genuine S1-equivariant structure, which again induces
a cyclonic structure. Hence THH(SR) b ku » THH(ku b SR/ku) can be equipped with a
cyclonic structure too. We define the mth topological cyclonic homology Definition 5.45 as

TC−(m)(ku b SR/ku) :=
`

THH(ku b SR/ku)Cm
˘h(S1/Cm)

.

Here (−)Cm denotes the genuine Cm-fixed points and (−)h(S
1/Cm) the homotopy fixed points of

the residual action. We note that TC−(m)(−/ku) is similar to the construction of topological
restriction homology TR(−); however, the restriction maps along which TR(−) is the limit do
not exist for TC−(m)(−/ku), and TR(−) doesn’t take the residual actions into account.

The same constructions work for KU, and so we can define TC−(m)(KU b SR/KU) analo-
gously. To obtain the Habiro–Hodge complex, we’ll construct an appropriate even filtration on
TC−(m)(KU b SR/KU).

1.13. Genuine equivariant even filtrations. — For a cyclonic E1-algebra X whose
geometric fixed points XΦCm are bounded below for all m ∈ N, the genuine fixed points can be
recovered from the geometric fixed points via the formula

XCm »
−! eq

˜∏
d|m

(XΦCd)hCm/d
can

−!−!
ϕ

∏
p

∏
pd|m

`

(XΦCd)tCp
˘hCm/pd

¸

(see Lemma 5.28). In the case where X is an E1-structure in CycnSp, this allows us to define an
even filtration fil⋆ev,Cm X

Cm as follows: Equip each XΦCd with the non-equivariant perfect even
filtration, apply the filtered versions of (−)hCm/d and (−)tCp from rAR24, §2.3s, then finally
take the equaliser in filtered objects.

In this way we can construct fil⋆ev,Cm THH(ku b SR/ku)Cm . The same construction cannot
be used for fil⋆ev,Cm THH(KU b SR/KU)Cm , as THH(KU b SR/KU) is not bounded below, but
instead we can simply use the filtered localisation of fil⋆ev,Cm THH(ku b SR/ku)Cm at the Bott
element β. Finally, we put

fil⋆ev,S1 TC
−(m)(KU b SR/KU) :=

`

fil⋆ev,Cm THH(KU b SR/KU)Cm
˘h(T/Cm)ev

(see 5.59 for the details).
While these even filtrations are defined in a rather ad-hoc way, we expect that there exists

a more canonical construction. An intrinsically defined genuine equivariant even filtration is
currently under development (the author has been informed of independent work in progress
by Jeremy Hahn and Lucas Piessevaux) and we hope that it will agree with our constructions
in the cases at hand.

With these even filtrations, we can finally formulate the second main result of this paper.

1.14. Theorem (see Theorem 5.63). — The Habiro–Hodge complex q9HdgR/Z associated to
the q-Hodge filtration fil⋆q9Hdg q9dRR/Z from Theorem 1.2 satisfies

q9HdgR/Zrβ±1s » Σ−2˚ gr˚
´

lim
m∈N

fil⋆ev,Cm TC−(m)(KU b SR/KU)
¯

.
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As a consequence, we obtain a homotopical construction of the Habiro ring of a number
field HOF r1/∆s from rGSWZ24s:

1.15. Corollary (see Corollary 6.15). — Let F be a number field and let ∆ be divisible
by 6 and by the discriminant of F . Let SOF r1/∆s denote the unique lift of OF r1/∆s to an étale
extension of S. Then

HOF r1/∆s
„= π0

´

lim
m∈N

`

THH(KU b SOF r1/∆s/KU)Cm
˘h(S1/Cm)

¯

.

§1.3. Organisation of this paper
In §2, we introduce a version of Pstrągowski’s perfect even filtration in the solid setting. In
§3, we’ll study the solid even filtration on THH. In particular, we’ll show that it can often be
computed by even cosimplicial resolutions, and satisfies the expected base change properties.

In §4, we’ll show Theorem 1.2. Subsections §§4.1–4.3 are devoted to the p-completed version
of the theorem; the global version will be deduced in §4.4 via an adelic gluing argument. In §5,
we show Theorem 1.14. In subsections §§5.1–5.3, we set up the formalism of cyclonic spectra
and explain how ku fits into this. In §5.4 we’ll show the Habiro descent theorem.

In §6 we’ll discuss several examples. It is a priori not clear how to find rings R to which
Theorem 1.2 can be applied. In §6.1 we’ll construct a large supply of such rings R. In §6.2 we
prove Theorem 1.4 and in §6.3 we show how the Habiro ring of a number field can be recovered
from our formalism.

Finally, there will be three appendices. In §A, we discuss a rBMS19s-style construction of
the q-de Rham complex. In §B, we give a proof of the folklore theorem that flat polynomial
rings over S in any number of variables admit an even E2-cell structure. In §C, we explain how
the equivariant Snaith theorem from rSØ10s can be made E∞, which will be needed in our
discussion of the genuine S1-equivariant structure on ku.

1.16. Notation and conventions. — Throughout the article, we freely use the language of
∞-categories and we’ll adopt the following conventions:
(a) Stable ∞-categories. We let Sp denote the ∞-category of spectra. For an ordinary

ring R, we let D(R) denote the derived ∞-category of R. We often implicitly regard
objects of D(R) as spectra via the Eilenberg–MacLane functor H, but we’ll always suppress
this functor in our notation. For a stable ∞-category C, we let HomC(−,−) denote the
mapping spectra in C. The shift functor and its inverse will always be denoted by Σ and
Σ−1 (even for D(R)), to avoid confusion with shifts in graded or filtered objects.

(b) Symmetric monoidal ∞-categories. If no confusion can occur, we denote the tensor
unit by 1 and the tensor product by b. Whenever we consider a symmetric monoidal
∞-category C which is stable or presentable, we always implicitly assume that the tensor
product commutes with finite colimits or arbitrary colimits, respectively. In the presentable
case, we let HomC(−,−) denote the internal Hom in C and X∨ := HomC(X,1) the dual
of an object X ∈ C.

(c) Graded and filtered objects. For a stable ∞-category C, we let Gr(C) and Fil(Sp)
denote the ∞-categories of graded and (descendingly) filtered objects in C. The shift in
graded or filtered objects will be denoted (−)(1). An object with a descending filtration is
typically denoted

fil⋆X =
´

· · · filnX  filn+1X  · · ·
¯

8
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and we let gr˚ X denote the associated graded, given by grnX := cofib(filn+1X ! filnX).
We mostly work with filtrations that are constant in degrees ⩽ 0 (such as the Hodge
filtration). In this case we’ll abusingly write fil⋆X = (fil0X  fil1X  · · · ); this should
be interpreted as the constant fil0X-valued filtration in degrees ⩽ 0.

If C is symmetric monoidal and the tensor product − b − commutes with colimits
in both variables, we equip Gr(C) and Fil(C) with their canonical symmetric monoidal
structures given by Day convolution. We’ll use the fact that Fil(C) » Mod1Grrts Gr(C),
where 1Gr denotes the tensor unit in Gr(C) and t sits in graded degree −1; see e.g. rRak21,
Proposition 3.2.9s. Under this equivalence, passing to the associated graded corresponds
to “modding out t”, i.e. the base change 1Gr b1Grrts −.

We say that fil⋆X is an exhaustive filtration on X if X » colimn!−∞ filnX. We say
that a filtered object fil⋆X is complete if 0 » limn!∞ filnX. We define the completion
fil⋆ X̂ := limn!∞ cofib(fil⋆+nX ! fil⋆X). By construction, there’s a pullback square

fil⋆X fil⋆ X̂

X X̂

≒

We’ll often refer to this by saying that every filtration is the pullback of its completion.
(d) Condensed mathematics. Whenever we use condensed mathematics, we work in the

light condensed setting. We’ll distinguish between the words static (“un-animated”) for
a spectrum concentrated in degree 0, and discrete (“un-condensed”) for a condensed
spectrum with the discrete topology.

(e) Homotopy classes of kuhS1. We denote by β ∈ π2(ku) the Bott element and by
q ∈ π0(ku

hS1
) the class corresponding to the standard representation of S1 on C. There’s a

unique complex orientation t ∈ π−2(ku
hS1

) satisfying q−1 = βt; then π˚(ku
hS1

) „= ZrβsJtK.
Here we purposely use the same symbol as for 1Grrts above: We’ll often regard graded
π˚(ku

hS1
) „= ZrβsJtK-modules as filtered objects using the apparent graded Zrts-module

structure.
(f) Arithmetic fracture squares and gluing. We’ll often use that for any spectrum X

and any positive integer N , there are canonical pullback squares

X
∏
p

X̂p

X b Q
∏
p

X̂p b Q

≒ and

X
∏
p|N

X̂p

X
“

1
N

‰

∏
p|N

X̂p

“

1
p

‰

≒

and we’ll call these arithmetic fracture squares.
(g) Completed (q-)de Rham complexes. To avoid excessive use of completions, we adopt

the convention that all (q-)de Rham or cotangent complexes relative to a p-complete
ring will be implicitly p-completed. So for example, while dRR/Z would denote the usual
derived de Rham complex of R, q9dRR/Zp would denote the p-completed derived q-de
Rham complex of R.

9

https://arxiv.org/pdf/2007.02576#block.3.2.9
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§2. The solid even filtration

§2. The solid even filtration
In this section we’ll sketch how to adapt Pstrągowski’s perfect even filtration rPst23s to E1-
algebras in solid condensed spectra. This facilitates many p-completion arguments later on.
However, as we’ll see, not all of the nice properties of the perfect even filtration carry over to
the solid condensed case. But in the cases we need—and probably most cases of interest in
general—it works as expected. It would be desirable to develop a more complete (and perhaps
less naive) theory of the perfect even filtration in the condensed setting.

Before we begin, let us briefly recall the solid condensed setting. There are no properly
published sources yet, so we have to refer the reader to the recordings of rCS24s and the
unfinished notes rRC24s.
2.1. Solid condensed recollections. — Let Cond(Sp) denote the ∞-category of (light)
condensed spectra, that is, hypersheaves of spectra on the site of light profinite sets as defined
by Clausen and Scholze rCS24s. The evaluation at the point (−)(˚) : Cond(Sp)! Sp admits a
fully faithful symmetric monoidal left adjoint (−) : Sp! Cond(Sp), sending a spectrum X to
the discrete condensed spectrum X.

One can develop a theory of solid condensed spectra along the lines of rCS24, Lectures 5–6s.
Let Null := cofib(Srt∞us! SrN∪t∞us) be the free condensed spectrum on a null sequence. Let
σ : Null! Null be the endomorphism induced by the shift map (−) + 1: N ∪ t∞u! N ∪ t∞u.
Recall that a condensed spectrum M is called solid if

1− σ˚ : HomS(Null,M)
»
−! HomS(Null,M)

is an equivalence, where HomS denotes the internal Hom in Cond(Sp). We let Sp■ ⊆ Cond(Sp)
denote the full sub-∞-category of solid condensed spectra. Then Sp■ is closed under all
limits and colimits. This implies that the inclusion Sp■ ⊆ Cond(Sp) admits a left adjoint
(−)■ : Cond(Sp) ! Sp■. It satisfies (M b N)■ » (M■ b N)■, which allows us to endow Sp■

with a symmetric monoidal structure, called the solid tensor product, via M b■N := (M bN)■.
2.2. Solid condensed spectra and p-completions. — If X is a p-complete spec-
trum, then X is usually not p-complete in Cond(Sp) because (−) doesn’t commute with
limits. After passing to p-completions, we still get an adjunction on p-complete objects
(−)∧p : Sp

∧
p  ! Cond(Sp)∧p :(−)(˚) and the left adjoint is still fully faithful because the unit is

still an equivalence.
It’s straightforward to check that any discrete condensed spectrum is solid. By closure under

limits it follows that (−)∧p : Sp
∧
p ! Cond(Sp)∧p takes values in Sp■. The solid tensor product

has the magical property that if M and N are p-complete and bounded below solid condensed
spectra, then M b■ N is again p-complete; see rCS24, Lecture 6s or rBos23, Proposition A.3s.
In particular, the fully faithful embedding (−)∧p : Sp

∧
p ! Sp■ is symmetric monoidal when

restricted to bounded below objects.

§2.1. Definitions and basic properties
In the following we let R be an E1-algebra in the symmetric monoidal ∞-category of solid
condensed spectra Sp■ and we let

− b■
R − : RModR(Sp■)× LModR(Sp■) −! Sp■

denote the relative tensor product over R. We start setting up the theory in a completely
analogous way to rPst23, §§2–3s.
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§2. The solid even filtration

2.3. Solid perfect even modules. — We let NullR := R b■ Null■, where we define
Null := cofib(Srt∞us! SrN ∪ t∞us) to be the free condensed spectrum on a null sequence as
in 2.1. It can be shown that the solidification Null■ agrees with

∏
N S and defines a compact

generator of Sp■, so that NullR is a compact generator of LModR(Sp■).
We say that an R-module Q is solid perfect even if it is contained in the smallest sub-∞-

category
Perfev(R■) ⊆ LModR(Sp■)

which contains Σ2nNullR for all n ∈ Z and is closed under extensions and retracts.
Note that RrSs■ is solid perfect even for all light condensed sets S. Also note that in

contrast to the uncondensed situation, it is no longer true that Perfev(R■) is closed under duals.
Already for R = S we have HomS(NullS,S) »

À

N S, which is not solid perfect even. This is
ultimately the reason why the solid theory is not quite as nice.

2.4. The solid even filtration. — Equip Perfev(R■) with a Grothendieck topology in which
covers are maps P ! Q whose fibre is again solid perfect even. Every left R-module M defines
a Sp■-valued sheaf on the additive site Perfev(R■) via

HomR(−,M) : Perfev(R■)
op −! Sp■ .

We can form its truncations τ⩾2nHomR(−,M) in the sheaf ∞-category Sh(Perfev(R■),Sp■)
and then define the solid even filtration of M as the sections

fil⋆ev /RM := ΓPerfev(R■)

`

R, τ⩾2⋆HomR(−,M)
˘

.

If R is clear from the context, we’ll often just write fil⋆evM . In particular, if we write fil⋆evR, it
is understood that we take the solid even filtration of R over itself.

For any half-integer weight w, we also define the even sheaf of weight w, denoted FM (w), as
the sheafification of the presheaf of solid abelian groups π2w HomR(−,M) : Perfev(R■)

op ! Ab■.
For w = 0 we just write FM := FM (0). We call M solid homologically even if FM (w) „= 0 for
all proper half-integers w ∈ 1

2 + Z.
The results from rPst23, §2s can be carried over verbatim to the solid setting. In particular,

it’s still true that an R-module E, whose condensed homotopy groups π˚(E) are concentrated
in even degrees, will be homogically even and its solid even filtration will be the double-speed
Whitehead filtration fil⋆ev /RE » τ⩾2⋆(E).

2.5. Monoidality of the solid even filtration. — The arguments from rPst23, §3s can
mostly be adapted to the solid situation, but we need some enriched ∞-category to do so.

Let us first set up the enriched setting. We use the formalism from rHei23s. The ∞-category
LModR(Sp■) is naturally a module over Sp■ in PrL and so it will be enriched in the sense of
rHei23s. Explicitly, for left R-modules M and N , the mapping spectrum HomR(M,N) comes
with a natural condensed structure HomR(M,N) which will be solid if N is (we’ve already used
this in 2.4). Restricting the module structure, we see that LModR(Sp■) is also a module over
the connective part Sp■,⩾0 in PrL, which yields an enrichment given by τ⩾0HomR(M,N). The
full sub-∞-category Perfev(R■) ⊆ LModR(Sp■) inherits an enrichment over Sp■,⩾0. There is
an established notion of an enriched presheaf ∞-category PShSp■,⩾0(Perfev(R■),Sp■,⩾ 0) with
an enriched Yoneda embedding; see rHin20; Hei25s. By considering enriched presheaves which
are additive and local with respect to all covering sieves, we can also define an enriched version
of additive sheaves. To avoid cumbersome notation, we’ll drop the superscript and just write
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ShΣ(Perfev(R■),Sp■,⩾0) and ShΣ(Perfev(R■), Sp■) in the following, implicitly assuming that
all sheaves are enriched over Sp■,⩾0.

Let us now explain how to adapt rPst23, §3s to turn the solid even filtration into a lax
symmetric monoidal functor

fil⋆ev /−(−) : LMod(Sp■) −! LMod(Fil Sp■) .

Let U⩾0 and U denote the cocartesian unstraightenings of the functors lax symmetric monoidal
functors R 7! ShΣ(Perfev(R■),Sp■,⩾0) and ShΣ(Perfev(R■),Sp■). The ∞-category of enriched
(pre)sheaves satisfies a similar universal property as usual; see rHei23, Theorem 5.1s. As in
rPst23, Construction 3.8s, we obtain a symmetric monoidal natural transformation between
the lax symmetric monoidal functors R 7! ShΣ(Perfev(R■),Sp■,⩾0) and R 7! LModR(Sp■).
Applying unstraightening, we obtain a diagram

U⩾0 LMod(Sp■)

AlgE1
(Sp■)

F

where the vertical arrows are cocartesian fibrations and the top horizontal arrow F is symmetric
monoidal.

The functor F admits a fibre-wise right adjoint: In the fibre over R, the right adjoint is
given by the restricted enriched Yoneda embedding LModR(Sp■) ! ShΣ(Perfev(R■),Sp■,⩾0)
sending M 7! τ⩾0HomR(−,M). Since our sheaves take values in Sp■,⩾0, the truncation can be
performed section-wise and no sheafification is necessary. By rL-HA, Corollary 7.3.2.7s, the fibre-
wise right adjoints assemble into a lax symmetric monoidal right adjoint G : LMod(Sp■)! U⩾0.
We’ll now study the composition

LMod(Sp■)
G
−! U⩾0 −! U .

In the fibre over R, this composition is given by sending M 7! νR(M) := τ⩾0HomR(−,M),
where now the truncation is performed in ShΣ(Perfev(R■), Sp■).

Another application of the universal property rHei23, Theorem 5.1s allows us to extend
the lax symmetric monoidal functor τ⩾−2⋆HomS(−, S) : Z ! ShΣ(Perfev(S■),Sp■) to a lax
symmetric monoidal functor

Fil Sp■ −! ShΣ
`

Perfev(S■), Sp■

˘

As in rPst23, Construction 3.20s, for any R ∈ AlgE1
(Sp■), ShΣ(Perfev(R■),Sp■) is a module

over ShΣ(Perfev(S■),Sp■) and thus over Fil Sp■. Therefore, if X and Y are Sp■-valued sheaves
on Perfev(R■), we can define a filtered solid condensed mapping spectrum Hom⋆(X,Y ). Using
the enriched Yoneda lemma of rHin20s, we can argue as in rPst23, Lemma 3.23s to show

Hom⋆
`

νR(R), νR(M)
˘

» fil⋆ev /RM .

Now consider the functor R 7! ShΣ(Perfev(R■), Sp■). As in rPst23, Construction 3.27s we can
refine it to a lax symmetric monoidal functor AlgE1

(Sp■)! AlgE0
(ModFil Sp■

(PrL)).
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We don’t know if this functor factors through the image of the fully faithful embedding
AlgE1

(Fil Sp■) ↪! AlgE0
(ModFil Sp■

(PrL)), as it does in the uncondensed setting.(2.1) But this
fully faithful embedding has a right adjoint by rL-HA, Theorem 4.8.5.11s, which sends a Fil Sp■-
module M with a distinguished object X ∈ M to End⋆(X) ∈ AlgE1

(Fil Sp■). Composing with
this right adjoint allows us to turn R 7! fil⋆ev /RR into a lax symmetric monoidal functor

fil⋆ev /−(−) : AlgE1
(Sp■) −! AlgE1

(Fil Sp■)

and provides a symmetric monoidal natural transformation from R 7! ShΣ(Perfev(R■),Sp■)
to R 7! Modfil⋆ev /R R(Fil Sp■). The unstraightening of the latter functor is the the pullback of
LMod(Fil Sp■)! AlgE1

(Fil Sp■) along filev /−(−)⋆. We obtain a diagram

U LMod(Fil Sp■)

AlgE1
(Sp■) AlgE1

(Fil Sp■)
fil⋆ev /−(−)

with lax symmetric monoidal horizontal arrows. We can now finally define a functorial lax
symmetric monoidal solid even filtration as the composite

filev /−(−) : LMod(Sp■)
G
−! U⩾0 −! U −! LMod(Fil Sp■) .

2.6. Calculus of solid evenness. — Deviating from rPst23, Definition 4.4s, let us call a
left R-module M solid ind-perfect even if it can be written as a filtered colimit of solid perfect
evens, and solid even flat if π˚(Eb■

RM) is concentrated in even degrees for any right R-module
E such that π˚(E) is concentrated in even degrees. In the uncondensed setting these notions
are equivalent by the “even Lazard theorem” rPst23, Theorem 4.14s. In the solid setting it is
still true that solid ind-perfect even modules are solid even flat (as we’ll see). However, we
don’t know if the converse is true. Similarly, we don’t know if rPst23, Theorem 4.16s still works.
In §2.2, we’ll discuss what the problem is, and in §2.3 we’ll see how to fix this, at least under
certain additional assumptions.

Despite these problems, the formalism of π˚-even envelopes can entirely be carried over to
the solid setting: Any left R-module M admits a map M ! E such that:
(a) cofib(M ! E) is ind-solid perfect even.
(b) π˚(E) is concentrated in even degrees.
(c) for any other map M ! F into a left R-module F such that π˚(F ) is even, a dashed

arrow can be found to make the following diagram commutative:

M

E F
(2.1)In particular, we don’t know if the analogue of rPst23, Proposition 3.26s is true, i.e. whether

Hom⋆
`

νR(R),−
˘

: ShΣ

`

Perfev(R■), Sp■

˘

−! LModEnd⋆(νR(R))(Fil Sp■)

is an equivalence. The problem is that the even filtration fil⋆ev /R(M) only knows about the values of the sheaf
τ⩾2⋆HomR(−,M) on R (plus even shifts, extensions, and retracts thereof), but not about the value on NullR.
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The proof is the same as in the uncondensed setting, except that we have to consider maps
ΣnNullR !M from odd suspensions of NullR.

2.7. Comparison with the uncondensed theory. — Let R be a discrete solid condensed
ring and let M be a discrete left R-module. Let fil⋆P9evM be Pstrągowski’s perfect even filtation,
regarded as a filtered discrete solid spectrum. Since Pstrągowski’s category Perfev(R) is a full
sub-∞-category of Perfev(R■), we get a canonical comparison map

fil⋆P9evM −! fil⋆evM .

As a consequence of the fact that π˚-even envelopes still work, we’ll be able to show in
Corollary 2.17 that this comparison map is an equivalence whenever M is homologically even!

§2.2. Recollections on trace-class morphisms and nuclear objects
In contrast to the mostly smooth sailing of 2.3–2.17, it’s not so clear how to transport Pstrą-
gowski’s discussion of even flatness—in particular, the powerful results rPst23, Theorems 4.14
and 4.16s—to the solid setting. The main problem is the following: In the proofs, Pstrągowski
repeatedly uses the trick that a map P ! Q of perfect even R-modules can be equivalently
described by a map S! P∨ bR Q. This doesn’t work anymore in the solid setting, since most
solid perfect even R-modules are not dualisable, the quintessential example being NullR.

This is not the first time that such a problem occurs in solid condensed mathematics. The
usual way to deal with these issues (which will also work in our case) is to replace dualisable
objects by the weaker notions of trace-class morphisms and nuclear objects that we’ll review in
this subsection.

2.8. Trace-class morphisms. — Let C be a presentable symmetric monoidal(2.2) ∞-category.
Let R be an E1-algebra in C. By Lurie’s adjoint functor theorem, for all left R-modules M and
N there exists an object HomR(M,N) ∈ C characterised by

HomC
`

−,HomR(M,N)
˘

» HomR(M b −, N) .

We remark that HomR(M,R) is naturally a right R-module. A morphism φ : M ! N of left
R-modules is called trace-class if there exists a morphism η : 1C ! HomR(M,R) bR N , such
that φ is the composition

M » M b 1C
η
−!M b HomR(M,R) bR N

evM−−−! R bR N » N .

We often call η the classifier of φ.

Trace-class morphism have a number of nice properties. We’ll often use the properties from
rCS22, Lemma 8.2s as well as the following lemma.

2.9. Lemma. — Let F : C ! D be a symmetric monoidal functor between presentable
symmetric monoidal ∞-categories. Let R ∈ AlgE1

(C). By abuse of notation, we’ll denote both
HomR(−, R) and HomF (R)(−, F (R)) by (−)∨.
(a) There exists a natural transformation F ((−)∨) ⇒ F (−)∨.

(2.2)By convention, this includes the assumption that − b − commutes with colimits in both variables, so the
adjoint functor theorem is applicable.
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(b) If M ! N is a trace-class morphism in LModR(C), then N∨ ! M∨ is trace-class in
RModR(C) and F (M)! F (N) is trace-class in LModF (R)(D).

(c) The commutative square in RModF (R)(D) formed by the morphisms from (a) and (b)

F (N∨) F (M∨)

F (N)∨ F (M)∨

admits a canonical diagonal map F (N)∨ ! F (M∨) that makes both triangles commute.

Proof. The natural transformation from (a) is adjoint to F ((−)∨) bF (R) F (−) ⇒ F (R), which
is in turn given by applying F to the evaluation (−)∨ bR (−) ⇒ R.

Now let M ! N be trace-class in LModR(C) with classifier 1C !M∨bRN . If we apply F to
the classifier and compose with the morphism F (M∨)! F (M)∨ from (a), we obtain a morphism
1D ! F (M∨)bF (R)F (N)! F (M)∨bF (R)F (N), which serves as a classifier for F (M)! F (N).
If we compose instead with N ! N∨∨, we obtain 1C !M∨ bRN !M∨ bRN

∨∨, which serves
as a classifier for N∨ !M∨ being trace-class. This shows (b). To show (c), we construct the
diagonal map F (N)∨ ! F (M∨) as follows:

F (N)∨ −! F (M∨ bR N) bD F (N)∨ » F (M∨) bF (R) F (N) bD F (N)∨ −! F (M∨) .

Here we use the classifier 1C !M∨ bR N and the evaluation map for F (N).

2.10. Nuclear objects — In addition to the assumptions from 2.8, let us now assume that
C is stable, compactly generated, and 1C is compact.
(a) A left R-module M is called nuclear if every morphism P ! M from a compact left

R-module P is trace-class.
(b) We call a left R-module M basic nuclear if M can be written as a sequential colimit

M » colim(M0 !M1 ! · · · ) such that each transition map Mn !Mn+1 is trace-class.
We let Nuc(LModR(C)) ⊆ LModR(C) denote the full sub-∞-category spanned by the nuclear
left R-modules.

2.11. Theorem. — Let C be a presentable stable symmetric monoidal ∞-category such that
C is compactly generated and the tensor unit 1C ∈ C is compact. Let R ∈ AlgE1

(C)
(a) Nuc(LModR(C)) ⊆ LModR(C) closed under shifts and colimits. Moreover, if M is a

nuclear left R-module and X ∈ Nuc(C), then M bX ∈ Nuc(LModR(C)).
(b) Nuc(LModR(C)) is ω1-compactly generated and the ω1-compact objects are precisely the

basic nuclears.
(c) If R! S is a map of E1-algebras in C, then S bR − : LModR(C)! LModS(C) preserves

the full sub-∞-categories of nuclear objects.
(d) Suppose that for all compact left R-modules P and all compact C ∈ C the tensor product

P b C is still compact as a left R-module. If P is compact and M is nuclear, the natural
map

HomR(P,R) bRM
»
−! HomR(P,M)
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is an equivalence. Furthermore, if R ! S is a map of E1-algebras in C such that S is
nuclear as a left R-module, then the forgetful functor LModS(C)! LModR(C) preserves
the full sub-∞-categories of nuclear objects.

Proof sketch. For parts (a) and (b), the case R » 1C is covered in rCS22, Theorem 8.6s; the
arguments given therein apply verbatim for general R as well. For (c), it’s straightforward to
check that S bR − preserves trace-class maps, hence basic nuclear objects and thus all nuclear
objects by (b).

For (d), the assumption implies that every compact left R-module is also internally compact
in the sense that HomR(P,−) preserves filtered colimits. We may thus reduce to the case
where M is basic nuclear. Write M as a sequential colimit M » colim(M0 !M1 ! · · · ) with
trace-class transition maps. If η : 1C ! HomR(Mn, R) bRMn+1 is a classifier for Mn !Mn+1

and c : HomR(P,Mn) b HomR(Mn, R) ! HomR(P,R) is the canonical composition map, we
get a commutative diagram

HomR(P,Mn) HomR(P,Mn+1)

HomR(P,Mn) b HomR(Mn, R) bRMn+1 HomR(P,R) bRMn+1

η

c

Using these diagrams for all n we see that colimHomR(P,R) bR Mn ! colimHomR(P,Mn)
has an inverse. It follows that HomR(P,R) bRM » HomR(P,M), as desired.

Now let N be a nuclear left S-module and let P ! N be a map from a compact left
R-module. Then S bR P ! N is trace-class, because it factors through S bR P ! S bRN and
S bR − preserves trace-class morphisms. If η : 1C ! HomS(S bR P, S) bS N is a classifier, we
note HomS(SbRP, S) » HomR(P, S) » HomR(P,R)bRS by our assumption that S is nuclear.
Thus HomS(SbRP, S)bSN » HomR(P,R)bRN and so η is also a classifier witnessing P ! N
being trace-class. This shows that the forgetful functor LModS(C)! LModR(C) preserves the
full sub-∞-categories of nuclear objects.

2.12. Remark. — If C0 is a small stable symmetric monoidal ∞-category, then Theorem 2.11
can be applied to Ind(C0). Since every trace-class map in Ind(C0) factors through a compact
object by rCS22, Lemma 8.4s, we see that the basic nuclear objects in Ind(C0) are of the form
“colim”(X1 ! X2 ! · · · ), where each Xn ! Xn+1 is trace-class in C0.

If C is a presentable stable symmetric monoidal ∞-category (hence C is large unless C » 0),
one can still make sense of Nuc Ind(C) without running into set-theoretic problems. Indeed, if κ
is a sufficiently large regular cardinal such that C is κ-compactly generated and 1 is κ-compact,
the same argument as in rCS22, Lemma 8.4s shows that every trace-class morphism in C factors
through a κ-compact object. Then every basic nuclear object is equivalent to one in which each
Xn is κ-compact and so the basic nuclear objects in form an essentially small ∞-category. We
may then define Nuc Ind(C) as Indω1(−) of the ∞-category of basic nuclear objects.

§2.3. Solid even flatness in the nuclear case
In this subsection we explain that the analogues of rPst23, Theorems 4.14 and 4.16s are still
true under certain additional nuclearity assumptions.

2.13. Assumptions on R. — From now on let us assume that our solid E1-algebra R
satisfies the following condition:
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(R) HomR(NullR, R) is nuclear and solid ind-perfect even both as a left R-module and as a
right R-module.

Here we use that NullR »
∏

N S b■ R is naturally a bimodule over R. Also note that Assump-
tion (R) implies that that HomR(P,R) is nuclear and solid ind-perfect even for any solid perfect
even left or right R-module P .

2.14. Lemma. — Let R◦ be a discrete condensed E1-ring spectrum and let M◦ be any discrete
condensed left R◦-module.
(a) Assumption 2.13(R) is satisfied for R = R◦. Moreover, M◦ is nuclear as a left R◦-module.
(b) Assumption 2.13(R) is satisfied for R = (R◦)∧p . Moreover, if R◦ is connective, then (M◦)∧p

is nuclear over (R◦)∧p .
(c) Assumption 2.13(R) is satisfied for R = (R◦)∧p r1/ps. Moreover, if R◦ is connective, then

(M◦)∧p r1/ps is nuclear over (R◦)∧p r1/ps.

Proof. In the following, we won’t specify whether we’re working with left or right R-modules,
since the arguments will be valid in either case. For arbitrary solid E1-algebras R, we have
HomR(NullR, R) » HomS(

∏
N S, R). If R = R◦ is discrete, then HomS(

∏
N S, R) »

À

NR
◦,

which is solid ind-perfect even. Since R is nuclear over itself and nuclear objects are closed
under shifts and colimits, it follows that every discrete R-module is nuclear. This shows (a).

If R = (R◦)∧p , then the same argument shows HomS(
∏

N S, R) » (
À

NR
◦)∧p . To show the

solid ind-perfect evenness condition, write
ˆ

à

N
R◦

˙∧

p

» colim
f : N!N,
f(n)!∞

∏
N
pf(n)R ,

where the colimit is taken over all functions f : N ! N such that f(n) ! ∞ as n ! ∞. We
claim that whenever g ⩽ f is growing so slowly that f(n) − g(n) ! ∞, the transition map∏

N p
f(n)R!

∏
N p

g(n)R is trace-class and factors through NullR. This will show that every map
from a compact left R-module to (

À

NR
◦)∧p is trace-class and factors through NullR, so that

(
À

NR
◦)∧p is nuclear and solid ind-perfect even by the solid analogue of rPst23, Proposition 4.3s.

To show the claim, we may as well assume g = 0 and show that (pf(n))n∈N :
∏

NR!
∏

NR
is trace-class and factors through NullR. Let en denote the nth basis vector in the standard basis
of
À

NR
◦. Then

∑
pf(n)(enben) is a well-defined π0-class in (

À

N τ⩾0(R
◦))∧p b■

τ⩾0(R)

∏
N τ⩾0(R),

since the solid tensor product of connective p-complete objects will be p-complete again. The
image of this π0-class in (

À

NR
◦)∧p b■

R

∏
NR defines a morphism

S −! HomR(NullR, R) b■
R

∏
N
R ,

which classifies a trace-class map NullR !
∏

NR. By inspection, this is a factorisation of
(pf(n))n∈N :

∏
NR!

∏
NR, as desired.

This argument shows, in particular, that the p-completion of any countable direct sum of
copies of R◦ is nuclear over R. We deduce the same for arbitrary direct sums, as p-completion
commutes with ω1-filtered colimits. Now suppose R◦ is connective. First consider the case where
M◦ is bounded below. Let M be the p-completion of M◦. Define a sequence of left R-modules
M0,M1, . . . as follows: M0 :=M ; for n ⩾ 0, we choose a map

À

ΣnR◦ !Mn that is surjective
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§2.3. Solid even flatness in the nuclear case

on πn and then define Mn+1 := cofib(
À

ΣnR◦ !Mn)
∧
p . Then M » colimfib(M !Mn); note

that the colimit doesn’t need to be p-completed, since each term is p-complete and in each
homotopical degree the colimit stabilises after finitely many steps. Thus, it will be enough to
check that each fib(M !Mn) is nuclear, which follows from our observation that p-completions
of arbitrary direct sums of copies of R◦ are nuclear. This shows that (M◦)∧p is nuclear in the
bounded below case. For general M◦, note that (M◦)∧p and (τ⩾−nM

◦)∧p agree in homotopical
degrees ⩾ −n+ 1. It follows that (M◦)∧p » colimn⩾0(τ⩾−nM

◦)∧p . By the bounded below case,
this is a (non-p-completed) colimit of nuclear objects and so (M◦)∧p must be nuclear too. This
finishes the proof of (b).

If R = (R◦)∧p r1/ps, then HomS(
∏

N S, R) » (
À

NR
◦)∧p r1/ps by compactness of

∏
N S. The

desired assertions then follow from (b) using base change for nuclear modules (Theorem 2.11(c)).
This shows (c).

Under Assumption 2.13(R), we can show the following weaker analogue of the “even Lazard
theorem” rPst23, Theorem 4.14s.

2.15. Lemma. — Let R be a solid condensed E1-ring spectrum and let M be a left R-module.
(a) If M is solid ind-perfect even, then M is solid even flat.
(b) Let M be solid even flat. If R satisfies Assumption 2.13(R) and M is nuclear, then is

solid ind-perfect even.

Proof. For (a), we only need to check that NullR is solid even flat. This follows from the fact
that NullZ »

∏
N Z is flat for the solid tensor product on Ab■ by rCS24, Lecture 6s.

For (b), let φ : P !M be a map from a compact left R-module. By the solid analogue of
rPst23, Proposition 4.3s, it will be enough to show that φ factors through a solid perfect even.
Since M is nuclear, φ will be trace-class, with classifier η : S! HomR(P,R) b■

RM . As in the
proof of rPst23, Theorem 4.14s, let us choose a map HomR(P,R)! E whose suspension is a
π˚-even envelope in right R-modules. Then π˚(E b■

RM) is concentrated in odd degrees, hence
the composite

S −! HomR(P,R) b■
RM −! E b■

RM

must vanish.(2.3) It follows that the classifier η lifts to a map η′ : S ! Σ−1C b■
R M , where

C » cofib(HomR(P,R) ! E). By definition of π˚-even envelopes, Σ−1C is solid ind-perfect
even as a right R-module. Writing Σ−1C as a filtered colimit of solid perfect evens and using
that S is compact, we obtain a further factorisation

S Qb■
RM

HomR(P,R) b■
RM

η′′

η

where Q is solid perfect even. Assumption 2.13(R) guarantees that HomR(P,R) is nuclear,
hence the composition Q! Σ−1C ! HomR(P,R) is trace-class as a map of right R-modules.
Choose a classifier ϑ : S ! HomR(P,R) b■

R HomR(Q,R). We see that the original map
φ : P ! M is given by tensoring P with η′′ and ϑ and then applying the evaluation maps

(2.3)This argument still works with condensed homotopy groups since any cover of the one-point set ˚ in the
site of light profinite sets is split.
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§2. The solid even filtration

evQ : HomR(Q,R)b■ Q! R and evP : P b■ HomR(P,R)! R. This can be done in any order,
hence φ also agrees with the composition

P
ϑ
−! P b■ P∨ b■

R HomR(Q,R)
evP−! HomR(Q,R)

η′′
−! HomR(Q,R) b■ Qb■

RM
evM−−−!M ,

where we wrote P∨ := HomR(P,R) for short. We conclude that φ factors through HomR(Q,R).
Again by Assumption 2.13(R), HomR(Q,R) is a filtered colimit of solid perfect even left R-
modules. Since P is compact, we conclude that φ : P !M factors through a solid perfect even
left R-module, as desired.

We can also show the following weaker analogue of rPst23, Theorem 4.16s.

2.16. Lemma. — Let R be a solid condensed E1-ring spectrum and let M be a left R-module.
(a) M is solid homologically even if and only if every map P ! ΣM , where P is solid perfect

even, factors through a map P ! ΣQ, where Q is solid perfect even.
(b) Suppose M is solid homologically even. If E is a solid even flat right R-module such that

π˚(E) is even, then any map S! E b■
R ΣM vanishes.

(c) Suppose R satisfies Assumption 2.13(R) and M is nuclear. Suppose furthermore that
for any solid ind-perfect even right R-module E such that π˚(E) is even, any morphism
S! E b■

R ΣM vanishes. Then M is solid homologically even. In particular, this applies
if M is nuclear and solid even flat.

Proof. For part (a), the proof of rPst23, Theorem 4.16(2)s can be copied verbatim. For (b), let
η : S! E b■

R ΣM be any map. Let M ! F be a π˚-even envelope and let C := cofib(M ! F ).
Since E is solid even flat, π˚(E b■

R ΣF ) is concentrated in odd degrees and so the composite

S −! E b■
R ΣM −! E b■

R ΣF

must vanish. Choosing a null-homotopy, we see that η factors through a map η′ : S! E b■
R C.

By assumption, C is solid ind-perfect even. Since S is compact, η′ factors through another map
η′′ : S! E b■

R P , where P is solid perfect even. Since M is solid homologically even, (a) shows
that the composite P ! C ! ΣM factors through ΣQ, where Q is solid perfect even. Now Q
is solid even flat by Lemma 2.15(a) and so π˚(E b■

R ΣQ) is concentrated in odd degrees. Thus
any map S! E b■

R ΣQ vanishes. Composing with ΣQ! ΣM , we find that our original map
S! E b■

R ΣM must vanish as well, as desired.
Let us now show (c). Let P ! ΣM be any map from a solid perfect even. Since M is assumed

to be nuclear, any such map is trace-class. Choose a classifier η : S ! HomR(P,R) b■
R ΣM

as well as a π˚-even envelope HomR(P,R)! E in right R-modules. By Assumption 2.13(R),
HomP (P,R) is solid ind-perfect even, hence the same is true for any π˚-even envelope. Our
assumption then implies that any map S ! E b■

R ΣM vanishes. It follows that η factors
through a map η′ : S! Σ−1C b■

R ΣM , where C := cofib(HomR(P,R)! E). By assumption,
C is solid ind-perfect even; since S is compact, we find a solid perfect even right R-module Q
and a commutative diagram

S Σ−1Qb■
R ΣM

HomR(P,R) b■
R ΣM

η′′

η
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By Assumption 2.13(R), HomR(P,R) is nuclear as a right R-module and so the composition
Σ−1Q ! Σ−1C ! HomR(P,R) is trace-class. Arguing as in the proof of Lemma 2.15(b), we
find that our original map P ! ΣM factors through HomR(Σ

−1Q,R). By Assumption 2.13(R)
again, HomR(Q,R) is solid ind-perfect even. Writing HomR(Σ

−1Q,R) » ΣHomR(Q,R) as a
filtered colimit of suspensions of solid perfect even left R-modules and using that P is compact,
we deduce that P ! ΣM factors through the suspension of a solid perfect even left R-module,
as desired.

For the “in particular”, just observe that M being solid even flat implies that π˚(E b■
R ΣM)

is concentrated in odd degrees and so indeed any map S! E b■
R ΣM vanishes.

We can also show that the solid even filtration recovers Pstrągowski’s perfect even filtration
in the homologically even case.

2.17. Corollary. — Let R◦ be a discrete condensed E1-ring spectrum and let M◦ be a discrete
condensed homologically even left R◦-module.
(a) M◦ is solid homologically even as well.
(b) The comparison map from Pstrągowski’s perfect even filtration to the solid even filtration

(see 2.7) is an equivalence
fil⋆P9evM

◦ »
−! fil⋆evM

◦

In particular, this applies in the case M◦ = R◦.

Proof. For (a) we’ll verify the criterion from Lemma 2.16(a). Let φ : P ! ΣM◦ be any map,
where P is solid perfect even. Since M◦ is nuclear by Lemma 2.14(a), this map must be trace-
class, with witness η : S ! HomR◦(P,R◦) bR ΣM◦. Now HomR◦(P,R◦) is solid ind-perfect
even. In fact, it is discrete and a filtered colimit of discrete left R◦-modules which are perfect
even in Pstrągowski’s sense (which we’ll call discrete perfect even in the following). Indeed,
this is clearly true for HomR◦(NullR◦ , R◦) »

À

NR
◦ and then it follows in general.

Since S is compact, η must factor through a map η◦ : S! P ◦ bR ΣM◦, where P ◦ is discrete
perfect even. Then P ◦ is dualisable and so η◦ corresponds to a map φ◦ : HomR◦(P ◦, R◦)! ΣM◦

through which our original map φ factors. Since HomR◦(P ◦, R◦) is still discrete perfect even,
the assumption that M◦ is discrete homologically even ensures that φ◦ factors through a map
HomR◦(P ◦, R◦)! ΣQ◦, with Q◦ discrete perfect even and so we’re done.

To show (b), it’s straightforward to check that the construction of a π˚-even envelopes of M
as a discrete left R-module in rPst23, Proposition 4.11s also yields a π˚-even envelope as a solid
condensed left R-module.(2.4) Assuming homological evenness, both gr˚

P9evM and gr˚
evM can

be computed by repeatedly taking π˚-even envelopes, as explained in rPst23, §5s. It follows
that fil⋆P9evM ! fil⋆evM is an equivalence on associated gradeds. Since both filtrations are
exhaustive, we conclude.

§2.4. Solid faithfully flat descent in the nuclear case

In this subsection we’ll show a flat descent result for the solid even filtration. We start with
the definition of faithful flatness; it is slightly more restrictive than rPst23, Definition 6.15s,
but we expect that this doesn’t cause any problems in practice.

(2.4)Implicitly, we use that discrete condensed abelian groups have vanishing higher cohomology on any light
profinite set; see rCS24, Lecture 4s.
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§2. The solid even filtration

2.18. Definition. — A map R! S of solid condensed E1-algebras is called solid faithfully
even flat if S and cofib(R! S) are solid even flat both as left and as right R-modules.

2.19. Theorem. — Let R ! S be a solid faithfully even flat map of solid condensed E1-
algebras such that R satisfies Assumption 2.13(R) and S is nuclear as a left R-module. We
denote the Čech nerve of R! S by R! S•. Then for every nuclear solid homologically even
left R-module M , the canonical map

fil⋆ev /RM −! lim
∆∆

fil⋆ev /R(S
• b■

RM)

is an equivalence up to completing the filtrations on either side.

Proof. Put C := cofib(R ! S) for short. First observe that S bRM and C bRM are again
nuclear by Theorem 2.11(c) and (d). If E is any π˚-even and solid even flat right R-module,
then Eb■

RS is π˚-even and solid even flat since S is solid even flat both as as a left and as a right
R-module. Using that M is solid homologically even, we find that any map S! Eb■

RSb■
RΣM

vanishes by Lemma 2.16(b). Since S b■
R M is nuclear, we conclude that it must be solid

homologically even by Lemma 2.16(c). The same argument applies to C b■
RM .

Therefore we get a short exact sequence 0! FM ! FSb■
RM
! FCb■

RM
! 0. Arguing as in

the proof of rPst23, Theorem 6.26s, we conclude that the Moore complex

0 −! FM −! FSb■
RM
−! FSb■

RSb■
RM
−! · · ·

is exact. Replacing M by an even suspension, we deduce the same for F(−)(w) for every integral
weight w ∈ Z. For proper half-integral weights w ∈ 1

2 + Z this is true as well for trivial reasons,
since our argument above shows that all terms in S• b■

RM are homologically even. We can
thus apply the solid analogue of rPst23, Proposition 5.5s.

We also need the following variant of faithfully flat descent.

2.20. Theorem. — Let R0 be a solid condensed E∞-algebra and let S0 be an E1-algebra
in R0-modules such that R0 ! S0 is solid faithfully even flat and S0 is nuclear over R0. We
denote the Čech nerve of R0 ! S0 by R0 ! S•

0 . Let R0 ! R be another map of solid condensed
E1-algebras such that R satisfies Assumption 2.13(R). Then for every solid homologically flat
R0-module M0, the canonical map

fil⋆ev /R(R b■
R0
M0) −! lim

∆∆
fil⋆ev /R(R b■

R0
M0 b■

R0
S•
0)

is an equivalence up to completing the filtrations on both sides.

Proof. This doesn’t follow from Theorem 2.19 since we can’t produce an E1-structure on
R b■

R0
S0. But the argument can be adapted in a straightforward way.

Let C0 := cofib(R0 ! S0). A combination of Theorem 2.11(c) and (d) shows again that
Rb■

R0
M0 b■

R0
S0 and Rb■

R0
M0 b■

R0
C0 are nuclear over R. Moreover, both are solid even flat

as left R-modules, hence solid homologically even by Lemma 2.16(c). It follows that

0! FRb■
R0
M0
−! FRb■

R0
M0b■

R0
S0
−! FRb■

R0
M0b■

R0
C0
−! 0

is a short exact sequence. Since the cosimplicial R0-module M0 b■
R0
S0 b■

R0
S•
0 is split, we can

still use an analogous argument as in the proof of rPst23, Theorem 6.26s to conclude that the
Moore complex

0 −! FRb■
R0
M0
−! FRb■

R0
M0b■

R0
S0
−! FRb■

R0
M0b■

R0
S0b■

R0
S0
−! · · ·
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§2.4. Solid faithfully flat descent in the nuclear case

is exact. The same follows for F(−)(w) for every half-integral weight w: If w ∈ Z, replace M0 by
an even suspension, otherwise exactness holds for trivial reasons as the whole complex vanishes
by solid homological evenness. We can thus apply the solid analogue of rPst23, Proposition 5.5s

again to finish the proof.

2.21. Remark. — Note that M = R satisfies the nuclearity and homological evenness assump-
tion in Theorem 2.19. Similarly, M0 = R satisfies the assumptions in Theorem 2.20. So in either
case we get a way of computing fil⋆ev /RR via descent, provided R satisfies Assumption 2.13(R).
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§3. The solid even filtration for THH
The purpose of this section is to construct and study an appropriate even filtration on
TC−(kuR/kuA), where kuA and kuR denote certain lifts to ku of rings A and R (subject
to strong additional assumptions to be specified below). In the subsequent section §4 we’ll show
that the associated graded of this even filtration is closely related to the q-de Rham complex
q9dRR/A.

Throughout §3 and §§4.1–4.3, we fix a prime p as well as rings A and R satisfying the
following assumptions:

3.1. Assumptions on A. — We let A be a p-complete and p-completely perfectly covered
δ-ring. That is, the Frobenius ϕ : A! A is p-completely faithfully flat; equivalently, A admits
a p-completely faithfully flat δ-ring map A! A∞ into a perfect δ-ring. We assume that A is
equipped with the following additional structure:
(tCp) A has a lift to a p-complete connective E∞-ring spectrum SA such that SA bSp Zp » A

and such that the Tate-valued Frobenius

ϕtCp : SA −! StCpA

agrees with the δ-ring Frobenius ϕ : A ! A on π0. Furthermore, ϕtCp must be equipped
with an S1-equivariant structure as a map of E∞-ring spectra, where SA receives the trivial
S1-action and StCpA the induced S1 » S1/Cp-action.

The S1-equivariant structure in (tCp) ensures that SA is a p-cyclotomic base: By the universal
property of THH, the augmentation THH(SA) ! SA becomes a map of E∞-algebras in
cyclotomic spectra in a unique way, where the p-cyclotomic Frobenius on SA is ϕtCp with its
chosen S1-equivariant structure. In particular, THH(−/SA) » THH(−) bTHH(SA) SA carries a
p-cyclotomic structure. We also put kuA := (ku b SA)∧p .

3.2. Assumptions on R. — We let R be a p-complete A-algebra of bounded p∞-torsion.
We assume that R is p-quasi-lci over A in the sense that the cotangent complex LR/A has
p-complete Tor-amplitude in homological degrees r0, 1s over R. In addition, one of the following
two conditions must be satisfied:
(E2) R has a lift to a p-complete connective E2-algebra SR ∈ AlgE2

(ModSA(Sp)) such that
SR bSp Zp » R.

(E1) R is p-torsion free and has a p-quasi-syntomic cover R! R∞ such that:
(a) R∞/p is relatively semiperfect over A in the sense that its relative Frobenius over

the δ-ring A is a surjection R∞/pbA,ϕ A↠ R∞/p.
(b) If R•

∞ denotes the p-completed Čech nerve of R! R∞, then the augmented cosim-
plicial diagram R! R•

∞ has a lift to an augmented cosimplicial diagram SR ! SR•
∞

in AlgE1
(ModSA(Sp)), which is p-complete and connective in every degree.

We put kuR := (ku b SR)∧p and, in case (E1), kuR•
∞ := (ku b SR•

∞)∧p .

3.3. Remark. — Even though the assumptions in 3.1 and 3.2 seem quite restrictive, they
allow for many interesting examples, as we’ll see in §6.1.

3.4. Remark. — Let us motivate the rather artificial condition 3.2(E1). If our lifts are
only E1, there’s no even filtration on TC−(kuR/kuA)

∧
p . However, if TC−(kuR/kuA)

∧
p happens
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to be an even spectrum, then we can still consider its double-speed Whitehead filtration
τ⩾2⋆TC

−(kuR/kuA)
∧
p . This case turns out to be quite interesting: As we’ll see in §4.3, the

q-deformation of the Hodge filtration that we get in this case is independent of the choice of
the E1-lift SR! This is the reason why we don’t content ourselves with the E2-case.

More generally, given a resolution SR ! SR•
∞ as in 3.2(E1), then TC−(kuR•

∞/kuA)
∧
p is

even in every cosimplicial degree, so we can use it to define an ad-hoc replacement of the
even filtration. Indeed, evenness can be checked modulo β, so we only need to check that
HC−(R•

∞/A)
∧
p is even. By assumption, R∞/p is relatively semiperfect over A, hence the same

is true for R•
∞/p in every cosimplicial degree. Then the desired evenness follows from rWag25,

Lemma 4.18(a)s and rBMS19, Theorem 1.17s.

3.5. Remark. — Throughout §3, we won’t use that the lifts kuA and kuR come from
spherical lifts SA and SR, nor will we use the structure of a p-cyclotomic base on SA. But for
the comparison with q-de Rham cohomology in §4, these assumptions will become relevant.

§3.1. Solid THH

Throughout §§3–4, we’ll work in the world of solid condensed spectra (see 2.1). In many cases,
it makes no difference whether we work solidly or p-completely; for the most part, the reader
not familiar with the solid theory may safely replace each “■” by a p-completion. But working
solidly has the advantage that that THH will often automatically be p-complete (Lemma 3.7).
This simplifies the p-completed descent for the even filtration (Lemma 3.12) and it makes it
much easier to deal with rationalisations, as not having to p-complete allows us to appeal
directly to the fact that ku∧p b Q » Qprβs.

3.6. Convention. — For readability we’ll adopt the following abusive convention: If X is a
p-complete spectrum, we’ll identify X with the solid condensed spectrum X∧

p , otherwise we
identify X with the discrete solid condensed spectrum X. In particular, we’ll regard ku as a
discrete condensed spectrum, but kuR and kuA as a p-complete ones.

For any E∞-algebra k in Sp■, the module ∞-category Modk(Sp■) is symmetric monoidal
for the solid tensor product − b■

k −. We can then consider topological Hochschild homology
inside Modk(Sp■). This yields a functor

THH■(−/k) : AlgE1

`

Modk(Sp■)
˘

−! Modk(Sp■)
BS1

.

We also let TC−
■ (−/k) := THH■(−/k)hS

1 and TP■(−/k) := THH■(−/k)tS
1 , where the fixed

points and Tate construction are taken inside Modk(Sp■)
BS1 .

3.7. Lemma. — Let k◦ be a discrete connective E∞-ring spectrum and let T ◦ be a discrete
connective E1-algebra in k◦-modules. Let k := (k◦)∧p and T := (T ◦)∧p . Then solid condensed
spectrum THH■(T/k) is the p-completion of the discrete spectrum THH(T ◦/k◦).

Proof. By the magical property of the solid tensor product,

THH■(T/k) » T b■
T opb■

kT
T

is again p-complete. Hence we get a map THH(T ◦/k◦)∧p ! THH■(T/k). Whether this map is an
equivalence can be checked modulo p5. By Burklund’s result rBur22, Theorem 1.2s, the quotient
k/p5 » k b■ S/p5 admits an E2-k-algebra structure, and so we may regard T/p5 » T b■

k k/p
5
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§3. The solid even filtration for THH

as an E1-algebra in the E1-monoidal ∞-category RModk/p5(Sp■). Since k/p5 » k◦ b S/p5 and
T/p5 » T ◦ b S/p5 are discrete and the inclusion of discrete objects into all solid condensed
spectra preserves tensor products, we obtain

THH(T ◦/k◦)∧p /p
5 » (T/p5) b■

(T/p5)opb■

k/p5
(T/p5) (T/p

5) » THH■(T/k)/p
5 .

§3.2. The solid even filtration via even resolutions
Let us now construct the desired even filtrations. We’ll use the adaptation of Pstrągowski’s
perfect even filtration to the solid setting that we’ve sketched in §2.

Throughout this subsection, we’ll fix a connective even E∞-ring spectrum k such that
π2˚(k) is p-torsion free. The example of interest is of course k = ku, but we’ll later apply the
same results in other cases as well (e.g. for ku b Q or the geometric fixed points kuΦCm), so
the additional generality will be worthwhile. We put kA := k b■ SA, kR := k b■ SR, and in
case 3.2(E1) also kR•

∞ := k b■ SR•
∞ , where we regard k, SA, and SR as solid condensed spectra

per Convention 3.6. Note that these are all even by our assumptions on k, A, and R, but they
are not necessarily p-complete; in the case k = ku however, p-completeness is satisfied.

3.8. Even filtrations. — If we are in situation 3.2(E2), then THH■(kR/kA) is an E1-algebra
and so we can define

fil⋆ev THH■(kR/kA)

to be its solid even filtration as a module over itself. For k = ku, we’ll see in Corollary 3.24
below that fil⋆ev THH■(kuR/kuA) is the p-completion of Pstrągowski’s perfect even filtration
on the discrete E1-ring spectrum THH(kuR/kuA). For k = Z, we’ll see in Corollary 3.21, that
fil⋆ev HH■(R/A) agrees with the Hahn–Raksit–Wilson/HKR filtration on HH(R/A)∧p .

In situation 3.2(E1), THH■(kR/kA) doesn’t have any multiplicative structure; instead, we
use the following ad-hoc definition as discussed in Remark 3.4:

fil⋆ev THH■(kR/kA) := lim
∆∆
τ⩾2⋆THH■(kR•

∞/kA) .

To define filtrations on TC−
■ (kR/kA) and TP■(kR/kA) in either situation, we use a construction

due to Pstrągowski and Raksit that will appear in forthcoming work rPRs and has already been
used in rAR24s. Let Sev := fil⋆ev S and Tev := fil⋆ev SrS1s denote the even filtrations of S and SrS1s,
respectively.(3.1) Following rAR24, Definition 2.11s, we define the ∞-category of synthetic solid
condensed spectra to be SynSp■ := ModSev(Fil Sp■). Then Tev is a bicommutative bialgebra
in SynSp■ and we can equip ModTev(SynSp■) with the symmetric monoidal structure coming
from the coalgebra structure on Tev. By monoidality of the even filtration, fil⋆ev THH■(kR/kA)
is an object in ModTev(SynSp■) (in case 3.2(E2) it is even an E1-algebra). We can then finally
define the desired filtrations as

fil⋆ev,hS1 TC
−
■ (kR/kA) :=

`

fil⋆ev THH■(kR/kA)
˘hTev ,

fil⋆ev,tS1 TP■(kR/kA) :=
`

fil⋆ev THH■(kR/kA)
˘tTev ,

(3.1)It doesn’t matter whether they are defined in à la Hahn–Raksit–Wilson or à la Pstrągowski or in the solid
setting. Indeed, by rPst23, Theorem 7.5s, the Hahn–Raksit–Wilson filtration is the completion of Pstrągowski’s
filtration in either case (to apply this result, we use that SrS1

s ! S and S ! MU are eff by rAR24, Corollary 2.36s

and rHRW22, Proposition 2.2.20s). But the filtrations are also exhaustive: For Pstrągowski’s, this is always the
case, for the Hahn–Raksit–Wilson filtration of connective E∞-rings it is an unpublished result of Burklund and
Krause. Finally, the comparison with the solid version is Corollary 2.17.
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where the fixed points and Tate constructions (−)hTev and (−)tTev with respect to Tev are
defined as in rAR24, §2.3s.(3.2)

In situation 3.2(E1), the ad-hoc even filtration being given as a cosimplicial limit gives us
good control over it. We’ll now show a similar description in situation 3.2(E2).

3.9. Even resolutions. — Assume we’re in situation 3.2(E2). Let P := Zrxi | i ∈ Is be
a polynomial ring with a surjection P ↠ R. Since SP := Srxi | i ∈ Is is the free E1-ring on
commuting generators xi, we get an E1-map SP ! kuR. It is a folklore result that SP admits
an even cell decomposition as an E2-ring; see Lemma B.1 for a proof. Since kR is even, the
map SP ! kR can be upgraded to an E2-map.

Now let Z ! P • denote the Čech nerve of Z ! P and define S ! SP • similarly. We
also let Zp ! P̂ •

p and Sp ! SP̂p denote the p-completed Čech nerves. The Čech nerve of
the augmentation THH■(SP̂p)! SP̂p is the cosimplicial diagram THH■(SP̂p/SP̂ •

p
). If we base

change this diagram along the E1-map THH■(SP̂p)! THH■(kuR/kuA), we get an augmented
cosimplicial diagram of left THH■(kR/kA)-modules

THH■(kR/kA) −! THH■

`

kR/kA b■ SP̂ •
p

˘

.

In the case k = Z, this becomes the descent diagram HH■(R/A)! HH■(R/Ab■
Zp P̂

•
p ).

3.10. Remark. — Instead of the resolution from 3.9, we could also use the following: Let
SP∞ := Srx

1/p∞

i | i ∈ Is, let SP ! SP •
∞ be the Čech nerve of SP ! SP∞ and define

kR•
∞ :=

`

kR bSP SP •
∞

˘∧
p
.

In this way we get resolutions of the same form in both cases 3.2(E1) and (E2). Most arguments
below would work for this resolution as well, but the one from 3.9 is more convenient for
Corollary 3.24 and for the global case in §4.4.

3.11. Proposition. — Assume we are in situation 3.2(E2). Then the cosimplicial resolution
from 3.9 induces a canonical equivalence

fil⋆ev THH■(kR/kA)
»
−! lim

∆∆
τ⩾2⋆THH■

`

kR/kA b■ SP̂ •
p

˘

.

To prove Proposition 3.11, we’ll send two technical lemmas in advance.

3.12. Lemma. — The augmentation maps THH■(SP )! SP and THH■(SP̂p)! SP̂p are solid
faithfully even flat in the sense of Definition 2.18. Moreover, SP is nuclear as a THH■(SP )-
module and SP̂p is nuclear as a THH■(SP̂p)-module.

Proof. The nuclearity assumptions follow from Lemma 2.14. We only show solid faithful even
flatness for THH■(SP̂p)! SP̂p ; the argument for THH■(SP )! SP is similar (but easier). Let
E be a π˚-even module over THH■(SP̂p). We have a convergent spectral sequence

E2 = H˚

´

π˚(E) bL■
π˚ THH■(SP̂p ) π˚(SP̂p)

¯

=⇒ π˚

´

E b■
THH■(SP̂p ) SP̂p

¯

.

(3.2)To avoid confusion with the genuine fixed points that will appear later, we deviate from the notation in
rAR24s and write (−)hTev instead of (−)Tev .
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§3. The solid even filtration for THH

To show that the right-hand side is even, so that SP̂p will be solid even flat as a THH■(SP̂p)-
module, it will be enough to show that the E2-page is concentrated in even bidegrees. The
calculation in the proof of rHRW22, Proposition 4.2.4s shows that

π˚ THH■(SP̂p) „= π˚(SP̂p) b■
Zp Λ

˚
Zp(dxi | i ∈ I)∧p

is a graded p-completed exterior algebra over π˚(SP̂p) on generators dxi in bidegree (1, 0). Since
π˚(E) is concentrated in even degrees, each dxi must act by 0, and so

π˚(E) bL■
π˚ THH■(SP̂p ) π˚(SP̂p) » π˚(E) bL■

Zp Γ
˚
Zp(σ

2xi | i ∈ I)∧p ,

where Γ˚
Zp(σ

2xi | i ∈ I)∧p denotes a p-completed divided power algebra on generators in
bidegree (2, 0). Thus, to show that the E2-page is concentrated in even bidegrees, we only
need to check that any p-completed direct sum (

À

J Zp)∧p is solid even flat over Zp. For finite
direct sums this is obvious, for countable direct sums we can use the argument from the proof
of Lemma 2.14, and for uncountable direct sums we can reduce to the countable case since
p-completion commutes with ω1-filtered colimits. This finishes the proof of evenness of the
E2-page, so that SP̂p is indeed solid even flat over THH■(SP̂p).

Since the unit component Zp ! Γ˚
Zp(σ

2xi | i ∈ I)∧p is a direct summand, we see that the
condensed homotopy groups

π˚

´

E b■
THH■(SP̂p ) cofib

`

THH■(SP̂p
˘

! SP̂p)
¯

are also computed by a spectral sequence with E2-page concentrated in even bidegrees. This
shows that cofib(THH■(SP̂p)! SP̂p) is also solid even flat over THH■(SP̂p) and we’re done.

3.13. Lemma. — There exists a natural convergent spectral sequence

E2
r,s = Hr

`

HH■(R/A) bL■
Z π2s(k)

˘

=⇒ πr+sTHH■(kR/kA) .

Proof. The argument is the same as in rHRW22, Proposition 4.2.4s except for different grading
conventions. Consider the filtered spectrum THH■(τ⩾⋆(kR)/τ⩾⋆(kA)). This is an exhaustive
and complete (due to increasing connectivity) filtration on THH■(kR/kA) and so it determines
a convergent spectral sequence.

It remains to check that the E2-page has the desired form. The associated graded
of the filtered spectrum above is THH■(Σ

˚π˚(kR)/Σ
˚π˚(kA)). Since π˚(kA) and π˚(kR)

are concentrated in even graded degrees and Z-linear, the shearing functor Σ˚ is symmet-
ric monoidal and commutes with THH. The associated graded can thus be rewritten as
Σ˚ HH■(π˚(kR)/π˚(kA)) » Σ˚ HH■(R/A) bL■

Z π˚(k). This yields the desired E2-page.

Proof of Proposition 3.11. Using the spectral sequence from Lemma 3.13 (applied to SA b■ SP̂ •
p

instead of SA) and our asssumption that Ab■
Z P̂p ↠ R is p-quasi-lci and surjective, we see that

THH■(kR/kA b■ SP̂ •
p
) is even. It follows by the solid analogue of rPst23, Lemma 2.36s that the

solid even filtration (taken in left modules over THH■(kR/kA)) is the double speed Whitehead
filtration

fil⋆ev THH■

`

kR/kA b■ SP̂ •
p

˘

» τ⩾2⋆THH■

`

kR/kA b■ SP̂ •
p

˘

.

Using the flat descent result from Theorem 2.20, which applies thanks to Lemmas 3.12
and 2.14(b), we find that

fil⋆ev THH■(kR/kA) −! lim
∆∆
τ⩾2⋆THH■

`

kR/kA b■ SP̂ •
p

˘
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§3.2. The solid even filtration via even resolutions

becomes an equivalence upon completion of the filtrations. Since the left-hand side is exhaustive
whereas the right-hand side is complete, to finish the proof of the THH case, it will be enough
to check that the right-hand side is also exhaustive.

In other words, we must show THH■(kR/kA) » lim∆∆ THH■(kR/kA b■ SP̂ •
p
). By the same

argument as in rBMS19, Corollary 3.4(2)s, it’s enough to show instead

THH■(kR/kA) b■
k τ⩽2sk

»
−! lim

∆∆

´

THH■

`

kR/kA b■ SP̂ •
p

˘

b■
k τ⩽2sk

¯

for all s ⩾ 0. This can be checked on associated gradeds in s. So we must show that
HH■(R/A) b■

Z π2s(k) » lim∆∆(HH■(R/A b■
Z P̂

•
p ) b■

Z π2s(k)) for all s ⩾ 0. By our assumptions
on R and A, the HKR filtrations fil⋆HKRHH■(R/A) and fil⋆HKRHH■(R/A b■

Z P̂
•
p ) increase in

connectivity as ⋆!∞. They are therefore still complete after − b■
Z π2s(k). So we may also

pass to the associated graded of the HKR filtration. It remains to show that

n∧
LR/A bL■

Z π2s(k) −! lim
∆∆

˜

n∧
LR/AbZP • bL■

Z π2s(k)

¸

is an equivalence for all n, s ⩾ 0 (here the cotangent complexes are implicitly p-completed). By
descent for the cotangent complex, this would be true without − bL■

Z π2s(k) on either side, so
we must check that − bL■

Z π2s(k) commutes with the cosimplicial limit. Since R is p-quasi-lci
over A and P ↠ R is surjective, each

∧n LR/AbZP • is concentrated in homological degree n.
Writing

∧n LR/AbZP i » ΣnLi, it follows that the cosimplicial limit lim∆∆
∧n LR/AbZP • is given

by the unnormalised Moore complex L˚ » (· · ·  L1  L0), sitting in homological degrees
(−∞, ns. Now since π2s(k) is p-torsion free and discrete by our assumptions on k, we see that
Li bL■

Z π2s(k) » Li b■
Z π2s(k) is static. It follows that

L˚ bL■
Z π2s(k) »

´

· · · 
`

L1 b■
Z π2s(k)

˘

 
`

L0 b■
Z π2s(k)

˘

¯

.

So in this case it is indeed true that − bL■
Z π2s(k) commutes with the cosimplicial limit. This

finishes the proof.

3.14. Corollary. — In both situations 3.2(E1) and 3.2(E2), fil⋆ev THH■(kR/kA) is an exhaus-
tive complete filtration on THH■(kR/kA).

Proof. In case 3.2(E1) completeness is clear and exhaustiveness follows from the same argument
as in the proof of Proposition 3.11 above. In case 3.2(E2) exhaustiveness is automatic and
completeness follows from Proposition 3.11.

3.15. Corollary. — Put (τ⩽2sk)A := (SA b τ⩽2sk)
∧
p and (τ⩽2sk)R := (SR b τ⩽2sk)

∧
p for all

s ⩾ 0. In both situations 3.2(E1) and 3.2(E2), consider the bifiltered object given by

fils fil⋆ev THH■(kR/kA) := fil⋆ev THH■

`

(τ⩽2˚k)R/(τ⩽2sk)A
˘

.

(a) We have fil⋆ev THH■(kR/kA) » lims⩾0 fil
s fil⋆ev THH■(kR/kA).

(b) If fil⋆HKR denotes the usual HKR filtration, then for all s ⩾ 0,

grs fil⋆ev THH■(kR/kA) »
`

fil⋆−sHKRHH■(R/A)
˘

bL■
Z Σ2s+1π2s(k) .
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Proof. We explain the argument in the context of 3.2(E1). The other case is analogous, using
the cosimplicial resolution from Proposition 3.11 instead. Put (τ⩽2sk)R•

∞ := (SR•
∞ b τ⩽2sk)

∧
p

and consider the cosimplicial bifiltered object

fils τ⩾2⋆THH■(kR•
∞/kA) := τ⩾2⋆THH■

`

(τ⩽2sk)R•
∞/(τ⩽2sk)A

˘

.

Then clearly τ⩾2⋆THH■(kR•
∞/kA) » lims⩾0 fil

s τ⩾2⋆THH■(kR•
∞/kA). Applying lim∆∆ on both

sides already shows (a). To prove (b), observe that the functor τ⩾2⋆(−) is non-exact in general,
but nevertheless it preserves the cofibre sequence

HH■(R
•
∞/A) b■

Z Σ2sπ2s(k) −! THH■(kR•
∞/kA) b■

k τ⩽2sk −! THH■(kR•
∞/kA) b■

k τ⩽2(s−1)k .

Indeed, consider the spectral sequence(3.3) from Lemma 3.13 with k replaced by τ⩽2s(k) or
τ⩽2(s−1)(k). Our assumptions on R•

∞ guarantee that both E2-pages are concentrated in even
bidegrees and so the spectral sequences collapse. A closer examination of the induced map on
E2-pages then shows that τ⩾2⋆(−) indeed preserves the cofibre sequence above.

Using this observation, we conclude that the graded pieces of fils τ⩾2⋆THH■(kR•
∞/kA) are

given by(3.4)

grs τ⩾2⋆THH■(kR•
∞/kA) » Στ⩾2⋆

´

HH■(R
•
∞/A) bL■

Z Σ2sπ2s(k)
¯

.

The right-hand side agrees with τ⩾2(⋆−s)HH■(R
•
∞/A)bL■

Z Σ2s+1π2s(k) since π2s(k) was assumed
to be discrete and p-torsion free. Now the HKR filtration can be computed as the cosimplicial
limit fil⋆HKRHH■(R/A) » lim∆∆ τ⩾2⋆HH■(R

•
∞/A). Thus, to prove (b), it remains to check that

− bL■
Z π2s(k) commutes with the cosimplicial limit. Since the HKR filtration stays complete

after −bL■
Z π2s(k) (due to increasing connectivity), we may pass to the associated graded. This

reduces us to an assertion that was checked in the proof of Proposition 3.11 above.

3.16. Corollary. — In situation 3.2(E1), the given cosimplicial resolution induces equivalences

fil⋆ev,hS1 TC
−
■ (kR/kA)

»
−! lim

∆∆
τ⩾2⋆TC

−
■ (kR•

∞/kA) ,

fil⋆ev,tS1 TP■(kR/kA)
»
−! lim

∆∆
τ⩾2⋆TP■(kR•

∞/kA) .

If we are in situation 3.2(E2), the cosimplicial resolution from 3.9 induces equivalences

fil⋆ev,hS1 TC
−
■ (kR/kA)

»
−! lim

∆∆
τ⩾2⋆TC

−
■

`

kR/kA b■ SP̂ •
p

˘

,

fil⋆ev,tS1 TP■(kR/kA)
»
−! lim

∆∆
τ⩾2⋆TP■

`

kR/kA b■ SP̂ •
p

˘

.

Proof. To see the assertion for TC− in both cases, just observe that (−)hTev commutes with the
cosimplicial limit and that (τ⩾2⋆THH■(−))hTev » τ⩾2⋆TC

−
■ (−) holds in this case by rAR24,

Lemma 2.75(vi)s. To show the same for TP, we need to commute (−)hTev » Sev b■
Tev

− past
the cosimplicial limit.

(3.3)In the construction of the spectral sequence in Lemma 3.13 we used the Postnikov filtration τ⩾⋆k, while here
we’re working with the double speed Whitehead filtration τ⩽2⋆k. We could have used the Postnikov filtration as
well to construct a similar spectral sequence as in Lemma 3.13. But we still use the one from Lemma 3.13.

(3.4)Note that grs is defined as a cofibre, not a fibre. Hence the extra Σ.
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Let us explain how to do this in case 3.2(E1); the other case is analogous. We use the
bifiltration from Corollary 3.15. By Corollary 3.15(b), cofib(fils fil⋆ev ! fil⋆ev) is ⋆+ s-connective.
Using Corollary 3.15(a) follows that (fil⋆ev)hTev » (lims⩾0 fil

s fil⋆ev)hTev » lims⩾0(fil
s fil⋆ev)hTev . So

we may pass to the associated graded in s-direction and thus, using Corollary 3.15(b) again, it
will be enough to check

´

fil⋆HKRHH■(R/A) bL■
Z π2s(k)

¯

hTev

»
−! lim

∆∆

´

`

τ⩾2⋆HH■(R
•
∞/A) bL■

Z π2s(k)
˘

hTev

¯

.

Now both sides are Z-linear. By rAR24, Proposition 2.54s, the construction (−)hTev agrees
with the orbits with respect to Raksit’s filtered circle rRak21, Notation 6.3.2s. Combining
this observation with rBMS19, Corollary 3.4(1)s (plus an easy argument as in the proof of
Proposition 3.11 to deal with the extra −bL■

Z π2s(k)), we conclude that both sides are exhaustive
filtrations on (HH■(R/A) bL■

Z π2s(k))hS1 .
The equivalence can now be checked on associated gradeds. By rRak21, Proposition 6.3.3s,

the nth graded piece of (fil⋆HKRHH■(R/A) bL■
Z π2s(k))hTev will be an iterated extension of

griHKRHH■(R/A) bL■
Z π2s(k) for i = 0, 1, . . . , n. A similar argument applies on the right-hand

side. So we can finally deduce the desired equivalence from Proposition 3.11.

§3.3. Base change
We continue to fix a k as specified at the beginning of §3.2. As a consequence of Proposition 3.11,
we show that the even filtrations constructed in 3.8 satisfy all expected base change properties.

3.17. Corollary. — Let k ! l be any map of E∞-ring spectra where l is also connective,
even, and p-torsion free in every homotopical degree. Let lA := l b■ SA and lR := l b■ SR. Let
furthermore kev := τ⩾2⋆k and lev := τ⩾2⋆l. Then the canonical base change morphism is an
equivalence

fil⋆ev THH■(kR/kA) b■
kev lev

»
−! fil⋆ev THH■(lR/lA) .

Proof. Using Corollary 3.14, we see that both sides are exhaustive filtrations on THH■(lR/lA).
It is thus enough to check the equivalence on associated gradeds. Let us now assume we’re in
case 3.2(E2); the 3.2(E2) is analogous using the resolution from Proposition 3.11. Using the spec-
tral sequence from Lemma 3.13, we see that the cosimplicial graded object π2˚ THH■(kR•

∞/kA)

has a finite filtration(3.5) in every graded degree-wise finite filtration whose associated graded
satisfies

gr˚ π2(⋆+˚)THH■(kR•
∞/kA) » π2⋆HH■(R

•
∞/A) bL■

Z π2˚(k)

as cosimplicial bigraded objects. Applying lim∆∆ (which commutes with − bL■
Z π2˚(k) by the

argument in the proof of Proposition 3.11), we find that gr˚
ev THH■(kR/kA) has a finite filtration

in every graded degree in such a way that the associated graded satisfies

gr˚ gr⋆+˚
ev THH■(kR/kA) » gr⋆HKRHH■(R/A) b■

Z Σ2˚π2˚(k)

as bigraded objects. This equivalence is compatible with gr˚ kev » Σ2˚π2˚(k), since the latter
can be obtained from the spectral sequence for THH■(k/k). Using the same for l, the desired
equivalence now follows from the trivial observation
`

gr⋆HKRHH■(R/A) b■
Z Σ2˚π2˚(k)

˘

b■
Σ2˚π2˚(k)

Σ2˚π2˚(l) » gr⋆HKRHH■(R/A) b■
Z Σ2˚π2˚(l) ,

so we’re done.
(3.5)This is not the filtration from Corollary 3.15.
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§3. The solid even filtration for THH

3.18. Corollary. — Let k ! l be as in Corollary 3.17 and put khS1

ev := τ⩾2⋆(k
hS1

) as well as
lhS

1

ev := τ⩾2⋆(l
hS1

). Let also t ∈ π−2(k
hS1

) be a complex orientation of k. We regard t as sitting
in homotopical degree −2 and filtration degree −1 of khS1

ev . Then the canonical base change
morphism is an equivalence

´

fil⋆ev,hS1 TC
−
■ (kR/kA) b■

khS1ev
lhS

1

ev

¯∧

t

»
−! fil⋆ev,hS1 TC

−
■ (lR/lA) .

Proof. Using Corollary 3.16, we see that both sides are t-complete. Upon reduction modulo t,
we get the equivalence from Corollary 3.17.

A similar base change equivalence exists for filev,tS1 TP■(kR/kA), but one has to be a little
careful about completions. One way to formulate the result would be via Corollary 3.18
combined with the following:

3.19. Corollary. — Let ktS1

ev := τ⩾2⋆(k
tS1

). We have a canonical equivalence

fil⋆ev,hS1 TC
−
■ (kR/kA) b■

khS1ev
ktS

1

ev
»
−! fil⋆ev,tS1 TP■(kR/kA) .

Proof. Using Corollary 3.16, we see that both sides are exhaustive filtrations on TP■(kR/kA).
It is thus enough to check the equivalence on associated gradeds. Using Corollary 3.16, we find
that

gr˚
ev,hS1 TC

−
■ (kR/kA)! gr˚

ev,tS1 TP■(kR/kA)

is an equivalence in negative graded degrees and that the right-hand side is periodic. Since
− b■

gr˚ khS
1

ev
gr˚ ktS

1

ev will also make the left-hand side periodic, we’re done.

§3.4. Comparison of even filtrations
As another consequence of Proposition 3.11, we can show that the even filtrations from 3.8
agree with the those defined by rBMS19; HRW22; Pst23s.

3.20. Even filtrations on ordinary Hochschild homology. — In the case k = Z, the
constructions in 3.8 yield filtrations

fil⋆ev HH■(R/A) , fil⋆ev,hS1 HC
−
■ (R/A) , and fil⋆ev,tS1 HP■(R/A) .

But HH■(R/A) » HH(R/A)∧p is a p-complete E∞-ring spectrum and so we can also consider
the Hahn–Raksit–Wilson even filtrations

fil⋆HRW9ev HH(R/A)
∧
p , fil⋆HRW9ev,hS1 HC

−(R/A)∧p , and fil⋆HRW9ev,tS1 HP(R/A)
∧
p .

These can be regarded as filtrations on HH■(R/A), HC−
■ (R/A), and HP■(R/A) in a natural way.

For HH, we simply regard p-complete spectra as solid condensed spectra per Convention 3.6
and use Lemma 3.7. For HC− and HP, we must be a little more careful: If HH(R/A)! E is
an S1-equivariant E∞-map into an even p-complete ring spectrum with bounded p∞-torsion,
we regard EhS

1 as a solid condensed spectrum by performing both the p-completion and the
homotopy fixed points (−)hS

1 in Sp■. We then regard

fil⋆HRW9ev,hS1 HC
−(R/A)∧p » lim

HH(R/A)!E
τ⩾2⋆

`

EhS
1˘

;
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as a solid condensed spectrum by also performing the limit in Sp■. In the same way we can
regard fil⋆HRW9ev,tS1 HP(R/A)∧p as a filtered solid condensed spectrum.

If E is even, then the perfect even filtration of E is the double-speed Whitehead filtration
τ⩾2⋆(E) by rPst23, Lemma 2.36s and its solid analogue. Moreover, (τ⩾2⋆(E))hTev » τ⩾2⋆(E

hS1
)

by rAR24, Lemma 2.75(vi)s and similarly (τ⩾2⋆(E))tTev » τ⩾2⋆(E
tS1

). It follows that there’s a
canonical map fil⋆ev ! fil⋆HRW9ev in each case.

3.21. Corollary. — Via the comparison maps constructed in 3.20 above, the filtrations

fil⋆ev HH■(R/A) , fil⋆ev,hS1 HC
−
■ (R/A) , and fil⋆ev,tS1 HP■(R/A) ,

agree with the Hahn–Raksit–Wilson/HKR even filtrations

filHRW9ev HH(R/A)
∧
p , filHRW9ev,hS1 HC−(R/A)∧p , and filHRW9ev,tS1 HP(R/A)∧p .

Proof. The solid even filtration fil⋆ev HH■(R/A) can be computed by a certain cosimplicial
resolution (in case 3.2(E1) by definition, in case 3.2(E2) by Proposition 3.11). The same
resolutions also compute the even filtration of Hahn–Raksit–Wilson. The same argument also
works for HC−

■ and HP■ thanks to Corollary 3.16.

3.22. Remark. — For later use, let us point out the following consequence: Using Corol-
lary 3.18 for ku! ku b Q » Qrβs and Z! Qrβs, we deduce that

´

fil⋆ev,hS1 TC
−
■ (kuR/kuA) b■ Q

¯∧

t
»

´

fil⋆ev,hS1 HC
−
■ (R/A) b■

ZhS1ev
QrβshS

1

ev

¯∧

t
.

Moreover, the filtration on the right-hand side is the usual Hahn–Raksit–Wilson/HKR even
filtration. This will give us good control over the constructions in §4 after rationalisation.

The filtration on TC−(S/SAJq − 1K)r1/us∧(p,q−1) from Proposition A.3, whose associated
graded computes prismatic/q-de Rham cohomology, is also recovered by the solid even filtration.

3.23. Corollary. — If S is any p-complete p-quasi-lci Arζps-algebra of bounded p∞-torsion,
then there’s a canonical filtered E∞-equivalence

´

fil⋆ev THH■

`

S/SAJq − 1K
˘“

1
u

‰∧
p

¯hTev »
−! fil⋆HRW9ev,hS1

´

TC−`S/SAJq − 1K
˘“

1
u

‰∧
(p,q−1)

¯

(where the right-hand side is regarded as a filtered solid condensed spectrum in the way described
in 3.20 above).

Proof. Let us first construct the canonical map in question. For every S1-equivariant E∞-map
THH(S/SAJq − 1K)r1/us! E into a p-complete even ring spectrum, we get a canonical filtered
E∞-map

´

fil⋆ev THH■

`

S/SAJq − 1K
˘“

1
u

‰∧
p

¯hTev

−! (τ⩾2⋆E)hTev » τ⩾2⋆

`

EhS
1˘

using rAR24, Lemma 2.75(vi)s. This induces the desired comparison map. To prove that
we get an equivalence, we can use the same arguments as before: Choose a polynomial ring
P = Zrxi | i ∈ Is with a surjection P ↠ S and then show that both sides are computed by the
cosimplicial resolution τ⩾2⋆TC

−
■ (S/(SA b■ SP̂ •

p
)Jq − 1K)r1/us∧(p,q−1).
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§3. The solid even filtration for THH

Finally, we show that in the case k = ku our solid even filtration on THH■(kuR/kuA) agrees
with the p-completion of Pstrągowski’s perfect even filtration fil⋆P9ev THH(kuR/kuA). This won’t
be needed in the rest of the text, but it is perhaps a nice sanity check.

3.24. Corollary. — The canonical map induced by 2.7 is an equivalence
`

fil⋆P9ev THH(kuR/kuA)
˘∧
p

»
−! fil⋆ev THH■(kuR/kuA) .

Proof. Let T := THH(kuR/kuA) for short. Since THH(SP ) ! SP is eff, we can compute
fil⋆P9ev T using descent; more precisely, using the uncondensed version of Theorem 2.20. We find
that

fil⋆P9ev/T T −! lim
∆∆

fil⋆P9ev/T
`

T bTHH(SP ) THH(SP /SP •)
˘

is an equivalence up to completing the filtrations on both sides. Let us now study the right-hand
side. Fix some cosimplicial degree i and put M := THH(kuR/kuA b SP i) for short. We claim
that there is a canonical equivalence

(fil⋆P9evM)∧p
»
−! fil⋆P9ev M̂p » τ⩾2⋆(M̂p) .

If we can show this, we’re done. Indeed, by comparison with the resolution from Proposi-
tion 3.11, we find that

`

fil⋆P9ev THH(kuR/kuA)
˘∧
p
! fil⋆ev THH■(kuR/kuA) is an equivalence up

to completion. But the filtrations on both sides are exhaustive and the right-hand side is
complete by Proposition 3.11 again, and so the map must be an equivalence.

To show the claim, first observe that the homotopy groups of M̂p/β » HH(R/A bZ P
i)∧p

are concentrated in even degrees and p-completely flat over R, where the R-module structure
on π˚(M̂p/β) comes from the left T -module structure on M . We would like to show that the
same conclusion is true for π˚(HomT (Q, M̂p)/β) for any perfect even T -module Q; however,
the seemingly obvious argument doesn’t quite work, since T is only E1 and so there’s no left
T -module structure on HomT (−,−).

To fix this, observe that T bTHH(SP ) SP has a right SP -module structure commuting with
the left T -module structure. Restricting to π0(SP ) „= P , we get a right homotopy action of P
on T bTHH(SP ) SP . Since π0THH(SP ) „= P as well, this action agrees with the right action of P
on T via P ↠ R „= π0(T ). In particular, the right homotopy action by P factors through R. An
analogous right homotopy action of R can be constructed on M » T bTHH(SP ) S

bTHH(SP )(i+1)
P ,

by picking our favourite tensor factor.
This explains how π˚ HomT (−, M̂p) can be equipped with an R-module structure. With

this R-module structure, it is still true that the homotopy groups π˚(M̂p/β) are concentrated
in even degrees and are p-completely flat R-modules, because HH(R/AbZ P

i) is commutative.
This allows us to deduce that the homotopy groups π˚(HomT (Q, M̂p)/β) are also concetrated
in even degrees and p-completely flat over R for any perfect even left T -module Q. Since M
is bounded below, we deduce that also HomT (Q, M̂p) is even and its homotopy groups are
p-completely flat R-modules. In particular, this is true for M̂p itself. By rBMS19, Lemma 4.7s,
the p∞-torsion in π2˚ HomT (Q, M̂p) is therefore bounded. In fact, there’s a uniform bound N
that works for all Q, since we can use the same bound as for R.

Let us use this to analyse the canonical map

gr˚
P9ev M̂p −! lim

α⩾0
gr˚

P9ev(M̂p/p
α) .
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By definition, (gr˚
P9ev M̂p)/p

α is given by the sections over T of the sheafification of the spectra-
valued presheaf Σ2˚(π2˚ HomT (−, M̂p))/p

α on the perfect even site Perfev(T ). In homotopical
degree 2˚, this presheaf agrees with Σ2˚π2˚ HomT (−, M̂p/p

α), but in homotopical degree 2˚+1
it has an extra torsion component. However, if we go from α +N to α, then the transition
map will vanish on the torsion component, because N is a uniform bound for the p∞-torsion.
Thus, in the limit we get an equivalence limα⩾0(gr

˚
P9ev M̂p)/p

α » limα⩾0 gr
˚
P9ev(M̂p/p

α). The
left-hand side agrees with π2˚(M̂p) since M̂p is already even and p-complete. We conclude that

τ⩾2⋆(M̂p) » fil⋆P9ev M̂p −! lim
α⩾0

fil⋆P9ev(M̂p/p
α)

is an equivalence up to completion of the filtration on the right-hand side.
Since THH(SP )! SP is eff, M will be even flat, hence homologically even over T . Thus

rPst23, Remark 2.35s shows fil⋆P9evM » fil
⋆−1/2
P9ev M . By definition, (fil⋆−1/2

P9ev M)/pα is given by
the sections over T of the sheafification of the spectra-valued presheaf

cofib
`

pα : τ⩾2⋆−1HomT (−,M) −! τ⩾2⋆−1HomT (−,M)
˘

on Perfev(T ). In homotopical degrees ⩾ 2⋆, this presheaf agrees with τ⩾2⋆HomT (−,M/pα),
but in homotopical degree 2⋆ − 1 there might be an additional component that injects into
Σ2⋆−1π2⋆−1HomT (−,M/pα). However, the transition maps from α+N to α will vanish on this
additional component by our uniform p∞-torsion bound, so in the limit we get an equivalence

pfil⋆P9evMq
∧
p » lim

α⩾0
pfil⋆P9evMq/pα

»
−! lim

α⩾0
fil⋆P9ev(M/pα) .

At this point we’ve shown that pfil⋆P9evMq
∧
p ! τ⩾2⋆(M̂p) is an equivalence up to completion.

But both sides are already complete: The right-hand side by inspection, the left-hand side by
rPst23, Theorem 8.3(2)s. So we’re done.

3.25. Remark. — The argument can be adapted to any even ring spectrum k such that
π˚(k) is a graded polynomial ring over Z with finitely many generators in each given degree.
In particular, it works for k = MU. We don’t know to what extent Corollary 3.24 is true
in complete generality. At the very least, one would need some finiteness assumption on k;
otherwise kA and kR won’t be p-complete in general.
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§4. q-de Rham cohomology and TC− over ku
In this section we’ll finally formulate and prove the precise relationship between the even
filtration on TC−(kuR/kuA) and the q-de Rham complex q9dRR/A.

Before we begin, we remind the reader of our convention from 1.16 to regard all (q-)de
Rham complexes or cotangent complexes relative to a p-complete ring (such as q9dRR/A) as
implicitly p-completed.

§4.1. The p-complete comparison (case p > 2)
We fix a prime p > 2. We’ll also continue to fix rings A and R satisfying the assumptions
from 3.1 and 3.2.

Our main tool will be a striking result of Devalapurkar. To formulate this result, let us
regard Zprζps as a SpJq−1K-algebra via q 7! ζp. We let S1 act on THH(Zprζps/SpJq−1K)∧p in the
usual way and let Z×

p act via A.6. We let S1 act on kutCp via the residual S1 » S1/Cp-action
and let Z×

p act via the Adams operations on ku∧p .

4.1. Theorem (Devalapurkar rDev25, Theorem 6.4.1s). — For primes p > 2, there exists an
S1 × Z×

p -equivariant equivalence of E∞-ring spectra

THH
`

Zprζps/SpJq − 1K
˘∧
p

»
−! τ⩾0

`

kutCp
˘

.

Moreover, this equivalence fits into a commutative diagram of S1-equivariant E∞-algebras

THH
`

Zprζps/SpJq − 1K
˘∧
p

τ⩾0(ku
tCp)

THH(Fp) τ⩾0(Z
tCp
p )

»

»

where the bottom row is the equivalence from rNS18, Corollary IV.4.13s.

4.2. Remark. — Theorem 4.1 was conjectured for all p by Lurie and Nikolaus. By an
unpublished result of Nikolaus, Theorem 4.1 is true as an S1-equivariant E1-equivalence for
all p (see Theorem 4.16 below). As far as the author is aware, constructing an S1-equivariant
E∞-equivalence case p = 2 is still open.

4.3. Remark. — If we also let q ∈ π0(ku
hS1

) „= ku0(BS1) denote the class corresponding to
the standard representation of S1 on C, then the map from Theorem 4.1 sends q 7! q.

Moreover, there’s a unique complex orientation t ∈ π−2(ku
hS1

) satisfying q − 1 = βt. In the
following, we’ll frequently use π˚(ku

hS1
) „= ZrβsJtK, and we’ll identify this graded Zrts-algebra

with the filtered ring (q − 1)⋆ZJq − 1K, where (q − 1) in degree 1 corresponds to β.

4.4. The comparison map I. — We import the equivalence from Theorem 4.1 into the
solid world via 3.6. Using this equivalence, we can construct an S1-equivariant map of solid
condensed spectra as follows:
`

THH■(SR/SA) b■
SA,ϕtCp SA

˘

b■ THH■

`

Zprζps/SpJq − 1K
˘

THH■(SR/SA)tCp b■ kutCp

THH■

`

(R bL
A,ϕ A)

∧
p rζps/SAJq − 1K

˘

THH■(kuR/kuA)
tCp

»
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The map in the top row is given by ϕp/SA b■ (4.1), where ϕp/SA denotes the relative cyclotomic
Frobenius on THH(−/SA). The right vertical arrow comes from lax symmetric monoidality
of (−)tCp . The left vertical arrow is an equivalence since THH is symmetric monoidal. So the
dashed bottom horizontal arrow exists.

Now THH■(Zprζps/SpJq−1K)! kutCp sends the generator u ∈ π2 to a unit. Indeed, this can
be checked modulo (q−1) = βt, so we reduce to the same question for THH(Fp)! ZtCpp . Under
the equivalence ZtCpp » THH(Fp)tCp , this map becomes the cyclotomic Frobenius for THH(Fp),
which is well-known to send u to a unit. The diagram above thus induces an S1-equivariant
map

ψR : THH■

`

R(p)rζps/SAJq − 1K
˘“

1
u

‰

−! THH■(kuR/kuA)
tCp ,

where R(p) := (R bL
A,ϕ A)

∧
p as in A.5. From ψR, we can now construct a filtered map

ψ⋆R : fil
⋆
ev TC

−
■

`

R(p)rζps/SAJq − 1K
˘“

1
u

‰∧
(p,q−1)

−! fil⋆ev TP■(kuR/kuA) ,

where the filtration on the left-hand side agrees with the Bhatt–Morrow–Scholze filtration, the
Hahn–Raksit–Wilson, and the Pstrągowski–Raksit even filtration. To construct ψ⋆R, we have to
distinguish the two cases:
(E1) In situation 3.2(E1), we construct ψ⋆R as the limit

lim
∆∆
τ⩾2⋆TC

−
■

`

(R•
∞)(p)rζps/SAJq − 1K

˘“

1
u

‰∧
(p,q−1)

(4.4)
−−−! lim

∆∆
τ⩾2⋆TP■(kuR•

∞/kuA)

The left-hand side is fil⋆ev TC
−
■ (R

(p)rζps/SAJq − 1K)r1/us∧(p,q−1) by quasi-syntomic descent
for the Bhatt–Morrow–Scholze even filtration and the right-hand side is filev TP■(kuR/kuA)
by definition.

(E2) In situation 3.2(E2), we construct ψ⋆R by applying (fil⋆ev(−))h(T/Cp)ev to the map from 4.4
and composing with a certain canonical map

`

fil⋆ev THH■(kuR/kuA)
tCp

˘h(T/Cp)ev
−! fil⋆ev,tS1 TP■(kuR/kuA) ,

that will be constructed in 4.6 below.

4.5. Even filtrations and the Tate construction. — To construct such a map, let more
generally T be a complex orientable solid E1-ring spectrum and let M be an S1-equivariant left
T -module such that MhCp is solid homologically even over T hCp . Let T hS1

ev := fil⋆ev T
hS1 and

T tS
1

ev := fil⋆ev T
tS1 . First observe that we have an equivalence

T tS
1

ev b■

ThS1ev
fil⋆ev /ThCp M

hCp »
−! fil⋆ev /T tCp M

tCp

Indeed, choose a complex orientation t ∈ π−2(T
hS1

). It’s well-known that T tS1
» T hS

1
rt−1s

and M tCp » MhCprt−1s. In particular, we see that both sides above are exhaustive filtrations
on M tCp , and so it’s enough to check the equivalence on graded pieces. Since t sits in even
degree −2, if we take any π˚-even envelope over T hS1 or T hCp and invert t, we get a π˚-even
envelope over T tS1 or T tCp , respectively. Since the associated graded of the even filtration can
be computed by successively taking π˚-even envelopes (see rPst23, §5s; the solid analogue is
discussed in 2.6), the claimed equivalence follows.
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Now let (−)hCp,ev and (−)tCp,ev denote the synthetic fixed point and Tate constructions
from rAR24, Definition 2.61s. We have canonical maps

fil⋆ev /ThCp M
hCp −!

`

fil⋆ev /T M
˘hCp,ev ,

T tS
1

ev b■

ThS1ev

`

fil⋆ev /T M
˘hCp,ev −!

`

fil⋆ev /T M
˘tCp,ev .

Composing these with the equivalence above, we get a canonical map

fil⋆ev /T tCp M
tCp −!

`

fil⋆ev /T M
˘tCp,ev .

4.6. The comparison map II. — To construct the map that we need in 4.4(E2), we apply
(−)h(T/Cp)ev to the general construction from 4.5, where (−)h(T/Cp)ev denotes fixed points in
the sense of rAR24, §2.3s with respect to the even filtration on SrS1/Cps. It then remains to
check that the canonical map

fil⋆ev TP■(kuR/kuA)
»
−!

´

`

fil⋆ev THH■(kuR/kuA)
˘tCp,ev

¯h(T/Cp)ev

is an equivalence. To see this, we’ll use the cosimplicial resolution from Proposition 3.11. A
similar argument as in the proof of Corollary 3.16 can be used to verify that (−)tCp,ev commutes
with the cosimplicial limit. We can thus reduce to the case where THH■(kuR/kuA) is already
even. The desired result then follows from rAR24, Lemma 2.75(vi)s, its analogue for (−)hCp,ev ,
and the classical fact that (−)tS

1
» ((−)tCp)h(S

1/Cp) holds on bounded below p-complete spectra
by rNS18, Lemma II.4.2s.

4.7. The q-Hodge filtration. — We can pass to the 0th graded piece of our filtered
comparison map ψ⋆R and use Proposition A.3 to obtain a map

ψ0
R : q9dRR/A −! gr0ev,tS1 TP■(kuR/kuA) » gr0ev,tS1 TC

−
■ (kuR/kuA) .

Now gr˚
ev,hS1 TC

−
■ (kuR/kuA) is a graded module over gr˚

ev,hS1(ku
hS1

) » Σ2˚π2˚(ku
hS1

). Hence
the double shearing Σ−2˚ gr˚

ev,hS1 TC
−
■ (kuR/kuA) is a graded module over ZprβsJtK, with |β| = 2,

|t| = −2.(4.1) We can regard t as a filtration parameter, so that the graded ZprβsJtK-module
Σ−2˚ gr˚

ev,hS1 TC
−
■ (kuR/kuA) defines a filtration on gr0ev,hS1 TC

−
■ (kuR/kuA). We define the

q-Hodge filtration as the pullback

fil⋆q9Hdg q9dRR/A Σ−2˚ gr˚
ev,hS1 TC

−
■ (kuR/kuA)

q9dRR/A gr0ev,hS1 TC
−
■ (kuR/kuA)

≒
ψ0
R

The name q-Hodge filtration is justified by the fact that fil⋆q9Hdg q9dRR/A is indeed a q-deformation
of the Hodge filtration on dRR/A. This is part of the main result of this subsection, which
we can now formulate and prove. Here we identify the graded Zrts-algebra ZprβsJtK with the
(q − 1)-adic filtration (q − 1)⋆ZpJq − 1K as explained in Remark 4.3.

(4.1)Also note that since everything is Z-linear, the double shearing functor Σ2˚ is symmetric monoidal.

38

https://arxiv.org/pdf/2411.19929.pdf#theorem.2.61
https://arxiv.org/pdf/2411.19929.pdf#subsection.2.3
https://arxiv.org/pdf/2411.19929.pdf#theorem.2.75
https://arxiv.org/pdf/1707.01799#thm.2.4.2


§4.1. The p-complete comparison (case p > 2)

4.8. Theorem. — Let p > 2 be a prime and let A and R satisfy the assumptions from 3.1
and 3.2. Then the map ψ0

R from 4.6 induces an equivalence of graded ZprβsJtK-modules

fil⋆q9Hdg q9d̂RR/A
»
−! Σ−2˚ gr˚

ev,hS1 TC
−
■ (kuR/kuA) ,

where the left-hand side denotes the completion of the q-Hodge filtration fil˚q9Hdg q9dRR/A from
4.7. Moreover, modulo β and after rationalisation, we get equivalences

fil⋆q9Hdg q9dRR/A bL
ZprβsJtK ZpJtK

»
−! fil⋆Hdg dRR/A ,

fil⋆q9Hdg q9dRR/A
“

1
p

‰∧
(q−1)

»
−! fil⋆(Hdg,q−1) dRR/A

“

1
p

‰

Jq − 1K

with the usual Hodge filtration and the combined Hodge and (q − 1)-adic filtration, respectively.

4.9. Remark. — In case 3.2(E2), all equivalences in Theorem 4.8 are canonically E1-
monoidal. In fact, if SR can be equipped with an En-algebra structure in SA-modules for any
2 ⩽ n ⩽ ∞, then all equivalences will be canonically En−1-monoidal. To see this, observe that
for any T ∈ AlgE2

(ModSA(Sp■)), we can use the same construction as in 4.4 to produce an
S1-equivariant map

THH■

`

(T b■
SA,ϕtCp SA) b■ Zprζps/SAJq − 1K

˘“

1
u

‰

−! THH■(ku b■ T/kuA)
tCp ;

these maps assemble into a symmetric monoidal transformation of symmetric monoidal functors
AlgE2

(ModSA(Sp■))! AlgE1
(SpBS

1

■ ). If SR admits an En-algebra structure in SA-modules, then
SR ∈ AlgEn−2

(AlgE2
(ModSA(Sp■))) and so ψR is S1-equivariantly En−2 as a map in AlgE1

(Sp■),
hence S1-equivariantly En−1 as a map in Sp■. The other parts of the construction clearly
preserve En−1-monoidality.

If we are in case 3.2(E1), then a priori we only get E0-monoidal structures. However, we
can a posteriori upgrade everything from E0 to E∞ by applying Theorem 4.17 below to the
given resolution R! R•

∞.

The main step in the proof of Theorem 4.8 is to describe ψ0
R modulo (q − 1).

4.10. Lemma. — The reduction modulo (q − 1) = βt of the map ψ0
R from 4.6 agrees with the

canonical Hodge completion map

dRR/A −! d̂RR/A » gr0ev,tS1 HP■(R/A) .

Proof (initial reduction). In the following, we’ll assume we’re in case 3.2(E2). In case 3.2(E1),
we repeat the arguments below instead for each term in the cosimplicial resolution R•

∞, with
the even filtration replaced by τ⩾2⋆.

Put R := R bL
Zp Fp and R(p) := R bL

A,ϕ A for short. If we reduce the diagram from 4.4
modulo (q − 1) = βt, we obtain the following commutative diagram:

`

THH■(SR/SA) b■
SA,ϕtCp SA

˘

b■ THH(Fp) THH■(SR/SA)tCp b■ ZtCpp

THH■

`

R(p)/SA
˘

HH■(R/A)
tCp

»
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The top row is induced by the equivalence THH(Fp) » τ⩾0(Z
tCp
p ) from rNS18, Corollary IV.4.13s

and the relative cyclotomic Frobenius ϕp/SA for THH(−/SA). After passing to homotopy S1-
fixed points, the bottom row of this diagram factors induces a map

ψhS
1

R : TC−
■

`

R(p)/SA
˘“

1
u

‰∧
p
−! HP■(R/A) .

The key observation is now that the map ψhS
1

R can be constructed without the choice of a
spherical lift SR. Let us interrupt the proof for the moment and discuss how this works.

4.11. Constructing ψhS1

R without a spherical lift. — Let us first assume that A „= W(k)
is the ring of Witt vectors over a perfect field of characteristic p. In this case, Petrov and
Vologodsky rPV23s construct an equivalence TP■(R/SA) » HP■(R/A) without choosing any
spherical lift SR. We claim that this equivalence holds, in fact, for arbitrary A, and that the
composition with the relative cyclotomic Frobenius

ϕhS
1

p/SA : TC
−
■

`

R(p)/SA
˘“

1
u

‰∧
p
−! TP(R/SA)

agrees with the map ψhS
1

R . Both of these claims follow from work of Devalapurkar and Raksit
rDR25s: They give a new proof of the equivalence TP■(R/SA) » HP■(R/A), which works for
arbitrary A, and from their proof it will be apparent that the maps indeed coincide. The new
proof is based on the following result:

4.12. Theorem (Devalapurkar–Raksit rDR25s). — Let j := τ⩾0(SK(1)) be the connective
cover of the K(1)-local sphere.

(a) There is an equivalence THH(Zp)∧p » τ⩾0(j
tCp) as well as a commutative diagram

j THH(Zp)∧p

Zp THH(Fp)

///

of S1-equivariant (in fact, cyclotomic) E∞-rings. Moreover, there exists a dashed diagonal
arrow that makes the upper left but not the lower right triangle commute S1-equivariantly.

(b) The horizontal maps j ! THH(Zp)∧p and Zp ! THH(Fp) are S1-nilpotent, that is, for any
spectrum X with S1-action the maps Xbj ! XbTHH(Zp)∧p and XbZp ! XbTHH(Fp)
become equivalences upon (−)tS

1.

The new proof of the equivalence TP■(R/SA) » HP■(R/A) in rDR25, §5s then proceeds as
follows: By Theorem 4.12(a) we have an S1-equivariant commutative diagram

THH■(R/SA) b■
j Zp THH■(R/SA) b■

THH■(Zp) Zp

THH■(R/SA) b■
j THH(Fp) THH■(R/SA) b■

THH■(Zp) THH(Fp)

(»)tS
1

(»)tS
1

(»)tS
1
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By Theorem 4.12(b), the horizontal arrows and the left vertical arrow become equivalences
after applying (−)tS

1 .(4.2) Hence after (−)tS
1 the dashed vertical arrow exists and it induces

the desired equivalence HP■(R/A) » TP■(R/SA).
Using THH■(R/SA) » THH■(SR/SA)b■THH■(Zp), it is also apparent that the composition

of this equivalence with the relative cyclotomic Frobenius ϕhS1

p/SA agrees with the map ψhS
1

R , as
we’ve claimed above.

Proof of Lemma 4.10 (end of proof ). The proof can now be finished as follows: Let S be a
p-torsion free p-complete p-quasi-lci A-algebra, put S := S/p and S(p) := S bL

A,ϕ A. Via quasi-
syntomic descent as in the proof of Proposition A.3, we can define a Bhatt–Morrow–Scholze-style
even filtration fil⋆BMS9ev,hS1 TC

−
■ (S

(p)/SA)r1/us∧p together with a map

ψ⋆S : fil
⋆
BMS9ev,hS1 TC

−
■

`

S(p)/SA
˘“

1
u

‰∧
p
−! fil⋆BMS9ev,tS1 HP■(S/A) ;

to construct this map, we use 4.11 above. By passing to animations, we can also cover the case
S = R.(4.3) A comparison with prismatic cohomology as in the proof of Proposition A.3 shows
that the 0th graded piece of ψ⋆S has the form

ψ0
S : ∆S(p)/A » dRS/A −! d̂RS/A ;

here we also use the crystalline comparison for prismatic cohomology rBS19, Theorem 5.2s

and the fact that the de Rham cohomology of S agrees with the crystalline cohomology of its
reduction S. If we can show that ψ0

S is the canonical Hodge completion map, then we’ll be
done, because from the comparison results in Corollaries 3.21 and 3.23 it’s clear that in the
case S = R the map ψ⋆R agrees with the reduction of ψ0

R modulo (q − 1).
To show that ψ0

S has the desired form, we can now use quasi-syntomic descent. In particular,
we may reduce to a situation where S/p is relatively semiperfect over A (i.e. the relative
Frobenius S/pbA,ϕ A↠ S/p is surjective). Then everything is even, hence both sides of ψ⋆S
are double speed Whitehead filtrations on even spectra and ψ0

S is a map between two static
condensed rings. Whether this map is the correct one can be checked on the level of sets and
hence after any p-completely faithfully flat base change. Let A∞ denote the p-completed colimit
perfection of A. By our assumption 3.1, A! A∞ is p-completely faithfully flat, and it can be
lifted to an E∞-map SA ! SA∞ (see Lemma A.1 for example). Via base change along this
map, we may reduce to the case where A is perfect. Then S/p is semiperfect on the nose and
so Ainf := W(S♭) ↠ S is surjective.

Now everything becomes rather explicit: Let J := ker(Ainf ! R) and let Acrys := DAinf
(J)

denote the p-completed PD-envelope of J . It’s well-known(4.4) that

dRS/A » dRR/Ainf
» Acrys .

Since the un-p-completed PD-envelope A◦
crys of J ⊆ Ainf is contained in Ainf r1/ps, the Hodge

completion map Acrys ! Âcrys is uniquely characterised by the following two properties:
(4.2)The functor (−)tS

1

factors through a certain category, denoted M̂odtW rS1s by rPV23s and (ModtS
1

j )∧(p,v1)
by rDev25s; the S1-nilpotence property from Theorem 4.12(b) ensures that j ! THH(Zp)∧p and Zp ! THH(Fp)
become equivalences in that category.

(4.3)Observe that R(p) might only be an animated ring.
(4.4)Indeed, the first equivalence follows from the fact that A and Ainf being are perfect δ-rings. For the

second, note that dRR/Ainf
is p-torsion free and contains divided powers for all x ∈ J , as can be seen from

dRZ/Zrxs ! dRR/Ainf
. Hence there’s a map Acrys ! dRR/Ainf

, and this map is an equivalence modulo p by
rBMS19, Proposition 8.12s.
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(a) It is a map of Ainf-modules.
(b) It is continuous with respect to the natural topologies on either side.
It’s clear from the construction that ψ0

S satisfies (b) since it is a map of condensed rings. To
see (a), just observe that in the construction of ψ0

S , instead of working with THH■(−/SA),
we could have worked with THH■(−/SAinf

), where SAinf
denotes the unique lift of the perfect

δ-ring Ainf to a p-complete connective E∞-ring spectrum.

Next let us describe ψ0
R after rationalisation.

4.13. Lemma. — The rationalisation of the map ψ0
R from 4.6 fits into a commutative diagram

q9dRR/A
“

1
p

‰∧
(q−1)

gr0ev,hS1 TC
−
■ (kuR/kuA)

“

1
p

‰∧
(q−1)

dRR/A
“

1
p

‰

Jq − 1K dRR/A
“

1
p

‰∧
Hdg

Jq − 1K

ψ0
R,Qp

» »

where the left vertical arrow is the usual equivalence for rationalised q-de Rham cohomology,
the right vertical arrow is obtained via Remark 3.22, and the bottom arrow is the natural Hodge
completion map.

Proof. The following argument was suggested by Peter Scholze (any errors are due to the author).
Observe that the usual rationalisation equivalence q9dRR/Ar1/ps∧(q−1) » dRR/Ar1/psJq − 1K is
Z×
p -equivariant, where the action on the left-hand side is the one discussed in A.6 and on

the right-hand side u ∈ Z×
p acts via q 7! qu. Since the equivalence from Theorem 4.1 is also

Z×
p -equivariant, we obtain a Z×

p -equivariant map

dRR/A
“

1
p

‰

Jq − 1K −! dRR/A
“

1
p

‰∧
Hdg

Jq − 1K ,

which we must show to agree with the natural Hodge completion map. In general, if M ∈ D(Qp)
is equipped with the trivial action of Z×

p , there’s a functorial equivalence

M
»
−!MJq − 1KhZ

×
p bL

ZhZ
×
p

p
Zp .

Indeed, the fixed points MJq − 1KhZ
×
p would be M ‘ Σ−1M ; to kill the shifted copy of M , we

take the tensor product along ZhZ
×
p

p ! Zp.
Applying this in the situation at hand, we get a map dRR/Ar1/ps ! dRR/Ar1/ps∧Hdg. By

comparison with the reduction modulo (q − 1) and using Lemma 4.10, we see that this map
must be the canonical Hodge completion map. By applying (−bL

Qp QpJq− 1K)∧(q−1) to this map,
we deduce that the original map must have been the natural Hodge completion as well.

Proof of Theorem 4.8. By definition of the filtration fil⋆q9Hdg q9dRR/A (see 4.7), the base change
fil⋆q9Hdg q9dRR/A bL

ZprβsJtK ZpJtK is the pullback of the filtered module Σ−2⋆ gr⋆ev,hS1 HC
−
■ (R/A)

along ψ0
R : dRR/A ! gr0ev,hS1 HC

−
■ (R/A). The rationalisation fil⋆q9Hdg q9dRR/Ar1/ps∧(q−1) can be

described analogously. Using Lemmas 4.10 and 4.13 as well as the fact that any filtration is the
pullback of its completion (see 1.16), we deduce that

fil⋆q9Hdg q9dRR/A bL
ZprβsJtK ZpJtK

»
−! fil⋆Hdg dRR/A ,

fil⋆q9Hdg q9dRR/A
“

1
p

‰∧
(q−1)

»
−! fil⋆(Hdg,q−1) dRR/A

“

1
p

‰

Jq − 1K
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are indeed equivalences. Finally, whether

fil⋆q9Hdg q9d̂RR/A
»
−! Σ−2˚ gr˚

ev TC
−
■ (kuR/kuA)

is an equivalence can be checked modulo β. By the base change result that we’ve already shown,
this follows from fil⋆Hdg d̂RR/A » Σ−2˚ gr˚

ev HC
−
■ (R/A).

§4.2. The p-complete comparison (case p = 2)
In this subsection, we’ll discuss how much of §4.1 can be salvaged in the case p = 2. We expect
that Theorem 4.8 is still true for p = 2, but our proof fails at several places. Here are the two
main issues:
( ! ) The S1-equivariant E∞-equivalence THH(Zprζps/SpJq−1K) » τ⩾0(ku

tCp) from Theorem 4.1
is still conjectural for p = 2.

( !! ) Theorem 4.12 is provably false for p = 2.
The objection in the second issue is essentially the discrepancy between Nygaard and divided
power completion at p = 2; see rDR25, Remark 0.5.3s for example. The goal of this subsection
is to show that both issues only affect the case 3.2(E2).

4.14. Theorem. — If R satisfies the assumptions from 3.2(E1), then the conclusions of The-
orem 4.8 are true in the case p = 2 as well.

4.15. Remark. — Note that a priori fil⋆q9Hdg q9dRR/A will only be a graded E0-algebra over
ZprβsJtK. A posteriori, we get an E∞-structure by applying Theorem 4.17 below to the given
cosimplicial resolution R! R•

∞.

To show Theorem 4.14, let us first address the less serious issue ( ! ) above.

4.16. Theorem (Nikolaus, unpublished). — For all primes p there exists an S1-equivariant
equivalence of E1-ring spectra

THH
`

Zprζps/SpJq − 1K
˘∧
p

»
−! τ⩾0

`

kutCp
˘

,

compatible with THH(Fp) » τ⩾0(Z
tCp
p ). For p > 2, this equivalence agrees with the underlying

S1-equivariant E1-equivalence of Theorem 4.1.

Proof. We thank Sanath Devalapurkar for explaining the following argument to us; any errors
are our own responsibility. Let us first construct an S1-equivariant E∞-map SJq − 1K! kutCp ,
where the left-hand side receives the trivial S1 action and the right-hand side the residual
S1 » S1/Cp-action. It’s enough to construct an S1-equivariant E∞-map SJq − 1K! kuhCp , or
equivalently, an E∞-map SJq − 1K! (kuhCp)h(S

1/Cp) » kuhS
1 . But the element q ∈ π0(ku

hS1
)

is is detected by an E∞-map Srqs ! kuhS
1 ; see Corollary C.2. This factors over the (q − 1)-

completion Srqs! SJq − 1K and so we obtain the desired map.
Now let us construct an E2-SpJq−1K-algebra map Zprζps! kutCp . To this end, observe that

Zprζps is the free (q−1)-complete E2-SpJq−1K-algebra satisfying rpsq = 0. Indeed, since rpsq = 0
holds in Zprζps, it certainly receives an E2-SpJq − 1K-map from the free guy. Whether this map
is an equivalence can be checked modulo (q− 1), where it reduces to the classical fact that Fp is
the free E2-algebra satisfying p = 0. Since rpsq = 0 holds in π˚(ku

tCp) „= π˚(ku
tS1

)/rpsq and any
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nullhomotopy witnessing this must be unique by evenness, we get our desired E2-SpJq−1K-algebra
map Zprζps! kutCp . It induces S1-equivariant E1-SpJq − 1K-algebra maps

THH
`

Zprζps/SpJq − 1K
˘∧
p
−! THH

`

kutCp/SJq − 1K
˘∧
p
−! kutCp ,

where the arrow on the right comes from the universal property of THH(−/SJq − 1K) on
E∞-SJq − 1K-algebras.(4.5) Since the left-hand side is connective, the above composition factors
through an S1-equivariant E1-SpJq − 1K-algebra map THH(Zprζps/SpJq − 1K)∧p ! τ⩾0(ku

tCp).
We wish to show that this map is an equivalence. This can be checked modulo (q − 1), so it

will be enough to prove that modulo (q − 1) we obtain the equivalence THH(Fp) » τ⩾0(Z
tCp
p )

from rNS18, Corollary IV.4.13s. To this end, observe that by the universal properties of Zprζps
and Fp as free E2-algebras, the E∞-map kutCp ! ZtCpp fits into a commutative diagram of
E2-algebras

Zprζps kutCp

Fp ZtCpp

which on the level of underlying spectra exhibits the bottom row as the mod-(q − 1)-reduction
of the top row. Using the same recipe as above, the bottom row induces an S1-equivariant
maps of E1-algebras

THH(Fp) −! THH
`

ZtCpp

˘

−! ZtCpp

After passing to connective covers, we get an S1-equivariant E1-map THH(Fp) ! τ⩾0(Z
tCp
p ).

We claim that this map necessarily agrees with the underlying E1-map of the S1-equivariant
E∞-equivalence THH(Fp) » τ⩾0(ZtCp) from rNS18, Corollary IV.4.13s. Indeed, by the universal
property of THH for E∞-ring spectra, this equivalence must also be given by a composition as
above, where the first arrow is given by the non-equivariant E∞-map Fp ! ZtCpp induced by the
equivalence. But Fp is the free E2-algebra with p = 0. Since ZtCpp is even, any nullhomotopy
witnessing p = 0 is unique, and so there’s a unique E2-map Fp ! ZtCpp . This shows that the S1-
equivariant E1-map THH(Fp)! τ⩾0(Z

tCp
p ) agrees with the equivalence THH(Fp) » τ⩾0(Z

tCp
p )

and concludes the proof that THH(Zprζps/SpJq − 1K)∧p ! τ⩾0(ku
tCp) is an equivalence.

To show that for p > 2 this equivalence agrees with the underlying S1-equivariant E1-
equivalence of Theorem 4.1, we can use the same argument as above, noting that the E2-
SJq − 1K-algebra map Zprζps! kutCp is unique.

We can now show Theorem 4.14.

Proof sketch of Theorem 4.14. Let us indicate how to modify the arguments in order to avoid
those that don’t work for p = 2. To construct the comparison map ψ0

R as an E0-map, we don’t
need the full strength of Theorem 4.1, so Theorem 4.16 will suffice. In the proof of Lemma 4.10,
we don’t need quasi-syntomic descent (and in particular, we don’t need Theorem 4.12, so we
circumvent the more serious issue ( !! ) above), since the given resolution R ! R•

∞ places us
already in a relatively semiperfect situation.

(4.5)In particular, this map THH(kutCp/SpJq−1K)∧p ! kutCp is not the usual augmentation, as the augmentation
would only be S1-equivariant for the trivial S1-action on kutCp .
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It remains to explain how to adapt the proof of Lemma 4.13. We don’t know if the Z×
p -

equivariance argument still works, but fortunately, we can replace it by a simple argument similar
to the proof of Lemma 4.10. In the given resolution, R•

∞/p is already relatively semiperfect
over A and so TC−

■ (kuR•
∞ b■Qp/kuAb■Qp) is already even. This reduces the question whether

ψ0
R,Qp is the correct map to a question that can be checked on underlying sets. In particular,

we can base change again to a situation where A is already perfect, so that R•
∞/p is semiperfect

on the nose. If we put A•
inf := W((R•

∞)♭), J• := ker(A•
inf ! R•

∞), and let A•
crys denote the

p-completed PD-envelope of J•, then

q9dRR•
∞/A

“

1
p

‰∧
(q−1)

» dRR•
∞/A

“

1
p

‰

Jq − 1K » A•
crys

“

1
p

‰

Jq − 1K .

So to prove Lemma 4.13 in this particular case, we must check whether a certain map
A•

crysr1/psJq − 1K! A•
crysr1/ps∧HdgJq − 1K agrees with the canonical Hodge completion map. As

in the proof of Lemma 4.10, the Hodge completion map is uniquely determined by:
(a) It is a map of A•

infJq − 1K-modules.
(b) It is continuous with respect to the natural topologies on either side.
Condition (b) is again clear from our condensed setup, whereas (a) follows by working over
SA•

inf
rather than SA. This finishes the proof.

§4.3. The case of quasi-regular quotients

Let us continue to fix a prime p (with p = 2 allowed). Let A be a δ-ring as in 3.1 and suppose
that R is an A-algebra satisfying 3.2(E1) for the identical cover id : R! R. In other words, R is
a p-quasi-lci A-algebra with a lift to a p-complete connective E1-algebra SR ∈ AlgE1

(ModSA(Sp))
such that R/p is relatively semiperfect over A.

These assumptions ensure that q9dRR/A and dRR/A are static rings and that the Hodge
filtration fil⋆Hdg dRR/A is a descending filtration by ideals (see rWag25, Lemma 4.18(b)s). As it
turns out, the q-Hodge filtration from 4.7 has a very explicit description in this case.

4.17. Theorem. — Under the assumptions above, the q-Hodge filtration fil⋆q9Hdg q9dRR/A is
the descending filtration by ideals given by the (1-categorical) preimage of the combined Hodge-
and (q − 1)-adic filtration under the rationalisation map q9dRR/A ! dRR/Ar1/psJq − 1K. In
other words, there’s a pullback

fil⋆q9Hdg q9dRR/A fil⋆(Hdg,q−1) dRR/A
“

1
p

‰

Jq − 1K

q9dRR/A dRR/A
“

1
p

‰

Jq − 1K

≒

in the 1-category of filtered (q − 1)⋆AJq − 1K-modules. In particular, fil⋆q9Hdg q9dRR/A is inde-
pendent of the choice of the spherical E1-lift SR, and canonically a filtered E∞-algebra over the
filtered ring (q − 1)⋆AJq − 1K.

Proof. That q9dRR/A is static and fil⋆q9Hdg q9dRR/A is a descending filtration by subgroups follows
from the corresponding assertions for dRR/A and fil⋆Hdg dRR/A, using q9dRR/A/(q− 1) » dRR/A
and fil⋆q9Hdg q9dRR/A/β » fil⋆Hdg dRR/A by Theorems 4.8 and 4.14.
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To show the description as a preimage, we first note that fil⋆q9Hdg q9dRR/A is the preimage of
its completion under q9dRR/A ! q9d̂RR/A and likewise for fil⋆(Hdg,q−1) dRR/Ar1/psJq− 1K. Thus,
it remains to show that the filtration on π0TC−

■ (kuR/kuA) induced by the homotopy fixed point
spectral sequence is the preimage of the analogous filtration on π0TC■(kuR b■ Qp/kuA b■ Qp)
under the rationalisation map

π0TC
−
■ (kuR/kuA) −! π0TC■(kuR b■ Qp/kuA b■ Qp) .

As both filtrations are complete, it will be enough to show that the map on associated gradeds
is injective. That is, we must show π2˚ THH■(kuR/kuA)! π2˚ THH■(kuR b■ Qp/kuA b■ Qp)
is injective. This can be checked modulo β, so we’ve reduced the problem to checking injectivity
of π2˚ HH■(R/A)! π2˚ HH■(R b■ Qp/Ab■ Qp). By the HKR theorem, we must show that

Σ−n
n∧
LR/A −! Σ−n

n∧
LR/A b■ Qp

is injective for all n. Our assumptions guarantee that Σ−1LR/A is a p-completely flat module
over the p-torsion free ring R and so each Σ−n∧n LR/A will be a p-torsion free R-module.

§4.4. The global case
In this subsection we’ll sketch a global analogue of the p-complete comparison between q9dRR/A
and TC−(kuR/kuA) from §4.1. So let us no longer fix a prime p and update our assumptions
on A and R accordingly.

4.18. New assumptions on A and R. — From now on, A and R must satisfy the following:
(A) We assume that A is a perfectly covered Λ-ring. That is, the Adams operations ψm : A! A

are faithfully flat; equivalently, A admits a faithfully flat Λ-map A! A∞ into a perfect
Λ-ring. Moreover, we assume that for all primes p the p-completion Âp satisfies 3.1(tCp),
with SÂp denoting the p-complete spherical lift.

(R) We assume that R is a quasi-lci A-algebra in the sense that the cotangent complex LR/A
has Tor-amplitude in homogical degrees r0, 1s over R. In addition, for every prime p, the
ring R must have bounded p∞-torsion and its p-completion R̂p must satisfy one of the
conditions 3.2(E2) or (E1) (but not necessarily the same for every p). We let SR̂p denote
the p-complete spherical lift of R̂p.

We note that the p-complete lifts SÂp and SR̂p for all primes p can be glued with AbQ and RbQ
to a connective E∞-ring spectrum SA and a connective E1-algebra SR ∈ AlgE1

(ModSA(Sp))
satisfying

SA b Z » A and SR b Z » R .

By construction, SA acquires the structure of a cyclotomic base. If 3.2(E2) was chosen for
every p, then SR will be an E2-algebra in SA-modules. We also let kuÂp := (ku b SÂp)∧p and
kuA := ku b SA and define kuR̂p and kuR analogously.

4.19. Remark. — Despite the restrictive hypotheses, there are many examples of such A
and R, as we’ll see in §6.1.

To carry out our global constructions, we’ll proceed by gluing the p-complete constructions
from §4.1 with the rational case. For the gluing we’ll the following notion:
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4.20. Profinite completion. — A spectrum X is called profinite complete if the canonical
map

X ! lim
m∈N

X/m »
∏
p

X̂p

is an equivalence. The spectrum on the right-hand side will be called the profinite completion
of X and denoted X̂.

Analogous notions can be defined for solid condensed spectra. The the solid tensor product
of two bounded below profinite complete spectra will be profinite complete again. For a proof,
see rWag25, Lemma B.8s and replace each q-factorial (q; q)n by an honest factorial n!.

4.21. Profinite even filtrations. — Let Â and R̂ denote the profinite completions of A
and R. Let k be any connective even E∞-ring spectrum such that π˚(k) is p-torsion free for
all primes p (the most relevant case is of course k = ku, but we’ll also need k = ku b Q and
later k = kuΦCm). Let kÂ := k b■

∏
p SÂp and kR̂ := k b■

∏
p SR̂p . We wish to construct an

appropriate even filtration
fil⋆ev THH■

`

kR̂/kÂ
˘

.

Once we have this, we can also construct versions for TC−
■ and TP■ via

fil⋆ev,hS1 TC
−
■

`

kR̂/kÂ
˘

:=
`

fil⋆ev THH■(kR̂/kÂ)
˘hTev ,

fil⋆ev,tS1 TP■

`

kR̂/kÂ
˘

:=
`

fil⋆ev THH■(kR̂/kÂ)
˘tTev

Before we discuss the construction in general, let us start with two special cases:
(E1) If we chose condition 3.2(E1) for all primes p, and SR̂p ! SR̂•

p,∞ are the given cosimplicial
resolutions, we put kR̂•

∞ := k b■
∏
p SR̂•

p,∞ and define our filtration via

fil⋆ev THH■

`

kR̂/kÂ
˘

:= lim
∆∆
τ⩾2⋆THH■

`

kR̂•
∞/kÂ

˘

.

(E2) If instead 3.2(E2) was chosen for all primes p, so that kR̂ is an E2-algebra in kÂ-modules,
we simply define fil⋆ev THH■(kR̂/kÂ) to be the solid even filtration of THH■(kR̂/kÂ) as a
left module over itself.

In general, let P1 and P2 be the set of primes where we choose 3.2(E1) and 3.2(E2), respectively.
Let kR̂,E1

:=
∏
p∈P1

kR̂p and kR̂,E2
:=

∏
p∈P2

kR̂p . Then

THH■

`

kR̂/kÂ
˘

» THH■

`

kR̂,E1/kÂ
˘

× THH■

`

kR̂,E2/kÂ
˘

and we can apply the constructions from (E1) and (E2) to the two factors separately.
The results from §§3.2–3.4 can all be adapted to the profinite case in a straightforward

way and the proofs can be copied verbatim. For example, in case (E2), let P := Zrxi | i ∈ Is

be a polynomial ring with a surjection P ↠ R and let P̂ be its profinite completion. Let
SP := Srxi | i ∈ Is and let SP̂ be its profinite completion. Finally, let S ! SP̂ • denote the
profinitely completed Čech nerve of S! SP̂ . Then

fil⋆ev THH■

`

kR̂/kÂ
˘ »
−! lim

∆∆
τ⩾2⋆THH■

`

kR̂/kÂ b■ SP̂ •
˘

.

To show this, we can simply copy the proof of Proposition 3.11. The key points are that
THH■(SP̂ )! SP̂ is still solid faithfully even flat, which can be shown by the same argument as
in Lemma 3.12, and that HH■(R̂/Âb■

Z P̂
•) is still even.
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4.22. Lemma. — For k = ku, we have canonical equivalences

fil⋆ev THH■

`

kuR̂/kuÂ
˘ »
−!

∏
p

fil⋆ev THH■

`

kuR̂p/kuÂp
˘

,

fil⋆ev,hS1 TC
−
■

`

kuR̂/kuÂ
˘ »
−!

∏
p

fil⋆ev,hS1 TC
−
■

`

kuR̂p/kuÂp
˘

,

fil⋆ev,tS1 TP■

`

kuR̂/kuÂ
˘ »
−!

∏
p

fil⋆ev,tS1 TP■

`

kuR̂p/kuÂp
˘

.

Proof. Let us first show the assertion for fil⋆ev THH■. Note that kuÂ »
∏
p kuÂp » (kuA)

∧ is the
profinite completion of kuA and likewise for kuR̂. Using Lemma 3.7 and its profinite analogue,
we see

THH■

`

kuR̂/kuÂ
˘

» THH(kuR/kuA)
∧ »

∏
p

THH■

`

kuR̂p/kuÂp
˘

.

Applying the same observation to the cosimplicial resolutions THH■(kuR̂•
∞/kuÂ) (in the special

case 4.21(E1)) or THH■(kuR̂/kuÂ b■ SP̂ •) (in the special case 4.21(E1)) or a mixture thereof
(in the general case), we get the desired equivalence for fil⋆ev THH■.

The equivalence for fil⋆ev,hS1 TC
−
■ immediately follows. For fil⋆ev,tS1 TP■, we must explain

why (−)hTev » Sev b■
Tev

− commutes with the infinite product
∏
p. By arguing as in the proof

of Corollary 3.16 (or just reduction modulo β), we can reduce this to showing that (−)hS1

commutes with the infinite product in
∏
p fil

⋆
HKRHH■(R̂p/Âp). Since the HKR filtration increases

in connectivity, it’s enough to show the same for each graded piece
∏
p gr

n
HKRHH■(R̂p/Âp).

Since R was assumed to be quasi-lci over A, each graded piece is concentrated in a finite range
of degrees. Thus, in any given homotopical degree, only finitely many cells of CP∞ » BS1 will
contribute to (−)hS1 , so it commutes with the infinite product.

Finally, we can put everything together.

4.23. Global even filtrations. — Since kuA and kuR are discrete, THH■ agrees with the
usual THH. We can thus equip THH(kuR b Q/kuA b Q) with the solid even filtration, which
agrees with Pstrągowski’s perfect even filtration by Corollary 2.17, and with the Hahn–Raksit–
Wilson filtration by rPst23, Theorem 7.5s and our assumption that R is quasi-lci over A. We
can now define an even filtration on THH(kuR/kuA) via the pullback diagram

fil⋆ev THH(kuR/kuA) fil⋆ev THH■

`

kuR̂/kuÂ
˘

fil⋆ev THH(kuR b Q/kuA b Q) fil⋆ev THH■

`

kuR̂ b■ Q/kuÂ b■ Q
˘

≒

where the right vertical map is given by 4.21 applied to k = ku and k = ku b Q.
We must explain where the bottom horizontal map comes from. It’s straightforward to

check that fil⋆ev THH(kuR b Q/kuA b Q) » fil⋆ev HH(R/A) b Qrβsev. Moreover, since the base
change result from Corollary 3.17 is still true in the profinite situation (see the discussion in
4.21), we can use base change for Z! Qrβs » ku b Q to get

fil⋆ev THH■

`

kuR̂ b■ Q/kuÂ b■ Q
˘

» fil⋆ev HH■(R̂/Â) b■ Qrβsev .
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Moreover, the profinite analogue of Corollary 3.21 shows that fil⋆ev HH■(R̂/Â) agrees with∏
p fil

⋆
HRW9ev HH(R/A)

∧
p . We then have a canonical map fil⋆ev HH(R/A) ! fil⋆ev HH■(R̂/Â),

which provides us with the desired bottom horizontal map in the diagram above.
Once we have constructed fil⋆ev THH(kuR/kuA), we can also construct filtrations on TC−

and TP in the usual manner:

fil⋆ev,hS1 TC
−(kuR/kuA) :=

`

fil⋆ev THH(kuR/kuA)
˘hTev ,

fil⋆ev,tS1 TP(kuR/kuA) :=
`

fil⋆ev THH(kuR/kuA)
˘tTev .

Here’s a sanity check:

4.24. Lemma. — Suppose we chose condition 3.2(E2) for all primes p, so that kuR is an
E2-algebra in kuA-modules. Then fil⋆ev THH(kuR/kuA) agrees with the solid perfect even filtra-
tion on the solid E1-ring THH■(kuR/kuA), and also with Pstrągowski’s perfect even filtration
fil⋆P9ev THH(kuR/kuA).

Proof sketch. The solid even filtration agrees with Pstrągowski’s construction by Corollary 2.17.
To show that both agree with the pullback fil⋆ev THH(kuR/kuA) from 4.23, we verify that all
even filtrations in sight can be computed by cosimplicial resolutions as in Proposition 3.11.
To show this, the proof of said proposition can be adapted in a straightforward way. The
key points are that THH■(SP )! SP is still solid faithfully even flat by Lemma 3.12 and that
HH(R/AbZ P

•) is still even.

We’re now ready to construct the global comparison with q-de Rham cohomology. Due to
the problems at p = 2 that we’ve discussed at the end of §4.1, we need a small addendum to
the assumptions from 4.18(R).

4.18a. New assumptions on A and R. — From now on we’ll assume that R satisfies not
only 4.18(R) but also:
(R2)The 2-adic completion R̂2 satisfies 3.2(E1).
We note that this is true, in particular, if 2 is invertible in R.

4.25. The global comparison map. — Let us denote q9dRR̂/Â :=
∏
p q9dRR̂p/Âp and

dRR̂/Â :=
∏
p dRR̂p/Âp for short. Then the global q-de Rham complex sits inside a pullback

q9dRR/A q9dRR̂/Â

`

dRR/A bL
Z Q

˘

Jq − 1K
`

dRR̂/Â bL
Z Q

˘

Jq − 1K

≒

(see rWag25, Construction A.14s). We claim that this diagram maps canonically to the pullback

gr0ev,hS1 TC
−(kuR/kuA) gr0ev,hS1 TC

−
■

`

kuR̂/kuÂ
˘

gr0ev,hS1 TC
−(kuR b Q/kuA b Q) gr0ev,hS1 TC

−
■

`

kuR̂ b■ Q/kuÂ b■ Q
˘

≒

coming from 4.23. To construct this map of pullback squares, we need:
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(a) A map q9dRR̂/Â ! gr0ev,hS1 TC
−
■ (kuR̂/kuÂ). This we get by taking the product of the

maps ψ0
R̂p

from 4.6 for all primes p.

(b) A map (dRR/A bZ Q)Jq − 1K! gr0ev TC
−(kuR b Q/kuA b Q). Since kuA b Q » Ab Qrβs

and kuR b Q » R b Qrβs, we get

TC−(kuR b Q/kuA b Q) » HC−`R b Qrβs/Ab Qrβs
˘

.

A standard computation identifies gr0ev with the Hodge completion (dRR/A bQ)∧HdgJq− 1K,
so we can choose our desired map to be the Hodge completion map.

(c) A map (dRR̂/Â bZ Q)Jq − 1K! gr0ev,hS1 TC
−
■ (kuR̂ b■ Q/kuÂ b■ Q). This works as in (b)

above.
Clearly (b) and (c) are compatible; compatibility of (a) and (c) will be checked in Lemma 4.29
below. So we get our map of pullback squares and thus a map

ψ0
R : q9dRR/A −! gr0ev,hS1 TC

−(kuR/kuA) .

4.26. The global q-Hodge filtration. — As in the p-complete case 4.7, we identify
Σ−2˚ gr˚

ev,hS1(ku
hS1

) » ZrβsJtK with the filtered ring (q − 1)⋆ZJq − 1K, where t is the filtration
parameter and β corresponds to (q − 1) in filtration degree 1. We then define the q-Hodge
filtration as the pullback

fil⋆q9Hdg q9dRR/A Σ−2˚ gr˚
ev,hS1 TC

−(kuR/kuA)

q9dRR/A gr0ev,hS1 TC
−(kuR/kuA)

≒
ψ0
R

As the name suggests, fil⋆q9Hdg q9dRR/A is indeed a q-Hodge filtration in the sense of rWag25,
Definition 3.2s.

4.27. Theorem. — Suppose A and R satisfy the assumptions from 4.18 along with the
addendum (R2). Then the map ψ0

R from 4.25 induces an equivalence of graded ZrβsJtK-modules

fil⋆q9Hdg q9d̂RR/A
»
−! Σ−2˚ gr˚

ev,hS1 TC
−(kuR/kuA) ,

where the left-hand side denotes the completion of the q-Hodge filtration fil˚q9Hdg q9dRR/A from
4.26. Moreover, modulo β and after rationalisation, we get equivalences

fil⋆q9Hdg q9dRR/A bL
ZrβsJtK ZJtK »

−! fil⋆Hdg dRR/A ,

fil⋆q9Hdg

`

q9dRR/A bL
Z Q

˘∧
(q−1)

»
−! fil⋆(Hdg,q−1)

`

dRR/A bL
Z Q

˘

Jq − 1K

with the usual Hodge filtration and the combined Hodge and (q − 1)-adic filtration, respectively.
Via these equivalences, (R,fil⋆q9Hdg q9dRR/A) becomes canonically an object in the ∞-category
AniAlgq9Hdg

A from rWag25, Definition 3.2s.

4.28. Remark. — Fix 2 ⩽ n ⩽ ∞. If for every prime p either 3.2(E1) was chosen or SR̂p
admits an En-algebra structure in SÂp-modules, then all equivalences in Theorem 4.27 are
canonically En−1-monoidal. Indeed, for those primes where SR̂p is En, we get En−1-monoidality
by carefully tracing through all constructions. For the other primes use Theorem 4.17. It follows
that the pair (R,fil⋆q9Hdg q9dRR/A) is canonically an En−1-algebra in AniAlgq9Hdg

A (compare
rWag25, 3.50s).
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4.29. Lemma. — The maps from 4.25(a) and (c) fit into a commutative diagram

`

q9dRR̂/Â bL
Z Q

˘∧
(q−1)

´

gr0ev,hS1 TC
−
■ (kuR̂/kuÂ) b■ Q

¯∧

(q−1)

`

dRR̂/Â bL
Z Q

˘

Jq − 1K gr0ev,hS1 HC
−
■

´

R̂ b■ Qrβs/Âb■ Qrβs

¯

4.25(a)

» »

4.25(c)

where the left vertical arrow is the usual equivalence for rationalised q-de Rham cohomology
and the right vertical arrow is obtained as explained in 4.23.

Proof. In the following, we’ll assume that 2 is invertible in R. To treat the general case, we
can just split off the factor p = 2 from

`∏
p q9dRR̂p/Âp bL

Z Q
˘∧
(q−1)

and use Lemma 4.13.(4.6)

We’ll use an adaptation of the argument from the proof of Lemma 4.13. Observe that all
maps in question are equivariant with respect to the Adams action of Ẑ× :=

∏
p Z×

p , so the
problem boils down to checking that a certain Ẑ×-equivariant map

`

dRR̂/Â bL
Z Q

˘

Jq − 1K −!
`

dRR̂/Â bL
Z Q

˘∧
Hdg

Jq − 1K

is the canonical Hodge completion map.
To see this, consider the element ψ := (ζp−1(1 + p))p ∈

∏
p Z×

p , where ζp−1 ∈ Z×
p denotes

any primitive (p − 1)st root of unity. We claim that for any M ∈ D(Z), equipped with the
trivial action of Ẑ×, one has a functorial equivalence

`

M̂ bL
Z Q

˘

Jq − 1Kψ=1 »
`

M̂ bL
Z Q

˘

‘ Σ−1
`

M̂ bL
Z Q

˘

To show the claim, it’ll be enough to show H−1(ẐJq − 1Kψ=1/(q − 1)n) » Ẑ ‘ (torsion group)
for every n. This H−1 agrees with π−1 of the spectrum∏

p

`

(ku∧p )
BS1˘ψ=1

/tn »
∏
p

`

(ku∧p )
ψ=1

˘CPn

The homotopy groups of (ku∧p )
ψ=1 are Zp in degrees t−1, 0u and torsion groups in degrees

⩾ 2p− 3. Since CPn has a finite even cell decomposition, the torsion groups in positive degrees
will only contribute to π−1

`∏
p((ku

∧
p )
ψ=1)CP

n˘ for finitely many primes, and so the result will
indeed be of the form Ẑ ‘ (torsion group). This proves the claim.

To deduce that our map above must be the canonical Hodge completion, we apply
(−)ψ=1 bL

Zψ=1 Z to get a map dRR̂/Â bL
Z Q ! (dRR̂/Â bL

Z Q)∧Hdg. By comparison with the
reduction modulo (q − 1) and Lemma 4.10 (applied for all primes p), we know that this map
must be the canonical Hodge completion. By applying (− bL

Q QJq − 1K)∧(q−1) to this map, we
deduce that our original map must be the Hodge completion as well.

Proof sketch of Theorem 4.27. Using Corollary 3.21, we see that the base change of our even
filtration fil⋆ev,hS1 TC

−(kuR/kuA) along kuhS
1

ev ! ZhS1

ev is the Hahn–Raksit–Wilson even filtration

(4.6)Recall that Lemma 4.13 still works for p = 2 as long as 3.2(E1) was chosen; see the argument in the proof
of Theorem 4.14.
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on HC−(R/A). Moreover, it’s clear from the construction in 4.25 and Lemma 4.10 that the
induced map

ψ0
R : dRR/A −! d̂RR/A » gr0HRW9ev,hS1 HC

−(R/A)

is the canonical Hodge completion map. Similarly, by the construction in 4.25(b), the rationali-
sation

ψ0
R,Q :

`

dRR/A bL
Z Q

˘

Jq − 1K −! gr0ev,hS1 TC
−(kuR b Q/kuA b Q)

gets identified with the canonical Hodge completion map. With these two observations, the
proof of Theorem 4.8 can be copied verbatim to show everything but the last claim.

It remains to give (R,fil⋆q9Hdg q9dRR/A) the structure of an object in AniAlgq9Hdg
A . The

equivalences from conditions (b) and (c) of rWag25, Definition 3.2s have already been constructed;
the compatibility between them follows directly by comparing the even filtrations on TC−(kuRb

Q/kuAbQ) » HC−(RbQrβs/AbQrβs) and HC−(RbQ/AbQ). For condition (cp) of rWag25,
Definition 3.2s, we use Theorem 4.8; the compatibilities come for free via the adelic gluing
constructions in 4.23 and 4.25.
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§5. Habiro descent via genuine equivariant homotopy theory
We’ve seen in Theorem 4.27 that the even filtration on TC−(kuR/kuA) gives rise to a q-Hodge
filtration fil⋆q9Hdg q9dRR/A in the sense of rWag25, Definition 3.2s. In particular, this provides
many examples to which rWag25, Theorem 3.11s can be applied.

The goal of this section is to show that, in the situation at hand, the Habiro descent from that
theorem can also be obtained homotopically. As a straightforward corollary of Theorem 4.27,
one checks that the q-Hodge complex associated to fil⋆q9Hdg q9dRR/A agrees with

q9HdgR/A » gr0ev,hS1 TC
−(KUR/KUA) ,

where we put KUA := KU b SA and KUR := KU b SR. To get the Habiro descent, we’ll show
that for every m ∈ N the action of the cyclic subgroup Cm ⊆ S1 on THH(KUR/KUA) can be
made genuine. We’ll then construct an even filtration on (THH(KUR/KUA)

Cm)h(S
1/Cm). The

Habiro–Hodge complex q9HdgR/A will finally be recovered as the 0th graded piece

q9HdgR/A » lim
m∈N

gr0ev,S1

`

THH(KUR/KUA)
Cm

˘h(S1/Cm)

This section is organised as follows: In §§5.1–5.3 we review genuine equivariant homotopy
theory, its special case of cyclonic spectra, and the genuine equivariant structure on ku. In §5.4,
we finally construct the desired even filtrations in the cyclonic setting and prove that they give
rise to the Habiro–Hodge complex from rWag25, Theorem 3.11s.

§5.1. Recollections on genuine equivariant homotopy theory
In this subsection, we briefly review theory of genuine equivariant spectra. We’ll follow the
model-independent treatment of rGM23, Appendix Cs and the lecture notes rHau24s.

5.1. Genuine equivariant anima. — Let G be a compact Lie group (of relevance to us
will only be the case of S1 and its finite cyclic subgroups Cm ⊆ S1). We let OrbG denote the
category whose objects are quotient spaces G/H, where H ⊆ G is a closed subgroup, and whose
morphisms are G-equivariant maps. OrbG is canonically topologically enriched; through this
enrichment we view it as an ∞-category.

We define the ∞-category of G-anima (or G-spaces) as well as its pointed variant as

AniG := PSh(OrbG) and AniG˚ := PSh(OrbG)˚ ,

where PSh(−) := Fun((−)op,Ani) and PSh(−)˚ := Fun((−)op,Ani˚) denote the presheaf ∞-
category and its pointed variant. The pointwise product or smash product induces symmetric
monoidal structures on AniG and AniG˚ and thus turns them into objects in CAlg(PrL). We
denote the evaluation at G/H by (−)H : AniG ! Ani and likewise for AniG˚ . By construction,
these functors are symmetric monoidal.

5.2. Genuine equivariant spectra. — For every finite-dimensional real G-representation
V , we have a topologically enriched functor OrbopG ! Top˚ sending G/H 7! SV

H , where SV H

denotes the 1-point compactification of the vector space V H . This functor defines a pointed
G-anima SV ∈ AniG˚ , which we call the representation sphere of V . We finally define the
∞-category of genuine G-equivariant spectra

SpG := AniG˚

”

␣

(SV )b−1
(

V

ı
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to be the initial AniG˚ -algebra in PrL in which all representation spheres SV become b-invertible.
Explicitly, SpG can be written as a colimit in PrL of a diagram whose objects are copies of AniG˚
and whose transition maps are of the form SV ∧ − : AniG˚ ! AniG˚ , where V ranges through
finite-dimensional G-representations; see rGM23, §C.1s. By construction, SpG comes with a
symmetric monoidal functor

Σ∞
G : AniG˚ −! SpG

in PrL, which thus admits a lax monoidal right adjoint Ω∞
G : SpG ! AniG˚ .

We let ΣV : SpG ! SpG denote the functor Σ∞
G S

V b −. By construction, this functor is an
equivalence, and we let Σ−V denote its inverse. If (−)+ : AniG ! AniG˚ denotes the left adjoint
of the forgetful functor, we also define

SGr−s : AniG
(−)+
−−−! AniG˚

Σ∞
G−−! SpG

and we let SG := SGr˚s be the genuine G-equivariant sphere spectrum.
The ∞-category AniG˚ is compactly generated, with a set of compact generators given by

(G/H)+ for all closed subgroups H ⊆ G. The transition maps SV ∧− preserve compact objects
and PrLω ! PrL preserves colimits. It follows that SpG is compactly generated, with a set
of compact generators given by Σ−V SGrG/Hs for all representation spheres and all closed
subgroups H ⊆ G. In fact, we can do slightly better; see Lemma 5.9 below.

5.3. Pullback functors. — Given any morphism φ : G! K of compact Lie groups, we can
define a functor OrbG ! OrbK by sending G/H 7! K/φ(H). By precomposition, we obtain a
symmetric monoidal functor φ˚ : AniK˚ ! AniG˚ in PrL, which sends representation spheres to
representation spheres and therefore determines a unique symmetric monoidal colimit-preserving
functor

φ˚ : SpK −! SpG .

5.4. Lemma. — For every morphism φ : G ! K of compact Lie groups, the following
diagrams commute:

AniK˚ AniG˚

SpK SpG

φ˚

Σ∞
K Σ∞

G

φ˚

and
AniK˚ AniG˚

SpK SpG

φ˚

Ω∞
K

φ˚

Ω∞
G

Proof sketch. The diagram on the left commutes by construction. To see that the diagram on
the right commutes as well, rewrite the colimits defining SpG and SpK as limits in PrR. It’s
then enough to check that φ˚ : AniK˚ ! AniG˚ intertwines the right adjoints of SV ∧ − and
Sφ

˚(V ) ∧ − for any finite-dimensional K-representation V . Since φ˚ : AniK˚ ! AniG˚ has a left
adjoint φ!, given by left Kan extension, we may pass to left adjoints and show the equivalent
assertion φ!(S

φ˚(V ) ∧ −) » SV ∧ φ!(−). Now in general, for any functor φ : C ! D of small
∞-categories, the adjunction φ! : PSh(C)˚  ! PSh(D)˚ :φ˚ satisfies the “projection formula”
φ!(φ

˚(Y ) ∧X) » Y ∧ φ!(X) by abstract nonsense.

5.5. Lemma. — Let i : H ↪! G be the inclusion of a closed subgroup. Then i˚ : SpG ! SpH

preserves all limits and and thus admits a left adjoint i! : SpH ! SpG.(5.1) If we also let
(5.1)The functor i! is usually denoted IndGH and called induction.

54

https://arxiv.org/pdf/2004.10254#subsection.C.1


§5.1. Recollections on genuine equivariant homotopy theory

i! : Ani
H
˚ ! AniG˚ denote the left Kan extension functor, then the following diagram commutes:

AniH˚ AniG˚

SpH SpG

i!

Σ∞
H Σ∞

G

i!

In particular, i!SH » SGrG/Hs.

Proof sketch. To form SpH , it’s enough to invert all representation spheres of the form Si
˚(V )

in AniH˚ , where V is a finite-dimensional G-representation. Thus, we can obtain SpG and SpH

by colimit diagrams of the same shape in PrL. Treating them as limit diagrams in PrR and
noting that the transition maps still commute with i˚ : AniG˚ ! AniH˚ (see the argument in
the proof of Lemma 5.4) shows that i˚ indeed preserves limits. Commutativity of the diagram
follows from the right diagram in Lemma 5.4 by passing to left adjoints.

5.6. Borel-complete spectra. — The full sub-∞-category spanned by G/t1u ∈ OrbopG
defines a functor BG ! OrbopG . Via precomposition we get a symmetric monoidal functor
AniG˚ ! AniBG˚ . Since all representation spheres SV ∈ AniG˚ become b-invertible under
Σ∞ : AniBG˚ ! SpBG, we can use the universal property of SpG to obtain a commutative
diagram

AniG˚ AniBG˚

SpG SpBG

Σ∞
G Σ∞

UG

of symmetric monoidal functors in PrL. For a genuine G-equivariant spectrum X, we think of
UG(X) as the underlying spectrum with its non-genuine G-action, and we’ll often suppress UG
in the notation. Genuine G-equivariant spectra in the image of the right adjoint

BG : SpBG −! SpG

will be called Borel-complete and we call the functor BG ◦ UG Borel completion.

5.7. Lemma. — The functor BG : SpBG ! SpG is fully faithful.

Proof. As in Lemma 5.5, one shows that UG also preserves limits and hence admits a left adjoint
L. It will be enough to show that the unit u : id ⇒ UG ◦ L is an equivalence. Since both UG
and L preserve all colimits, we only need to check that u is an equivalence on the generator
SrGs of SpBG.

To see this, note that the forgetful functor SpBG ! Sp is conservative. Moreover, it’s
clear from the construction that SpG ! SpBG ! Sp equals e˚ : SpG ! Sp, where e : t1u ↪! G
is the inclusion of the identity element. Since SrGs is the image of S under the left adjoint
of SpBG ! Sp, it will thus be enough to check that S ! e˚e!S is an equivalence. Using the
commutative diagram of Lemma 5.5, this reduces to checking that S0 ! e!e

˚S0 is an equivalence
in Ani˚, which is clear since Kan extension along a fully faithful functor is fully faithful.

5.8. Genuine fixed points. — For every morphism φ : G ! K of compact Lie groups,
the right adjoint φ˚ : Sp

G ! SpK of φ˚ is lax symmetric monoidal and still preserves colimits.
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Indeed, since φ˚ is an exact functor between compactly generated stable ∞-categories, it will
be enough to check that φ˚ preserves compact objects, which is clear from the description of
compact generators in 5.2. In the case where φ is the projection πG : G ! t1u to the trivial
group, we also denote πG,˚ by

(−)G : SpG −! Sp

and call this the genuine G-fixed points. We have (−)G » HomSp(S, (−)G) » HomSpG(SG,−)

by adjunction, and so (−)G is represented by SG.
If X ∈ SpG and i : H ↪! G is the inclusion of a closed subgroup, we’ll usually write XH

instead of (i˚X)H for brevity. It follows formally that (−)H : SpG ! Sp is represented by
i!SH » SGrG/Hs.

5.9. Lemma. — The ∞-category SpG is compactly generated, with a set of compact generators
given by Σ−nSGrG/Hs for all n ⩾ 0 and all closed subgroups H ⊆ G.

Proof. The following argument is taken from rHau24, Proposition 2.7s. We use induction
on (dimG, |π0(G)|), ordered lexicographically. Suppose a genuine G-equivariant spectrum X
satisfies HomSpG(Σ

−nSGrG/Hs, X) » 0 for all closed subgroups H and all n ⩾ 0. If i : H ↪! G
is the inclusion of any such H, then for any closed subgroup K ⊆ H we have

0 » HomSpG
`

SGrG/Ks, X
˘

» HomSpG
`

i!SHrH/Ks, X
˘

» HomSpH
`

SHrH/Ks, i˚(X)
˘

and therefore i˚(X) » 0 by the inductive hypothesis. As a consequence, we see that
HomSpG(Σ

−V SGrG/Hs, X) » 0 for all proper closed subgroups H ⊊ G and all finite-dimensional
G-representations V .

It remains to show HomSpG(Σ
−V SG, X) » 0 for all V . Let j : Orb<G ↪! OrbG denote the

inclusion of the full sub-∞-category spanned by all objects except the terminal object G/G. Let
Ani<G˚ := PSh(Orb<G)˚. A straightforward application of the Kan extension formula shows that
the left Kan extension functor j! : Ani<G˚ ! AniG˚ is fully faithful, with essential image given by
those pointed genuine G-equivariant anima Y that satisfy Y G » ˚ (i.e. those presheaves that
vanish on G/G ∈ OrbG). Since cofib(SV

G
! SV ) is of this form, it can be written as a colimit

of (G/H)+ for proper closed subgroups H ⊊ G. It follows that cofib(ΣV
G
X ! ΣVX) » 0,

since it can be written as a colimit of terms of the form

SGrG/Hs bX » i!SH bX » i!
`

SH b i˚(X)
˘

» 0 .

By our assumption on X, we also have HomSpG(SG,ΣV
G
X) » HomSpG(Σ

−nSG, X) » 0, where
n := dimV G. We conclude 0 » HomSpG(SG,ΣVX) » HomSpG(Σ

−V SG, X), as desired.

5.10. Lemma. — If G is finite, then the compact objects SGrG/Hs ∈ SpG are self-dual for
all subgroups H ⊆ G. In particular, SpG is a rigid symmetric monoidal ∞-category.

Proof sketch. We need to construct a coevaluation η : SG ! SGrG/Hs b SGrG/Hs and an
evaluation ε : SGrG/Hs b SGrG/Hs! SG satisfying the triangle identities. To construct ε, we
simply apply Σ∞

G to the map (G/H×G/H)+ ! S0 that sends the diagonal to the non-basepoint
and everything else to the basepoint.

Let us now construct η. Let V := RrG/Hs. Equip V with an inner product in such a
way that tσuσ∈G/H is an orthonormal basis. Consider the “diagonal map” V ! V × (G/H),
whose σth component is given by RrG/Hs ! Rσ ! Rσ × tσu, where the first map is the
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orthogonal projection. This map is G-equivariant and proper, so it induces a G-equivariant map
of one-point compactifications, which takes the form SV ! SV ∧ (G/H)+. Applying Σ∞−V

G ,
we obtain a map trGH : SG ! SGrG/Hs, called the transfer. Let also ∆: G/H ! G/H ×G/H
denote the diagonal. We finally define η as the composite

η : SG
trGH−−! SGrG/Hs

SGr∆s
−−−−! SGrG/Hs b SGrG/Hs .

The triangle identities can already be verified on the level of genuine G-equivariant anima.

5.11. Remark. — For arbitrary compact Lie groups G, it is still true that SGrG/Hs are
dualisable, so that SpG is still rigid. See e.g. rHau24, §2.3s.

5.12. Genuine vs. homotopy fixed points. — By abuse of notation, let us denote the
composition ofthe functor UG : SpG ! SpBG from 5.6 with the homotopy fixed point functor
(−)hG : SpBG ! Sp also by (−)hG. For any X ∈ SpG we have

`

BGUG(X)
˘G

» HomSpG
`

SG, BGUG(X)
˘

» HomSpBG
`

S, UG(X)
˘

» XhG .

Thus, the natural transformation id ⇒ UG ◦ BG (Borel-completion) induces a symmetric
monoidal transformation of lax symmetric monoidal functors

(−)G =⇒ (−)hG

In general, this is far from being an equivalence; in fact, the goal of this whole section is to
explain how the Habiro descent of the q-Hodge complex is accounted for by the failure of
THH(KUR/KUA)

Cm ! THH(KUR/KUA)
hCm to be an equivalence.

5.13. Geometric fixed points. — The functor Σ∞ ◦ (−)G : AniG˚ ! Sp is symmetric
monoidal and inverts all representation spheres. Therefore it induces a symmetric monoidal
functor

(−)ΦG : SpG −! Sp

in PrL, called geometric fixed points.(5.2) There always exists a natural transformation

(−)G =⇒ (−)ΦG .

One way to construct this would be as the following composite (see rHau24, §2.2s):

XG » HomSpG(SG, X) −! HomSp

`

SΦGG , XΦG
˘

» HomSp

`

S, XΦG
˘

» XΦG .

Just as for genuine fixed points, for every closed subgroup H ⊆ G, we also consider the functor
(−)ΦH : SpG ! Sp, suppressing the pullback SpG ! SpH in the notation.

5.14. Lemma. — The family of functors t(−)HuH⊆G in Fun(SpG,Sp) is jointly conservative.
The same is true for t(−)ΦHuH⊆G.

Proof. Both assertions are classical; see e.g. rSch18, Proposition 3.3.10s for the case of geometric
fixed points. We’ll give a proof by abstract nonsense, following rHau24, §§2.2–2.3s.

For genuine fixed points, joint conservativity follows immediately from Lemma 5.9. For
geometric fixed points, assume X ∈ SpG satisfies XΦH » 0 for all H. We wish to show

(5.2)Geometric fixed points are usually denoted ΦG. We chose (−)ΦG to be in line with (−)G, (−)hG, and (−)tG.
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X » 0. Arguing by induction over (dimG, |π0(G)|), we may assume i˚(X) » 0 for all
inclusions i : H ↪! G of proper closed subgroups. As in the proof of Lemma 5.9, this implies
SGrG/Hs bX » 0 for all such H.

As in the proof of Lemma 5.9, let now j : Orb<G ↪! OrbG denote the inclusion of the
full sub-∞-category spanned by all objects except G/G and put Ani<G := PSh(Orb<G). Let
s : tG/Gu ↪! OrbG denote the complementary inclusion. Let j! : Ani<G  ! AniG :j˚ be the
adjunction given by left Kan extension/restriction along j and let s˚ : AniG˚  ! Ani˚ :s˚ be
the adjunction given by restriction/right Kan extension along s. We denote EPG := j!j

˚(˚)
and rEPG := s˚s

˚S0 (in the classical setup this has intrinsic meaning; for us it’s just notation).
Then the Kan extension formula shows that

(EPG)H »

#

∅ if H = G

˚ if H ⊊ G
and (rEPG)H »

#

S0 if H = G

˚ if H ⊊ G
.

Thus the canonical sequence (EPG)+ ! S0 ! rEPG induced by the universal property of Kan
extension is a cofibre sequence in AniG˚ . It follows that SGrEPGs! SG ! Σ∞

G (rEPG) is a cofibre
sequence in SpG, respectively. We have SGrEPGs bX » 0 as SGrEPGs is contained in the full
sub-∞-category generated under colimits by SGrG/Hs for proper closed subgroups H ⊊ G. It
will thus be enough to show Σ∞

G (rEPG) bX » 0. Since (−)ΦH is symmetric monoidal, we still
have (Σ∞

G (rEPG) bX)ΦH » 0 and so the inductive hypothesis shows (Σ∞
G (rEPG) bX)H » 0 for

all proper closed subgroups H ⊊ G. It remains to show (Σ∞
G (rEPG) bX)G » 0, which follows

from the assumption XΦG » 0 using Lemma 5.15 below.

5.15. Lemma. — With notation as above, for any X ∈ SpG there is a functorial equivalence
`

Σ∞
G (rEPG) bX

˘G »
−! XΦG .

Proof. Let us first construct the functorial map. With notation as in the proof of Lemma 5.14
above, we have SGrEPGsΦG » Sr(EPG)Gs » 0. Thus, if we apply the natural transformation
(−)G ⇒ (−)ΦG to the cofibre sequence SGrEPGs b X ! SG b X ! Σ∞

G (rEPG) b X, it will
induce the desired map.

Let us now verify that this map is an equivalence. Since (−)G and (−)ΦG preserve colimits,
it’s enough to check the case X » SGrG/Hs. For proper subgroups H ⊊ G we have (G/H)G » ˚

and so SGrG/HsΦG » 0 as well as

Σ∞
G (rEPG) b SGrG/Hs » Σ∞

G

`

rEPG ∧ (G/H)+
˘

» Σ∞
G (˚) » 0 .

It remains to show that Σ∞
G (rEPG)G ! SΦGG » S is an equivalence. This can be checked on

underlying anima. Using the definition of SpG as a colimit, we see

Ω∞`

Σ∞
G (rEPG)G

˘

» Ω∞HomSpG
`

SG,Σ∞
G (rEPG)

˘

» colim
V⊆U

MapAniG˚

´

SV , SV ∧ rEPG
¯

,

where U is a complete G-universe, that is, a direct sum of countably many copies of each
irreducible G-representation, and V ranges through all finite-dimensional subrepresentations of
U . Now recall that rEPG » s˚s

˚S0. Using the Kan extension formula, it’s straightforward to
check SV ∧ s˚s

˚S0 » s˚S
V G and so the colimit above can be rewritten as desired:

colim
V⊆U

MapAniG˚

`

SV , s˚S
V G

˘

» colim
V⊆U

MapAni˚

`

SV
G
, SV

G˘

» Ω∞S .

58



§5.1. Recollections on genuine equivariant homotopy theory

Using a similar argument, we can also show the following assertion:

5.16. Lemma. — Let G be finite. For a genuine G-equivariant spectrum X, the following
are equivalent:
(a) For all subgroups H ⊆ G, the genuine fixed points XH are bounded below.
(b) For all subgroups H ⊆ G, the geometric fixed points XΦH are bounded below.

Proof. Via induction on |G|, it will be enough to show under the hypothesis that XH is bounded
below for all proper subgroups H ⊊ G, the genuine fixed points XG are bounded below if and
only if the geometric fixed points XΦG are bounded below. Using Lemma 5.15 and the proof of
Lemma 5.14, we find a cofibre sequence (SGrEPGs bX)G ! XG ! XΦG. Moreover, SGrEPGs

can be written as a colimit of SGrG/Hs for proper subgroups H ⊊ G. Thus, it will be enough
to show that each (SGrG/Hs bX)G is bounded below (here we use finiteness of G to ensure
that there are only finitely many H). This follows from

`

SGrG/Hs bX
˘G

» HomSpG
`

SG,SGrG/Hs bX
˘

» HomSpG
`

SGrG/Hs, X
˘

» XH ,

where we use self-duality of SGrG/Hs (Lemma 5.10)

5.17. Inflation maps. — Given any morphism φ : G! K of compact Lie groups, one has a
symmetric monoidal natural transformation of lax symmetric monoidal functors

infφ : (−)K =⇒
`

φ˚(−)
˘G

Indeed, from 5.8 we see that (−)G » (−)K ◦ φ˚ and then the desired natural transformation
arises by postcomposing the unit transformation id ⇒ φ˚ ◦ φ˚ with (−)K .

If φ is injective, the transformation above is called restriction and denoted resKG . We’re
instead interested in the case where φ is surjective, where it is customary to call these maps
inflations. In the surjective case, there’s also a symmetric monoidal inflation

infφ : (−)ΦK =⇒
`

φ˚(−)
˘ΦG

.

Indeed, on the level of genuine equivariant pointed anima, the pullback φ˚ : AniK˚ ! AniG˚
satisfies (−)K » (φ˚(−))G (this needs surjectivity, so that evaluation at K/K ∈ OrbopK agrees
with evaluation at K/φ(G)) and then the desired inflation transformation is induced by the
universal property of SpK as an AniK˚ -algebra in PrL. It’s straightforward to check that for all
X ∈ SpK the diagram

XK (φ˚X)G

XΦK (φ˚X)ΦG

infφ

infφ

commutes functorially in X, where the horizontal maps are the inflations and the vertical maps
are the ones from 5.13.

5.18. Residual actions. — Let i : N ↪! G be the inclusion of a normal subgroup, let
π : G ! G/N denotes the canonical projection and let e : t1u ↪! G/N the inclusion of the

59



§5. Habiro descent via genuine equivariant homotopy theory

identity element. Then the diagram

SpG SpG/N

SpN Sp

π˚

i˚ e˚

(−)N

commutes. Indeed, commutativity can be checked after passing to left adjoints, and then it
follows from π˚e!S » π˚SG/N rG/N s » SGrG/N s » i!SN , using the diagram from 5.8 to compute
the values of i! and e!.

In particular, for any X ∈ SpG, the genuine fixed points XN can be equipped with a residual
genuine G/N -action. In a similar way, one can equip XΦN with a residual genuine G/N -action,
and it can be checked that XN ! XΦN is genuine G/N -equivariant.

5.19. Lemma. — With the residual actions from 5.18, for all X ∈ SpG we have canonical
equivalences

XG » (XN )G/N and XΦG » (XΦN )Φ(G/N) .

Proof. If πG : G! t1u and πG/N : G/N ! t1u denote the canonical projections, then clearly
π˚
G » π˚ ◦ π˚

G/N . Since adjoints compose, the equivalence for genuine fixed points follows. To
see the equivalence for geometric fixed points, it’s enough to check the case X » SGrY s for Y a
genuine G-equivariant anima; this case follows from Y G » (Y N )G/N .

§5.2. The ∞-category of cyclonic spectra

After reviewing the general framework of genuine equivariant homotopy theory, from now on
we’ll restrict to the following special case:

5.20. Cyclonic spectra. — In the following, we’ll consider spectra with an S1-action that
is genuine with respect to all finite cyclic subgroups Cm ⊆ S1. These were introduced under
the name cyclonic spectra by Barwick and Glasman rBG16s.

While the original construction uses spectral Mackey functors, we’ll follow rAMR17, No-
tation 2.3(3)s and construct ∞-category of cyclonic spectra as the full stable sub-∞-category
CycnSp ⊆ SpS

1 generated under colimits by Σ−nSS1rS1/Cms for all finite cyclic subgroups
Cm ⊆ S1 and all n ⩾ 0.

5.21. Lemma. — The family of functors t(−)Cmum∈N in Fun(CycnSp, Sp) is jointly conser-
vative. The same is true for t(−)ΦCmum∈N.

Proof. For genuine fixed points this follows since tΣ−nSS1rS1/Cmsum∈N,n⩾0 is a system of
generators for CycnSp by construction. The assertion about geometric fixed points then follows
from Lemma 5.14.

5.22. Lemma. — The fully faithful inclusion j! : CycnSp ↪! SpS
1 admits a right adjoint

j˚ : SpS
1
! CycnSp with the following properties:

(a) j˚ still preserves all colimits.
(b) The counit transformation c : j!◦j˚ ⇒ id is an equivalence after applying (−)Cm or (−)ΦCm

for any finite cyclic subgroup Cm ⊆ S1.
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(c) For all X,Y ∈ SpS
1 the canonical map

j˚(X b j!j
˚Y )

»
−! j˚(X b Y )

is an equivalence. Thus, there’s a canonical way to equip CycnSp and j˚ : SpS
1
! CycnSp

with symmetric monoidal structures.

Proof. The right adjoint j˚ exists since j! preserves all colimits. Since CycnSp is compactly
generated and j! preserves compact objects, j˚ preserves filtered colimits and thus all colimits
by exactness, proving (a). By construction,

Hom
SpS

1

`

SS1rS1/Cns, j!j
˚X

˘

» Hom
SpS

1

`

SS1rS1/Cms, X
˘

and so (j!j
˚X)Cm ! XCm is indeed an equivalence. Since this is true for all divisors d | m,

Lemma 5.14 shows that (j!j
˚X)ΦCm ! XΦCm is an equivalence as well. This shows (b).

Whether j˚(X b j!j
˚Y )! j˚(X b Y ) is an equivalence can be checked on geometric fixed

points by Lemma 5.21. But after applying (j!(−))ΦCm , both sides become XΦCm b Y ΦCm by
(b) and symmetric monoidality of (−)ΦCm . This shows the first claim in (c); the second claim is
general abstract nonsense about localisations of symmetric monoidal ∞-categories (see rL-HA,
Proposition 2.2.1.9s for example).

In the following, we’ll usually suppress j! and j˚ in the notation.

5.23. Lemma. — For m,n ∈ N, let us identify Cmn/Cm „= Cn, Cmn/Cn „= Cm. For all
cyclonic spectra X, the residual actions from 5.18 satisfy the following functorial identites:
(a) (XCm)Cn » XCmn, (XΦCm)ΦCn » XΦCmn, and (XhCm)hCn » XhCmn.
(b) If m and n are coprime, then (XCm)ΦCn » (XΦCn)Cm.

Proof. The first two assertions from (a) are special cases of Lemma 5.19, the third assertion
is classical. For (b), let us first note that OrbCmn » OrbCm × OrbCn , which easily implies
SpCmn » SpCm b SpCn for the Lurie tensor product. By construction of geometric fixed points
it’s clear that (−)ΦCn : SpCm b SpCn ! SpCm is given by applying (−)ΦCn : SpCn ! Sp in the
second tensor factor. If we can show a similar assertion for (−)Cm , we’ll be done.

To this end, let π : Cmn ! Cn and πCm : Cm ! t1u denote the canonical projections. It
is again clear from the construction that π˚ : SpCn ! SpCm b SpCn is given by applying
π˚
Cm

: Sp ! SpCm in the first tensor factor. Its right adjoint π˚ must then also be given by
applying the right adjoint πCm,˚ (which is also a functor in PrL) in the first tensor factor,
because we can just apply − b SpCn to the unit, the counit, and the triangle identities.

Nikolaus–Scholze rNS18, Theorem II.6.9s showed that on bounded below objects, the
structure of a cyclotomic spectrum is equivalent to a “naive” notion, in which one only asks for
S1-equivariant maps X ! XtCp . We’ll now show a similar result in the cyclonic case. This is
based on the following well-known fact (see e.g. rHM97s or rNS18, Lemma II.4.5s):

5.24. Lemma. — There’s a pullback square of symmetric monoidal transformations between
lax symmetric monoidal functors in Fun(SpCp , Sp)

(−)Cp (−)ΦCp

(−)hCp (−)tCp

(5.13)

(5.12) ≒
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Proof. If we regard the orbit Cp/C1 as a genuine Cp-equivariant anima via the Yoneda em-
bedding, we find (Cp/C1)

Cp » ∅ and (Cp/C1)
C1 » Cp. By direct inspection, it follows that

EPCp » (Cp/C1)hCp , where Cp acts on Cp/C1 in the obvious way.
For every genuine Cp-equivariant spectrum X, we’ve seen in Lemma 5.15 that the fibre

of XCp ! XΦCp is given by (SCprEPCps bX)Cp . Using that (−)Cp preserves all colimits and
SCprCps is self-dual by Lemma 5.10, we find

`

SCprEPCps bX
˘Cp

»
`

SCprCpshCp bX
˘Cp

»
`

(SCprCps bX)Cp
˘

hCp
» XhCp .

In the case where X is Borel-complete, it’s straightforward to check that the induced map
XhCp ! XCp » XhCp is the norm map and so XΦCp » XtCp for Borel-complete X. In general,
composing the Borel completion transformation id ⇒ BCpUCp with the natural trasformation
(−)Cp ⇒ (−)ΦCp , we obtain the desired commutative square. It is a pullback square since the
row-wise fibres are given by (−)hCp , as we’ve just verified. Symmetric monoidality is also clear
from the construction.

5.25. Naive cyclonic spectra — Informally, a naive cyclonic spectrum should consist of
a collection of spectra (Ym)m∈N, each Ym equipped with an (S1/Cm)-action, together with
(S1/Cpm)-equivariant maps ϕp,m : Ypm ! Y

tCp
m for all m and all primes p. The intuition is

that Ym » XΦCm records the geometric fixed points of some cyclonic spectrum X. To see
obtain the maps ϕp,m : XΦCpm ! (XΦCm)tCp in this case, we plug XΦCm into the natural
transformation (−)ΦCp ⇒ (−)tCp ; by naturality, the map ϕp,m that we obtain is (non-genuinely)
(S1/Cpm)-equivariant.

Formally, we define the ∞-category of naive cyclonic spectra to be the lax equaliser (in the
sense of rNS18, Definition II.1.4s)

CycnSpnaiv := LEq

˜∏
m∈N

SpB(S1/Cm)
∏
p

∏
m∈N

SpB(S1/Cpm)can

((−)tCp )p,m

˙

,

where p runs through all primes, the top functor is given by (Ym)m 7! (Ypm)p,m, and the bottom
functor is given by (Ym)m 7! (Y

tCp
m )p,m. By the universal property of lax equalisers there is a

functor
(−)ΦC : CycnSp −! CycnSpnaiv

which sends X 7! (XΦCm)m∈N, equipped with the canonical maps ϕp,m : XΦCpm ! (XΦCm)tCp

described above. Using Lemma 5.27 below, we can also equip CycnSpnaiv with a symmetric
monoidal structure in such a way that (−)ΦC is symmetric monoidal.

Let us also call a cyclonic spectrum X bounded below if each XCm is bounded below (not
necessarily with a uniform bound for all m); equivalently by Lemma 5.16, all XΦCm are bounded
below. Similarly, a naive cyclonic spectrum Y = ((Ym)m, (ϕp,m)p,m) will be called bounded
below if each Ym is bounded below (not necessarily with a uniform bound). We denote by
CycnSp+ and CycnSpnaiv+ the respective full sub-∞-categories of bounded below objects.

5.26. Proposition. — When restricted to the respective full sub-∞-categories of bounded
below objects, the functor (−)ΦC becomes a symmetric monoidal equivalence

(−)ΦC : CycnSp+
»
−! CycnSpnaiv+ .

To prove Proposition 5.26, let us first construct the desired symmetric monoidal structure.
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5.27. Lemma. — Let F : C ! D be a symmetric monoidal functor and let G : C ! D be a
lax symmetric monoidal functor of symmetric monoidal ∞-categories. Let Fb and Gb denote
the corresponding functors between the ∞-operads Cb ! Fin˚ and Db ! Fin˚ and define

LEq(F,G)b := LEq(Fb, Gb)×LEq(idFin˚
,idFin˚

) Fin˚ .

(a) LEq(F,G)b ! Fin˚ is an ∞-operad associated to a symmetric monoidal structure on the
∞-category LEq(F,G) and LEq(F,G)! C is symmetric monoidal.

(b) If C and D are presentably symmetric monoidal, F preserves colimits, and G is accessible,
then LEq(F,G) is again presentably monoidal.

Proof sketch. Let ⟨i⟩ ∈ Fin˚. Using LEq(idt⟨i⟩u, idt⟨i⟩u) » ˚, the fact that lax equalisers commute
with pullbacks, and the fact that the fibres over Fb and Gb over ⟨i⟩ are F i : Ci ! Di and
Gi : Ci ! Di respectively, we find that the fibre of LEq(F,G)b ! Fin˚ over ⟨i⟩ ∈ Fin˚ is of the
desired form:

LEq(Fb, Gb)×LEq(idFin˚
,idFin˚

) LEq
`

idt⟨i⟩u, idt⟨i⟩u
˘

» LEq(F i, Gi) » LEq(F,G)i .

Let us next check that LEq(F,G)b ! Fin˚ is a cocartesian fibration. For simplicity, we’ll
only describe locally cocartesian lifts of the unique active morphism f2 : ⟨2⟩ ! ⟨1⟩; it will
be obvious how to perform the construction in general, as will be the fact that the lo-
cally cocartesian lifts compose, so that we obtain a cocartesian fibration by the dual of
rL-HTT, Proposition 2.4.2.8s. So suppose we’re given ((x1, φ1), (x2, φ2)) ∈ LEq(F,G)2, where
φ1 : F (x1)! G(x1) and φ2 : F (x2)! G(x2). Let φ denote the composite

φ : F (x1 bC x2) » F (x1) bD F (x2)
φ1bφ2−−−−! G(x1) bD G(x2) −! G(x1 bC x2) ,

where we use strict and lax symmetric monoidality of F and G, respectively. Now let
µ : (x1, x2) ! x1 bC x2 be a locally cocartesian lift of f2 along Cb ! Fin˚. Moreover, let
µF » Fb(µ) : (F (x1), F (x2)) ! F (x1) bD F (x2) and µG : (G(x1), G(x2)) ! G(x1) bD G(x2)
be locally cocartesian lifts of f2 along Db ! Fin˚. We have φ ◦ µF » µG ◦ (φ1, φ2) by con-
struction of φ, and so we obtain a morphism ((x1, φ1), (x2, φ2))! (x1 bC x2, φ) in LEq(F,G)b.
Using the formula for mapping anima in lax equalisers from rNS18, Proposition II.1.5(ii)s and
the general criterion from the dual of rL-HTT, Proposition 2.4.4.3s, it’s straightforward to
verify that this morphism is indeed a locally cocartesian lift of f2, as desired.

Therefore, LEq(F,G)b ! Fin˚ is indeed a cocartesian fibration. From the description
of cocartesian lifts above, it’s clear that LEq(F,G)b ! Cb preserves cocartesian lifts, hence
LEq(F,G)! C is indeed symmetric monoidal. This finishes the proof sketch of (a).

For (b), we must check that LEq(F,G) is presentable and that the tensor product preserves
colimits in either variable. Both assertions follow from rNS18, Proposition II.1.5(iv)–(v)s.

Let us now commence with the proof of Proposition 5.26. The main ingredient is a formula
that allows to compute genuine fixed points for finite cyclic groups in terms of homotopy fixed
points, geometric fixed points, and the Tate construction.

5.28. Lemma. — Let X be a cyclonic spectrum and let m ∈ N. If the geometric fixed points
XΦCd are bounded below for all divisors d | m, then the following canonical (S1/Cm)-equivariant
map is an equivalence:

XCm »
−! eq

˜∏
d|m

(XΦCd)hCm/d
can

−!−!
ϕ

∏
p

∏
pd|m

`

(XΦCd)tCp
˘hCm/pd

¸

.
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Here the second product is taken over all primes p. The two maps can and ϕ in the equaliser
are given as follows:

(XΦCd)hCm/d »
`

(XΦCd)hCp
˘hCm/pd −!

`

(XΦCd)tCp
˘hCm/pd ,

(XΦCpd)hCm/pd »
`

(XΦCd)ΦCp
˘hCm/pd −!

`

(XΦCd)tCp
˘hCm/pd ,

using the natural transformations (−)hCp ⇒ (−)tCp and (−)ΦCp ⇒ (−)tCp, respectively.

Proof. We use induction on m. If m = pα is a prime power, the assertion is rNS18, Corol-
lary II.4.7s. Now let m be arbitrary. We may assume that all but one prime factors of m act
invertibly on X, because an arbitrary X can be written as a finite Čech limit of such objects
(also the assumption that all XΦCd are bounded below is preserved under any localisation).
Write m = pαmp, where p is the not necessarily invertible prime and mp is coprime to p.
Using the inductive hypothesis and the fact that the Tate construction (−)tCℓ vanishes on
Sr1/ℓs-modules, we find

XCmp »
∏
dp|mp

`

XΦCdp
˘hCmp/dp .

Also observe that all homotopy fixed points (−)hCmp/dp in this formula can be computed as
finite limits, as BCmp/dp has a finite cell structure once mp is invertible. An argument as
in Lemma 5.23(b) then allows us to deduce that the formula above is also true as genuine
Cpα-equivariant spectra and that the homotopy fixed points (−)hCmp/dp commute with the
geometric fixed points (−)ΦCpi . With these observations, the formula for XCm » (XCmp )Cpα

becomes precisely the desired equaliser.

With a similar argument, one can show the following technical lemma.

5.29. Lemma. — Let Y = ((Ym)m, (ϕp,m)p,m) be a naive cyclotomic spectrum. Then Y is
bounded below if and only if for all m ∈ N the following equaliser is bounded below:

eq

˜∏
d|m

Y
hCm/d
d

can

−!−!
ϕ

∏
p

∏
pd|m

`

Y
tCp
d

˘hCm/pd

¸

.

Proof. We only prove the “only if” part, the “if” will follow from Proposition 5.26 (and won’t
be used in the proof). So let Y be bounded below. We may once again assume that all but one
prime factors of m act invertibly on Y , since the property of being bounded below is preserved
under finite Čech limits. So write m = pαmp, where p is the not necessarily invertible prime
and mp is coprime to p. Since the Tate constructions (−)tCℓ vanish for all primes p ̸= ℓ, the
equaliser simplifies to

eq

˜∏
d|m

Y
hCm/d
d

can

−!−!
ϕp

∏
pd|m

`

Y
tCp
d

˘hCm/pd

¸

Let pd | m and write d = pidp, where i ⩽ α− 1 and dp is coprime to p. Using the Tate fixed
point lemma rNS18, Lemma II.4.1s, we find

fib
´

Y
hCm/d
d !

`

Y
tCp
d

˘hCm/pd
¯

»
`

(Yd)hCpα−i
˘hCm/pαdp .

Since (−)hCpα−i preserves bounded below objects and (−)hCm/pαdp can be written as a finite
limit in our situation, we deduce that the fibre is bounded below. An easy induction shows
that the equaliser in question must be bounded below as well.
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Proof of Proposition 5.26. Let us first show that (−)ΦC : CycnSp+ ! CycnSpnaiv+ is fully faith-
ful. For any m ∈ N, we have

SS1rS1/CmsΦCd »

#

SrS1/Cm/ds if d | m
0 else

.

By unravelling the general formula for mapping anima/spectra in lax equalisers rNS18, Proposi-
tion II.1.5(ii)s, we find that HomCycnSpnaiv(SS1rS1/CmsΦC , XΦC) is given by the equaliser from
Lemma 5.28 for all cyclonic spectra X. If X is bounded below, it follows that

HomCycnSpnaiv
`

SS1rS1/CmsΦC , XΦC
˘

» XCm » HomCycnSp

`

SS1rS1/Cms, X
˘

,

as desired. Since CycnSp is generated under colimits by shifts of SS1rS1/Cms for all m ∈ N, we
deduce that (−)ΦC : CycnSp+ ! CycnSpnaiv+ is indeed fully faithful.

Using rNS18, Proposition II.1.5(iv)–(v)s, we see that (−)ΦC : CycnSp ! CycnSpnaiv is a
colimit-preserving functor between presentable ∞-categories and so it admits a right adjoint
R : CycnSpnaiv ! CycnSp. We note that R restricts to a functor R : CycnSpnaiv+ ! CycnSp+.
Indeed, an analogous computation as above shows that

R(Y )Cm » HomCycnSpnaiv
`

SS1rS1/CmsΦC , Y
˘

» eq

˜∏
d|m

Y
hCm/d
d

can

−!−!
ϕ

∏
p

∏
pd|m

`

Y
tCp
d

˘hCm/pd

¸

for all Y ∈ CycnSpnaiv. Thus, if Y is bounded below, Lemma 5.29 shows that R(Y ) will be
bounded below as well.

The same calculation shows that R is conservative. Indeed, if Y ! Y ′ is a morphism of
naive cyclonic spectra such that R(Y )! R(Y ′) is an equivalence, then the induced morphisms
on the equalisers from Lemma 5.29 are equivalences for all m ∈ N. Arguing inductively, this
implies that Ym ! Y ′

m must be an equivalence for all m ∈ N and so Y ! Y ′ is indeed an
equivalence as well.

In general, if the left adjoint in any adjunction is fully faithful and the right adjoint is
conservative, the adjunction is a pair of inverse equivalences. This finishes the proof.

5.30. Remark. — Ayala–Mazel-Gee–Rozenblyum derive another “naive” description of
cyclonic spectra in rAMR17, Corollary 0.4s. In contrast to Proposition 5.26, which is only
valid in the bounded below case, their result covers all cyclonic spectra. This comes at a cost
of additional coherence data. The moral reason why, in the bounded below case, we can get
away with only the maps XΦCpm ! (XΦCm)tCp , with no coherence data to be specified, is the
following: For X bounded below, the composition maps for the proper Tate construction are
equivalences

XτCmn »
−! (XτCm)τCn ,

and unless m and n are powers of the same prime, both sides vanish. This determines all
coherence data uniquely. We expect that by formalising this observation, one can deduce
Proposition 5.26 from rAMR17, Corollary 0.4s, but we have not attempted to do so.

5.31. Cyclonic vs. cyclotomic spectra. — Let CyctSp denote the ∞-category of cyclo-
tomic spectra and let CyctSpnaiv denote its naive variant introduced by Nikolaus–Scholze rNS18,
Definition II.1.6(i)s. We have a symmetric monoidal functor

CyctSpnaiv −! CycnSpnaiv
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sending a cyclotomic spectrum X to the constant family ((X)m, (ϕp,m)p,m) in which each ϕp,m
is given by the cyclotomic Frobenius X ! XtCp . This functor is not fully faithful (this will
become useful in 5.43 below).

One can also construct a functor CyctSp ! CycnSp on the non-naive ∞-categories (see
rAMR17, §2.5s for example) which agrees with the functor above on bounded below objects.

§5.3. Genuine equivariant ku

In this subsection we’ll equip ku with the structure of a cyclonic spectrum and compute its
genuine and geometric fixed points kuCm and kuΦCm for all m.

5.32. Cyclonic ku. — Recall that Schwede rSch18, Construction 6.3.9s constructs a model
kugl of ku as an ultracommutative global(5.3) ring spectrum. Throwing away most of the structure,
this yields an E∞-algebra kuS1 ∈ CAlg(SpS1) with underlying non-equivariant E∞-algebra ku.
We still have a Bott map β : Σ2SS1 ! kuS1 (in fact, β already exists for kugl) and we define
KUS1 := kuS1rβ−1s. In the following we’ll often abusingly drop the index and just write ku
or KU for the genuine S1-equivariant versions. We also note that by restriction, ku and KU
define E∞-algebras in cyclonic spectra.

5.33. Genuine fixed points of ku. — Let q denote the standard representation of S1

on C via rotations, so that the complex representation rings of S1 and Cm are given by
RU(S1) „= Zrq±1s and RU(Cm) „= Zrqs/(qm − 1). Via the canonical map RU(S1)! π0(ku

S1
),

we can regard q as a class in π0(ku
S1
), compatible with Remark 4.3. It’s a well-known fact

that q is a strict element, that is, it is detected by an E∞-algebra map Srqs ! kuS
1 . See

Corollary C.2 for a proof.
For the finite groups Cm the analogous maps RU(Cm)! π0(ku

Cm) are isomorphisms rSch18,
Theorem 6.3.33s and so, by equivariant Bott periodicity,

π˚(ku
Cm) „= Zrβ, qs/(qm − 1) and π˚(KUCm) „= Zrβ±1, qs/(qm − 1) .

In particular, kuCm » τ⩾0(KUCm). Using the homotopy fixed point spectral sequence, we can
also compute the homotopy fixed points of the residual (S1/Cm)-action:

π˚

`

(kuCm)h(S
1/Cm)

˘

„= Zrβ, qsJtmK/
`

βtm − (qm − 1)
˘

,

where |tm| = −2. The canonical map (kuCm)h(S
1/Cm) ! kuhS

1 sends tm 7! rmsqt. In particular,
on π0 this map recovers the (q−1)-completion Zrqs∧(qm−1) ! ZJq−1K, and tm = rmsku(t) agrees
with the m-series of the formal group law of ku.

5.34. Inflation maps for ku. — Consider the inflation maps from 5.17 in the special case
where φ is the nth power map (−)n : S1 ! S1 for some n ⩾ 1. We have φ˚kuS1 » kuS1 , since
the genuine S1-equivariant structure comes from a global spectrum kugl, where all actions are
trivial (compare rSch18, §4.1s). Since (−)n maps the subgroups Cmn to Cm, we get inflations

infn : ku
Cm −! kuCmn and infn : ku

ΦCm −! kuΦCmn .

These are maps of E∞-algebras in SpS1 for the residual genuine S1 » S1/Cm-equivariant
structure on the left-hand sides and the residual S1 » S1/Cmn-equivariant structure on the
right-hand sides. A straightforward check shows infn(q) = qn and infn(β) = β (compare C.3).

(5.3)“Global” in the sense of global homotopy theory, not in the sense of §4.4. Very roughly, it means to have
compatible trivial actions by all compact Lie groups. “Ultracommutative” refers to the fact that Schwede’s
model admits a strictly commutative multiplication on the point-set level.
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5.35. Corollary. — For all m and n, the inflation map induces an S1-equivariant equivalence
of E∞-algebras

infn : ku
Cm bSrqs,ψn Srqs −! kuCmn ,

where ψn : Srqs! Srqs is given by ψn(q) := qn.

Proof. This can be checked on homotopy groups, where it follows from 5.33 and 5.34.

5.36. Remark. — The notation ψn : Srqs! Srqs is chosen to be compatible with the Adams
operations on the Λ-ring Zrqs. One can also construct equivariant Adams operations on ku (see
C.5), but these do not coincide with infn.

5.37. Geometric fixed points of ku. — To prove our Habiro descent result, it will be
crucial to know the geometric fixed points kuΦCm as well, at least after inverting m and after
p-completion for any prime p | m. This will be our goal for the rest of this subsection. Our
strategy will be to compute the geometric fixed points inductively using Lemma 5.28. To
apply said lemma, observe that we already know that each kuΦCm is bounded below thanks to
Lemma 5.16.

For KU, the geometric fixed points can essentially already be found in the literature (even
though the author could only find the precise result in the case where m is a prime power): We
have an equivalence of S1-equivariant E∞-ring spectra

KUCm
”

␣

(qd − 1)−1
(

d|m, d ̸=m

ı

»
−! KUΦCm .

One way to prove this is via the corresponding statement for equivariant MU rSin01, Proposi-
tion 4.6s and the equivariant Conner–Floyd theorem rCos87s. The result can also be deduced
from Proposition 5.42 below.

5.38. Lemma. — The canonical map kur1/msCm ! kur1/msΦCm induces an equivalence of
S1-equivariant E∞-ring spectra

`

ku
“

1
m

‰Cm˘∧
Φm(q)

»
−! ku

“

1
m

‰ΦCm .

In particular, π˚(kur1/msΦCm) „= Zr1/m, β, qs/Φm(q).

Proof. Since we already know that kuΦCd is bounded below for all d | m, we can apply the
formula from Lemma 5.28 to kur1/ms. Because we’ve inverted m, all Tate constructions will
vanish, and the formula becomes an equivalence

ku
“

1
m

‰Cm
»

∏
d|m

ku
“

1
m

‰ΦCd .

The claim then follows via induction on m and Corollary 5.35.

5.39. Lemma. — Let m = pαmp, where p is a prime and mp is coprime to p. The inflation
map induces an S1-equivariant equivalence of E∞-ring spectra

infmp :
´

`

kuΦCpα
˘∧
p

bSrqs,ψmp Srqs

¯∧

Φm(q)

»
−!

`

kuΦCm
˘∧
p
.
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Proof. Note that mp is invertible on (kuΦCpα )∧p . The same argument as in the proof of
Lemma 5.38 shows that the canonical map

`

(kuΦCpα )∧p
˘Cmp »

`

(kuΦCpα )Cmp
˘∧
p
−!

`

(kuΦCpα )ΦCmp
˘∧
p

»
`

kuΦCm
˘∧
p

exhibits the target as the (p,Φm(q))-completion of the source. It remains to show that inflation
induces an equivalence (kuΦCpα )∧pbSrqs,ψmpSrqs » ((kuΦCpα )Cmp )∧p . As both sides are p-complete,
this can be checked modulo p. Moreover, note that with geometric fixed points replaced by
genuine fixed points, this would follow from Corollary 5.35. In fact, applying Corollary 5.35 to
kuCpi for all i ⩽ α, we deduce that

infmp : ku/pbSrqs,ψmp Srqs
»
−! (ku/p)Cmp

is an equivalence of genuine Cpα-equivariant spectra, as it induces equivalences on genuine fixed
points for all subgroups (see 5.8). Then it must induce equivalences on geometric fixed points
as well, which proves what we want.

5.40. Lemma. — For all primes p and all α ⩾ 1, the following assertions are true.
(a) The canonical map kuΦCpα ! (kuΦCpα−1 )tCp induces an S1-equivariant equivalence of

E∞-ring spectra
`

kuΦCpα
˘∧
p

»
−! τ⩾0

`

(kuΦCpα−1 )tCp
˘

.

(b) On homotopy groups, we have π˚((ku
ΦCpα )∧p )

„= Zprupα , qs/Φpα(q) where |upα | = 2, and

π˚

´

`

(kuΦCpα )∧p
˘h(S1/Cpα )

¯

„= Zprupα , qsJtpαK/
`

upαtpα − Φpα(q)
˘

.

With notation as in 5.33, the canonical map (kuCpα )h(S
1/Cpα ) ! ((kuΦCpα )∧p )

h(S1/Cpα )

sends q 7! q, tpα 7! tpα, and β 7! (qp
α−1 − 1)upα.

(c) The inflation map induces an equivalence of S1-equivariant E∞-ring spectra

infpα−1 :
´

kuΦCp bSrqs,ψpα−1 Srqs

¯∧

p

»
−!

`

kuΦCpα
˘∧
p
.

Proof. We show all three assertions at once using induction on α. In general, using Lemma 5.28,
or more directly the iterated pullback diagram from rNS18, Corollary II.4.7s, we obtain a
pullback square

kuCpα kuΦCpα

`

kuCpα−1
˘hCp `

kuΦCpα−1
˘tCp

≒

For α = 1, we see that kuCp ! kuhCp induces an equivalence (kuCp)∧p » τ⩾0(ku
hCp)∧p , and

(kuhCp)∧p ! kutCp is an equivalence in homotopical degrees ⩽ −1. From the pullback square
we deduce that (kuΦCp)∧p » τ⩾0(ku

tCp), proving (a). Assertion (b) for α = 1 is then a standard
calculation; see rDR25, Proposition 3.3.1s for example. Assertion (c) is tautological for α = 1.
For the inductive step, let α ⩾ 2. We claim that

π˚

`

kuCpα
˘

„= π˚

`

kuCp
˘

bZrqs,ψpα−1 Zrqs ,

π˚

`

(kuCpα−1 )hCp
˘

„= π˚

`

kuhCp
˘

bZrqs,ψpα−1 Zrqs ,

π˚

`

(kuΦCpα−1 )tCp
˘

„= π˚

`

kutCp
˘

bZrqs,ψpα−1 Zrqs
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Indeed, the first two isomorphism follow from Corollary 5.35 and the third one from (b) for
kuΦCpα−1 , which we already know by induction. Then (b) and (c) follow immediately from the
pullback square above. Moreover, we see that the vertical map kuCpα ! (kuCpα−1 )hCp induces
an equivalence (kuCpα )∧p » τ⩾0((ku

Cpα−1 )hCp)∧p , and that after p-completion the horizontal map
((kuCpα−1 )hCp)∧p ! (kuΦCpα−1 )tCp is an equivalence in homotopical degrees ⩽ −1. As in the
case α = 1, this implies (a).

5.41. Remark. — Let p > 2, so that THH(Zprζps/SpJq − 1K)∧p » τ⩾0(ku
tCp) holds as S1-

equivariant E∞-ring spectra by Theorem 4.1. As a consequence of Lemma 5.40(a), we get an
equivalence

THH
`

Zprζps/SpJq − 1K
˘∧
p

»
`

kuΦCp
˘∧
p

of S1-equivariant E∞-ring spectra.
But we can say even more. Devalapurkar shows in rDev25, Theorem 6.4.1s that the

equivalence THH(Zprζps/SpJq − 1K)∧p » τ⩾0(ku
tCp) holds as cyclotomic E∞-ring spectra, where

τ⩾0(ku
tCp) is equipped with the cyclotomic structure induced from the trivial cyclotomic

structure on ku (see rDR25, Construction 1.1.3s). Since the inflation maps for ku are similarly
induced via the trivial S1-action on the global ultracommutative ring spectrum kugl, we see
that the cyclotomic Frobenius

ϕp : τ⩾0

`

kutCp
˘

−!
`

τ⩾0(ku
tCp)

˘tCp

agrees, up to passing to the connective cover in the target, with infp : (ku
ΦCp)∧p ! (kuΦCp2 )∧p ,

as maps of S1-equivariant E∞-ring spectra. Therefore we obtain a commutative diagram
`

kuΦCp
˘∧
p

bSrqs,ψp Srqs
`

kuΦCp2
˘∧
p

THH
`

Zprζps/SpJq − 1K
˘∧
p

bSrqs,ψp Srqs THH
`

Zprζps/SpJq − 1K
˘tCp

infp

»

ϕp/Srqs

of S1-equivariant E∞-ring spectra.

For our purposes, the description of kuΦCm that we get from Lemmas 5.38–5.40 would be
enough, but for the sake of completeness, let us deduce a complete computation of π˚(ku

ΦCm).

5.42. Proposition. — Let m ∈ N. For all divisors d | m let rdsku(t) = β−1(qd − 1) denote
the d-series of the formal group law of ku. Then

π˚

`

kuΦCm
˘

„= Zrβ, ts/rmsku(t)
”

␣

rdsku(t)
−1
(

d|m,d ̸=m

ı⩾0
,

where (−)⩾0 on the right-hand side denotes the restriction to non-negative graded degrees.

Proof sketch. We use the arithmetic fracture square (see 1.16) for kuΦCm :

kuΦCm
∏
p|m

`

kuΦCm
˘∧
p

ku
“

1
m

‰ΦCm
∏
p|m

`

kuΦCm
˘∧
p

“

1
p

‰

≒
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Using Lemmas 5.38–5.40, one readily checks that the right vertical and bottom horizontal maps
are jointly surjective on π˚. Therefore, we also get a pullback on π˚. It is then straightforward
to construct a map Zrβ, ts/rmsku(t)

“

trdsku(t)
−1ud|m,d ̸=m

‰

⩾0
! π˚(ku

ΦCm). Whether this map
is an equivalence can be checked after localising m and after p-completion for all p | m, which
is again straightforward via Lemmas 5.38–5.40.

§5.4. Cyclonic even filtrations and Habiro descent of q-Hodge complexes
Let A and R be rings that satisfy the assumptions from 4.18 and assume that 2 ∈ R× (so that
the addendum (R2) is automatically satisfied as well). In this subsection, we’ll finally explain
how to obtain q9HdgR/A from a cyclonic structure on THH(KUR/KUA).

To this end, let us first discuss how to equip THH(kuR/kuA) » THH(SR/SA) b ku with
a suitable cyclonic structure. At first, one would expect that the cyclonic structure on
THH(SR/SA) coming from its cyclotomic structure via 5.31 would do the job. But it doesn’t!
For example, the constructions in rWag25, §3s are all Arqs-linear. By contrast, the canonical map
THH(SR/SA)ΦCp ! THH(SR/SA)tCp , which by definition agrees with the cyclotomic Frobenius,
is not SA-linear; instead, it is semilinear over the Tate-valued Frobenius ϕtCp : SA ! StCpA . It
is thus unclear how one would construct an Arqs-linear structure on the associated graded of
some even filtration on THH(kuR/kuA)

Cp .

5.43. Cyclonic structure on THH(kuR/kuA). — To fix this, we need to modify the
cyclonic structure on THH(SR/SA). This requires yet another assumption on A.
(A2) Let ScyctA and StrivA denote the cyclonic structures on SA given by the cyclotomic structure

from 4.18(A) and the trivial cyclotomic structure, respectively. Then we must assume that
there exists a map

ScyctA −! StrivA

of E∞-algebras in CycnSp(5.4) whose underlying map of S1-equivariant E∞-algebras is the
identity on SA, equipped with the trivial action.

Now let THH(SR/SA)cyct denotes the cyclonic structure on THH(SR/SA) coming from the
usual cyclotomic structure. Assuming (A2), we can instead consider the following cyclonic
structure:

THH(SR/SA)cyct bScyctA
StrivA .

We’ll then regard THH(kuR/kuA) » THH(SR/SA)b ku as a cyclonic spectrum in the apparent
way, using the above cyclonic structure on THH(SR/SA) as well as the cyclonic structure on
ku from 5.32. As we’ll see, this has the desired properties.

Let us unravel Assumption (A2). Since both ScyctA and StrivA are cyclotomic spectra, we have
(ScyctA )ΦCm » SA and (StrivA )ΦCm » SA for all m, identifying the residual (S1/Cm)-action with
the trivial S1-action on SA. In particular, after taking (−)ΦCm , a map ScyctA ! StrivA induces
S1-equivariant E∞-maps ψm : SA ! SA that fit into commutative diagrams

SA SA

StCpA StCpA

ψpm

ϕp

(ψm)tCp

(5.4)Beware that there may be more maps as cyclonic E∞-algebras than as cyclotomic E∞-algebras.
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for all m ∈ N and all primes p. It follows inductively that ψm : SA ! SA must be a lift of the
Λ-ring Adams operation ψm : A! A.

5.44. Lemma. — The data of S1-equivariant E∞-maps ψm : SA ! SA together with commu-
tative diagrams as above uniquely determines a map ScyctA ! StrivA of cyclonic E∞-algebras.

Proof. By Proposition 5.26 we may equivalently construct ScyctA ! StrivA as a map of E∞-algebras
in naive cyclonic spectra. It’s clear from the construction in Lemma 5.27 that

CAlg
`

CycnSpnaiv
˘

» LEq

˜∏
m∈N

CAlg
`

SpB(S1/Cm)
˘

∏
p

∏
m∈N

CAlg
`

SpB(S1/Cpm)
˘can

((−)tCp )p,m

˙

,

and so the given data indeed uniquely determines such a map.

We’ll verify in §6.1 that in all examples we can construct, Assumption (A2) is satisfied as well.
This concludes our discussion of the cyclonic structure on THH(kuR/kuA). For convenience,
let us also introduce the following notation.

5.45. Definition. — For all m ∈ N, the mth topological cyclonic homology of kuR over kuA
is the spectrum

TC−(m)(kuR/kuA) :=
`

THH(kuR/kuA)
Cm

˘h(S1/Cm)
.

5.46. Cyclonic even filtrations in general. — Let T be a cyclonic E1-algebra and let
M be a cyclonic left T -module. Suppose that T and M are bounded below and that for
all m ∈ N the geometric fixed points TΦCm are complex orientable (but we don’t require
any genuine equivariant or cyclonic complex orientation). In this situation, we expect that
the correct filtration to put on MΦCm is simply the non-equivariant even perfect filtration
fil⋆evM

ΦCm := fil⋆P9ev/TΦCm M
ΦCm of MΦCm as a left module over TΦCm . Moreover, the genuine

Cm-fixed points should be equipped with the filtration

fil⋆ev /T,CmM
Cm := eq

˜∏
d|m

`

fil⋆evM
ΦCd

˘hCm/d,ev
can

−!−!
ϕ

∏
p

∏
pd|m

`

(fil⋆evM
ΦCd)tCp,ev

˘hCm/pd,ev

¸

.

Here (−)hCm/d,ev , (−)tCp,ev , and (−)hCm/pd,ev refer to the filtered fixed points and Tate con-
struction defined rAR24, §2.3s.(5.5) The map can in the equaliser is induced by the natural
transformation (−)hCp,ev ⇒ (−)tCp,ev and the map ϕ is induced by the canonical maps

fil⋆
P9ev/TΦCpd

`

(MΦCd)tCp
˘

−! fil⋆
P9ev/(TΦCd )tCp

`

(MΦCd)tCp
˘

−!
`

fil⋆
P9ev/TΦCd

MΦCd
˘tCp,ev

using the construction from 4.5. To apply this construction, we need the additional assumption
that (MΦCm)hCp is homologically even over (TΦCm)hCp ; this is certainly satisfied in the case
M = T that is relevant for us.

A genuine equivariant version of the even filtration is currently in the works; for example,
the author has been informed of (independent) work in progress by Jeremy Hahn and Lucas
Piessevaux. We have little doubt that in the foreseeable future, an intrinsically defined genuine
equivariant even filtration will be available and we expect that for M as above (maybe subject
to some extra assumptions), the true even filtration will agree with our formula.

(5.5)This needs the residual S1-actions, so as stated the formula above only applies in the cyclonic setting but
not in the genuine Cm-equivariant setting.

71

https://arxiv.org/pdf/2411.19929.pdf#subsection.2.3


§5. Habiro descent via genuine equivariant homotopy theory

5.47. Cyclonic even filtrations on THH(kuR/kuA). — Put R(m) := R bL
A,ψm A. Note

that R(m) is static, since the Adams operation ψm is flat in any perfectly covered Λ-ring.
Moreover, R(m) satisfies the assumptions from 4.18(R); in particular, it admits a spherical lift
given by SR(m) := SR bSA,ψm SA, where ψm : SA ! SA is the lift of the Λ-ring Adams operation
from 5.43. We may thus define fil⋆ev THH(kuR(m)/kuA) via 4.23. Via base change along the
inflation infm : ku! kuΦCm , we may then equip the geometric fixed points THH(kuR/kuA)ΦCm
with the filtration

fil⋆ev THH(kuR/kuA)
ΦCm := fil⋆ev THHpkuR(m)/kuAq bkuev ku

ΦCm
ev ,

where kuΦCmev := τ⩾2⋆(ku
ΦCm) denotes the double-speed Whitehead filtration. We’ll check in

Lemma 5.48 below that this agrees with the usual perfect even filtration on THH(kuR/kuA)
ΦCm ,

as long as the latter is defined. Next, we construct the filtration on genuine fixed points

fil⋆ev,Cm THH(kuR/kuA)
Cm

via the formula in 5.46. Finally, using the notation introduced in Definition 5.45, we define

fil⋆ev,S1 TC
−(m)(kuR/kuA) :=

`

fil⋆ev,Cm THH(kuR/kuA)
Cm

˘h(T/Cm)ev
,

where (−)h(T/Cm)ev denotes fixed points in the sense of rAR24, §2.3s with respect to the even
filtration on SrS1/Cms.

Here are two sanity checks:

5.48. Lemma. — Suppose we chose condition 3.2(E2) for all primes p, so that kuR is an
E2-algebra in kuA-modules. Then fil⋆ev THH(kuR/kuA)

ΦCm agrees with Pstrągowski’s perfect
even filtration on the E1-ring THH(kuR/kuA)

ΦCm.

Proof sketch. We know from Lemma 4.24 that filev THH(kuR(m)/kuA) agrees with Pstrągowski’s
perfect even filtration. It will thus be enough to show that the canonical base change map

fil⋆P9ev THHpkuR(m)/kuAq bkuev ku
ΦCm
ev −! fil⋆P9ev THH(kuR/kuA)

ΦCm

is an equivalence. It’s enough to check this on associated gradeds as both sides are exhaustive
filtrations on THH(kuR(m)/kuA)bku ku

ΦCm » THH(kuR/kuA)
ΦCm . Now on associated gradeds

(and in fact, one the nose) both sides can be computed by a cosimplicial resolution as in
Proposition 3.11, because THH(SP ) ! SP is faithfully even flat. We can then use a similar
argument as in Corollary 3.17 to show the desired base change equivalence. Here we use that
kuΦCm is even with p-torsion free homotopy groups for all primes p by Proposition 5.42.

5.49. Lemma. — For all m ∈ N,

fil⋆ev,Cm THH(kuR/kuA)
Cm and fil⋆ev,S1 TC

−(m)(kuR/kuA)

are complete exhaustive filtrations on THH(kuR/kuA)
Cm and TC−(m)(kuR/kuA), respectively.

Proof sketch. For completeness, apply rAR24, Lemma 2.75(iv)s to each of the constituents of the
equaliser from 5.46. The only non-obvious thing to check is that (fil⋆ev THH(kuR/kuA)ΦCd)tCp,ev
is complete, which follows from an argument as in 4.6. For exhaustiveness, apply rAR24,
Lemma 2.75(iv)s to each of the constituents in the equaliser from 5.46. To see that this lemma
applies, one can use Corollary 3.15.
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We can now formulate the main result of §5.

5.50. The twisted q-Hodge filtration. — The q-Hodge filtration fil⋆q9Hdg q9dRR/A from
Theorem 4.27 can be plugged into the construction from rWag24, 3.38s to obtain the twisted
q-Hodge filtration

fil⋆q9Hdgm
q9dR(m)

R/A .

We will relate this to gr˚
ev,S1 TC

−(m)(kuR/kuA). To this end, we must first explain how the
latter acquires a filtered structure.

Observe that fil⋆ev,S1 TC
−(m)(ku/ku) » τ⩾2⋆((ku

Cm)h(S
1/Cm)). This computation is not

completely trivial, but it can be done in the same way as Theorem 5.51 below.(5.6) As a
consequence, we see that

Σ−2˚ gr˚
ev,S1 TC

−(m)(kuR/kuA)

is a module over the graded ring Zrβ, qsJtmK/(βtm − (qm − 1)) „= π2˚((ku
Cm)h(S

1/Cm)) (see
5.33). Regarding tm as the filtration parameter, this graded ring can be identified with the
(qm − 1)-adic filtration (qm − 1)⋆Zrqs∧(qm−1).

5.51. Theorem. — Let m ∈ N. Suppose A and R satisfy the assumptions from 4.18 along
with the addenda 2 ∈ R× and 5.43(A2). Then there exists a canonical equivalence of filtered
Zrβ, qsJtmK/(βtm − (qm − 1))-modules

fil⋆q9Hdgm
q9d̂R(m)

R/A

»
−! Σ−2˚ gr˚

ev,S1 TC
−(m)(kuR/kuA) ,

where the left-hand side denotes the completion of the twisted q-Hodge filtration fil⋆q9Hdgm
q9dR(m)

R/A
from 5.50 and the right-hand side is defined in 5.47.

To show Theorem 5.51, we’ll decompose Σ−2˚ gr˚
ev,S1 TC

−(m)(kuR/kuA) into a fracture
square and match it up with the construction from rWag24, 3.38s.

5.52. Fracture squares for even filtrations. — Let N be a positive integer. We construct
an even filtration

fil⋆ev THH
`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘

as in 4.23, except that we replace every occurence of ku by a kur1/N s. Moreover, for any
prime p we let

fil⋆ev THH■

`

kuR̂p/kuÂp
˘

, and fil⋆ev THH■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘

be the even filtrations given by applying 3.8 for k = ku and k = kur1/ps, respectively. By
construction, we then have a pullback square

fil⋆ev THH(kuR/kuA)
∏
p|N

fil⋆ev THH■

`

kuR̂p/kuÂp
˘

fil⋆ev THH
`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘

∏
p|N

fil⋆ev THH■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘

≒

(5.6)In fact, it is almost a special case of that theorem, except that 2 /∈ Z×. Even so, to formulate the theorem
properly, we need this special case first.
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A similar fracture square exists for the geometric Cm-fixed points. To this end, replace R by
R(m) in the above construction and apply the base change − bkuev ku

ΦCm
ev to obtain

fil⋆ev THH
`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘ΦCm ,

fil⋆ev THH■

`

kuR̂p/kuÂp
˘ΦCm and fil⋆ev THH■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘ΦCm .

These fit into a pullback square

fil⋆ev THH(kuR/kuA)
ΦCm

∏
p|N

fil⋆ev THH■

`

kuR̂p/kuÂp
˘ΦCm

fil⋆ev THH
`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘ΦCm
∏
p|N

fil⋆ev THH■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘ΦCm

≒

We also note that if we define the ∞-category of cyclonic solid condensed spectra as the
Lurie tensor product CycnSp b Sp■, then THH■(kuR̂p/kuÂp) and THH■(kuR̂pr1/ps/kuÂpr1/ps)
can be equipped with cyclonic solid condensed structures as in 5.43 and so the expressions
THH■(kuR̂p/kuÂp)

ΦCm and THH■(kuR̂pr1/ps/kuÂpr1/ps)ΦCm make sense. Finally, the construc-
tions from 5.47 can also be applied in this setting, and so we obtain

fil⋆ev,S1 TC
−(m)

`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘

,

fil⋆ev,S1 TC
−(m)
■

`

kuR̂p/kuÂp
˘

and fil⋆ev,S1 TC
−(m)
■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘

,

which fit into a pullback square

fil⋆ev,S1 TC
−(m)(kuR/kuA)

∏
p|N

fil⋆ev,S1 TC
−(m)
■

`

kuR̂p/kuÂp
˘

fil⋆ev,S1 TC
−(m)

`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘

∏
p|N

fil⋆ev,S1 TC
−(m)
■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘

≒

We will now analyse this pullback. Let us begin with the part where N is invertible.

5.53. Lemma. — Suppose N is divisible by m. Then the inflation map infm : ku! kuΦCm

induces a filtered S1-equivariant (or more precisely, Tev-module) equivalence
´

fil⋆ev THH
`

ku
(m)
R

“

1
N

‰

/kuA
“

1
N

‰˘

bSrqs,ψm Srqs

¯∧

Φm(q)

»
−! fil⋆ev THH

`

kuR
“

1
N

‰

/kuA
“

1
N

‰˘ΦCm .

Proof. Observe that the Φm(q)-adic completion is just the projection to the mth factor in the
decomposition

S
“

1
N , q

‰

/(qm − 1) »
∏
d|m

S
“

1
N , q

‰

/Φd(q) .

The claim then follows from Lemma 5.38 and the definition of fil⋆ev THH(kuRr1/N s/kuAr1/N s)
and fil⋆ev THH■(kuR̂pr1/ps/kuÂpr1/ps

˘

as base changes along − bkuev ku
ΦCm
ev .
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Let us now analyse the p-adic part.

5.54. Lemma. — For all primes p, the inflation map infm : ku! kuΦCm induces a filtered
S1-equivariant (or more precisely, Tev-module) equivalence
´

fil⋆ev THH■

`

kuR̂(m)
p

“

1
p

‰

/kuÂp
“

1
p

‰˘

bSrqs,ψm Srqs

¯∧

Φm(q)

»
−! fil⋆ev THH■

`

kuR̂p
“

1
p

‰

/kuÂp
“

1
p

‰˘ΦCm .

Proof. Analogous to Lemma 5.53.

5.55. Lemma. — Write m = pαmp, where p is a prime and mp is coprime to p. Then the
inflation map infmp : ku

ΦCpα ! kuΦCm induces a filtered S1-equivariant (or more precisely,
Tev-module) equivalence

´

fil⋆ev THH■

`

kuR̂(mp)
p /kuÂp

˘ΦCpα
bSrqs,ψmp Srqs

¯∧

Φm(q)

»
−! fil⋆ev THH■

`

kuR̂p/kuÂp
˘ΦCm .

Proof. As in the proof of Lemma 5.53, observe that the Φm(q)-adic completion, which agrees
with Φmp(q)-adic completion as everything is already p-complete, is just a projection to the
mth
p factor in the product decomposition

`

Srqs/(qm − 1)
˘∧
p

»
∏
dp|mp

`

Sprqs/(qm − 1)
˘∧
(p,Φdp (q))

.

The claim then follows from the constructions and Lemma 5.39.

5.56. Lemma. — In the case m = pα, where p > 2 is a prime and α ⩾ 1, we have a canonical
equivalence of filtered Zprupα , qsJtpαK/(upαtpα − Φpα(q))-modules

fil⋆N
`

q9dR(pα)
R/A

˘∧
(p,N )

»
−! Σ−2˚ gr⋆

´

`

fil˚ev THH■

`

kuR̂p/kuÂp
˘ΦCpα

˘h(T/Cpα )ev
¯

.

Proof. We’ll explain the case α = 1; the general case will follow from an analogous argument
using Lemma 5.40(c). Let R̂(p)

p , SR̂(p)
p , and kuR̂(p)

p denote the p-completions of R(p), SR(p) , and
kuR(p) , respectively. By Remark 5.41, (kuΦCp)∧p » THH■(Zprζps/SpJq − 1K), and so we get
S1-equivariant equivalences

THH■

`

kuR̂p/kuÂp
˘ΦCp

» THH■

`

SR̂(p)
p /SÂp

˘

b■ kuΦCp » THH■

`

R̂(p)
p rζps/SÂpJq − 1K

˘

.

This also induces an equivalence of S1-equivariant even filtrations
´

fil⋆ev THH■

`

kuR̂p/kuÂp
˘ΦCp

¯h(T/Cp)ev
» fil⋆HRW9ev,hS1 TC

−`R̂(p)
p rζps/SÂpJq − 1K

˘∧
p
.

Indeed, depending on whether we are in case 3.2(E1) or (E2), the given resolution R̂p ! R̂•
p,∞ or

the resolution from Proposition 3.11 will also compute the Hahn–Raksit–Wilson even filtration.
By Proposition A.3 and A.5, the associated graded

Σ−2˚ gr˚
HRW9ev,hS1 TC

−`R̂(p)
p rζps/SÂpJq − 1K

˘∧
p

» fil⋆N
`

q9dR(p)
R/A

˘∧
(p,N )

is the completion of the Nygaard filtration on
`

q9dR(p)
R/A

˘∧
p

, as desired.
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5.57. Lemma. — In the case m = pα, where p > 2 is a prime and α ⩾ 1, we have a canonical
equivalence of filtered Zprβ, qsJtpαK/(βtpα − (qp

α − 1))-modules

fil⋆q9Hdgpα

`

q9d̂R(pα)
R/A

˘∧
p

»
−! Σ−2˚ gr˚

ev,S1 TC
−(pα)
■

`

kuR̂p/kuÂp
˘

.

Proof. We use induction on α. Unravelling the equaliser from 5.46 in the case m = pα provides
us with a pullback diagram

fil⋆ev,S1 TC
−(pα)
■

`

kuR̂p/kuÂp
˘

´

fil⋆ev THH■

`

kuR̂p/kuÂp
˘ΦCpα

¯h(T/Cpα )ev

fil⋆ev,S1 TC
−(pα−1)
■

`

kuR̂p/kuÂp
˘

´

`

fil⋆ev THH■

`

kuR̂p/kuÂp
˘ΦCpα−1

˘tCp,ev
¯h(T/Cpα )ev

≒

Let us first consider the case α = 1. In this case the bottom left corner of the diagram
above is just fil⋆ev,hS1 TC

−
■ (kuR̂p/kuÂp), whose associated graded is fil˚q9Hdg(q9d̂RR/A)

∧
p by The-

orem 4.8. The argument in 4.6 shows that the bottom right corner can be identified with
fil⋆ev,tS1 TP■(kuR̂p/kuÂp), whose associated graded is (q9d̂RR/A)

∧
p in every degree. The associ-

ated graded of the top right corner has been computed in Lemma 5.56. We conclude that the
associated graded of the pullback diagram above will be of the form

Σ−2˚ gr˚
ev,S1 TC

−(p)
■

`

kuR̂p/kuÂp
˘

fil⋆N
`

q9dR(p)
R/A

˘∧
(p,N )

fil⋆q9Hdg

`

q9d̂RR/A
˘∧
p

`

q9d̂RR/A
˘∧
p

≒ ϕp/Arqs

By A.4 and the construction of the comparison map in 4.4–4.6, we see that the right vertical
map is indeed the relative Frobenius ϕp/Arqs on q-de Rham cohomology.

The filtered structure on fil⋆N (q9dR(p)
R/A)

∧
(p,N ) comes from the structure as a graded module

over Zprup, qsJtK/(uptp − Φp(q)), whereas the filtered structure on fil˚q9Hdg(q9dRR/A)
∧
p and the

constant filtration on (q9dRR/A)
∧
p are presented as graded ZrβsJtK-modules. Changing the

filtration parameter from t to tp = Φp(q)t has the effect of “rescaling” filtrations by Φp(q) as in
rWag24, 3.32s. The resulting diagram almost looks like the completion of the defining pullback
of fil⋆q9Hdgp

(q9dR(p)
R/A)

∧
p , except for the following subtlety: The rescaled filtrations

Φp(q)
⋆ fil⋆q9Hdg(q9dRR/A)

∧
p and Φp(q)

⋆(q9dRR/A)
∧
p

are already complete, so Φp(q)
⋆ fil⋆q9Hdg(q9d̂RR/A)

∧
p and Φp(q)

⋆(q9d̂RR/A)
∧
p are not the com-

pletions of these filtrations. To see that the pullback above still yields the completion of
fil⋆q9Hdgp

(q9dR(p)
R/A)

∧
p , just observe that the pullback

fil⋆q9Hdg

`

q9dRR/A
˘∧
p

`

q9dRR/A
˘∧
p

fil⋆q9Hdg

`

q9d̂RR/A
˘∧
p

`

q9d̂RR/A
˘∧
p

≒
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stays a pullback after rescaling everything by Φp(q). This is clear since rescaling preserves all
limits. This concludes the proof in the case α = 1.

Now let α ⩾ 2. Using a similar argument as in 4.6, we see that the associated graded of
((fil⋆ev THH■(kuR̂p/kuÂp)

ΦCpα−1 )tCp,ev)h(T/Cpα )ev is given by
`

q9dR(pα−1)
R/A

˘∧
(p,N )

in every degree.
Thus, the associated graded of the pullback diagram from the beginning of the proof will take
the form

Σ−2˚ gr˚
ev,S1 TC

−(pα)
■

`

kuR̂p/kuÂp
˘

fil⋆N
`

q9dR(pα)
R/A

˘∧
(p,N )

fil⋆q9Hdgpα−1

`

q9d̂R(pα−1)
R/A

˘∧
p

`

q9dR(pα−1)
R/A

˘∧
(p,N )

≒ ϕp/Arqs

Again, changing the filtration parameter from tpα−1 to tpα introduces a “rescaling” by Φpα(q) in
the bottom row. The resulting diagram looks almost like the completion of the defining pullback
of fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p

, except that again the rescaled filtrations are already complete. To fix
this and to finish the proof, it will be enough to check that the diagram

fil⋆q9Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

fil⋆N
`

q9dR(pα−1)
R/A

˘∧
p

`

q9dR(pα−1)
R/A

˘∧
p

fil⋆q9Hdgpα−1

`

q9d̂R(pα−1)
R/A

˘∧
p

fil⋆N
`

q9dR(pα−1)
R/A

˘∧
(p,N )

`

q9dR(pα−1)
R/A

˘∧
(p,N )

≒ ≒

consists of two pullback squares (so that we still get a pullback after rescaling the outer rectangle
by Φpα(q)). Now the right square is a pullback since every filtration is the pullback of its
completion. To see that the left square is a pullback, we observe that in the definition of
fil⋆q9Hdgpα−1

`

q9dR(pα−1)
R/A

˘∧
p

the only occuring non-complete filtration is fil⋆N
`

q9dR(pα−1)
R/A

˘∧
p

, as the
other two filtrations are rescaled by Φpα−1(q) and thus automatically complete.

Proof sketch of Theorem 5.51. We analyse the factors of the last fracture square from 5.52 in
the case where N is divisible by m and check that they match up with those from rWag24,
3.38s.
(a) Once we invert N , all filtered Tate constructions (−)tCp,ev for p | m will vanish, using that

the non-filtered Tate construction (−)tCp vanishes on Sr1/ps-modules plus an argument as
in 4.6. So the equaliser from 5.46 will just be a product. Together with Lemma 5.53, we
conclude that fil⋆ev,S1 TC

−(m)(kuRr1/N s/kuAr1/N s) is the product

∏
d|m

´

fil⋆ev TC
−`kuR

“

1
N

‰

/kuA
“

1
N

‰˘

bSrqs,ψd Srqs

¯∧

Φd(q)

and therefore Σ−2˚ gr˚
ev,S1 TC

−(m)(kuRr1/N s/kuAr1/N s) is the completion of the filtered
Zrβ, qsJtmK/(βtm − (qm − 1))-module∏

d|m

´

fil⋆q9Hdg q9dRR/A bL
Arqs,ψd A

“

1
N , q

‰

¯∧

Φd(q)
.
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(b) A similar analysis as in (a) shows that Σ−2˚ gr˚
ev,S1 TC

−(m)(kuR̂pr1/ps/kuÂpr1/ps) is the
completion of the filtered Zrβ, qsJtmK/(βtm − (qm − 1))-module∏

d|m

´

fil⋆q9Hdg q9dRR/A bL
Arqs,ψd Arqs

¯∧

p

“

1
p

‰∧
Φd(q)

.

(c) After p-completion for any p | N , we observe as in (a) that all filtered Tate constructions
(−)tCℓ,ev vanish for ℓ ̸= p. Simplifying the equaliser accordingly and using Lemma 5.55,
we find that fil⋆ev,S1 TC

−(m)(kuR̂p/kuÂp) is given by the product

∏
dp|mp

´

fil⋆ev,S1 TC
−(pα)

`

kuR̂(dp)
p /kuÂp

˘

bSrqs,ψdp Srqs

¯∧

Φdp (q)
,

where we put m = pαmp with mp coprime to p. Using Lemma 5.56, we deduce that
the sheared associated graded Σ−2˚ gr˚

ev,S1 TC
−(m)(kuR̂p/kuÂp) is the completion of the

filtered Zrβ, qsJtmK/(βtm − (qm − 1))-module∏
dp|mp

´

fil⋆q9Hdgpα

`

q9dR(pα)
R/A

˘∧
p

bL
Arqs,ψdp

Arqs

¯∧

(p,Φdp (q))

Evidently, (a)–(c) above match up with rWag24, 3.38(a)–(c)s. It’s straightforward to check
(using Lemma 4.13) that also the maps between them match up. This proves what we want.

As a consequence we obtain a “TR-style” description of derived q-de Rham–Witt complexes.
The question whether such a description exists was first raised by Johannes Anschütz in the
author’s Master’s thesis defense.

5.58. Corollary. — The associated graded of the even filtration fil⋆ev,Cm THH(kuR/kuA)
Cm

is given by
Σ−2˚ gr˚

ev,Cm THH(kuR/kuA)
Cm » q9WmdR

˚
R/A .

Proof sketch. This follows from Theorem 5.51 and rWag25, Proposition 3.49s.

Finally, let us explain how to recover the Habiro-Hodge complex q9HdgR/A.

5.59. Cyclonic even filtrations on THH(KUR/KUA). — Put KUA := KU b SA and
KUR := KU b SR. We equip KU with its cyclonic structure from 5.32 and

THH(KUR/KUA) » THH(kuR/kuA) bku KU

with the base change of the cyclonic structure from 5.43. We also let

fil⋆ev,Cm THH(KUR/KUA)
Cm := fil⋆ev,Cm THH(kuR/kuA)

Cm bkuCmev
KUCmev ,

where kuCmev := τ⩾2⋆(ku
Cm) and KUCmev := τ⩾2⋆(KUCm). Observe that − bkuCmev

KUCmev can
be regarded as a localisation at the element β sitting in homotopical degree 2 and filtration
degree 1. Finally, we construct

fil⋆ev,S1 TC
−(m)(KUR/KUA) :=

`

fil⋆ev,Cm THH(KUR/KUA)
Cm

˘h(T/Cm)ev
.
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5.60. Remark. — If we believe that our construction of fil⋆ev,Cm THH(kuR/kuA)
Cm is the

“correct” filtration to put on THH(kuR/kuA)
Cm (see the discussion in 5.46), then the construc-

tion from 5.59 provides the correct even filtration for THH(KUR/KUA)
Cm , since taking even

filtrations should commute with filtered colimits.

5.61. Lemma. — For all m ∈ N, the filtered objects

fil⋆ev,Cm THH(KUR/KUA)
Cm and fil⋆ev,S1 TC

−(m)(KUR/KUA)

are complete and exhaustive filtrations on THH(KUR/KUA)
Cm and TC−(m)(KUR/KUA), re-

spectively.

Proof sketch. Observe that inverting the element β in homotopical degree 2 and filtration
degree 1 preserves the assumptions of rAR24, Lemma 2.75(iv)s. We can thus use the same
argument as in Lemma 5.49.

5.62. Remark. — In the general setup of 5.46, we have canonical maps

fil⋆ev /T,CmM
Cm −!

`

fil⋆ev /T,CnM
Cn

˘hCm/n,ev

whenever n | m. Indeed, upon applying (−)hCm/n,ev , the equaliser diagram for fil⋆ev /T,CnM
Cn

becomes a subdiagram of that for fil⋆ev /T,CmM
Cm . As a consequence, we get canonical maps

fil⋆ev,S1 TC
−(m)(KUR/KUA) −! fil⋆ev,S1 TC

−(n)(KUR/KUA) .

and similarly for ku. It’s possible to construct these maps coherently, that is, assemble them
into functor N ! SynSp. Since we’re only interested in the limit, the individual maps will
suffice, as we can always restrict to the sequential subposet tn!un⩾1 ⊆ N.

5.63. Theorem. — Let m ∈ N. Suppose A and R satisfy the assumptions from 4.18 along
with the addenda 2 ∈ R× and 5.43(A2). Then there exists a canonical Zrβ±1s-linear equivalence

q9HdgR/Arβ±1s
»
−! Σ−2˚ gr˚

´

lim
m∈N

fil⋆ev,S1 TC
−(m)(KUR/KUA)

¯

.

Proof. Let us first verify that
´

`

fil⋆ev,S1 TC
−(m)(kuR/kuA)

˘

rβ−1s

¯∧

tm

»
−! fil⋆ev,S1 TC

−(m)(KUR/KUA) ,

where β sits in homotopical degree 2 and filtration degree 1, whereas tm sits in homotopi-
cal degree −2 and filtration degree −1 of τ⩾2⋆

`

(kuCm)h(S
1/Cm)

˘

. Indeed, we can identify
the tm-adic filtration on (−)h(T/Cm)ev with the filtration coming from the CW filtration on
kurS1/Cmsev in the sense of rAR24, Construction 2.52s. This shows that both sides above
are tm-complete, so the map exists, and after reduction modulo tm we recover the defining
equivalence fil⋆ev,Cm THH(kuR/kuA)

Cmrβ−1s » fil⋆ev,Cm THH(KUR/KUA)
Cm , so also the map

above is an equivalence.
As a consequence of this observation and Theorem 5.51, we obtain that the filtration

fil⋆ev,S1 TC
−(m)(KUR/KUA) is periodic and each graded piece is equivalent to

gr0ev,S1 TC
−(m)(KUR/KUA) » q9d̂R(m)

R/A

«

filiq9Hdgm

(qm − 1)i

∣∣∣∣∣ i ⩾ 1

ff∧

(qm−1)

,
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where we use the notation from rWag25, Construction 3.42s. Also observe that since we complete
at (qm − 1) anyway, it doesn’t matter whether we use q9d̂R(m)

R/A or q9dR(m)
R/A in this formula, so

the right-hand side agrees with q9HdgR/A,m.
By tracing through the constructions it’s straightforward to check that for any n | m the

map Σ−2˚ gr˚
ev,S1 TC

−(m)(kuR/kuA)! Σ−2˚ gr˚
ev,S1 TC

−(n)(kuR/kuA) from Remark 5.62 is the
completion of the transition map

fil⋆q9Hdgm
q9dR(m)

R/A −! fil⋆q9Hdgn
q9dR(n)

R/A

from rWag25, Construction 3.41s. Therefore,

Σ−2˚ gr˚
´

lim
m∈N

fil⋆ev,S1 TC
−(m)(KUR/KUA)

¯

» lim
m∈N

q9HdgR/A,mrβ±1s » q9HdgR/Arβ±1s ,

as desired.
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§6. Examples
§6.1. Examples of spherical lifts

The assumptions of our main results—Theorems 4.27, 5.51, and 5.63—seem quite restrictive
at first. In this subsection we’ll show that there are nevertheless many nontrivial examples to
which the theorems apply. We’ll start with examples of Λ-rings A that satisfy the assumptions
from 4.18(A).

6.1. Example. — If A = Zrxi | i ∈ Is is a polynomial ring equipped with the toric Λ-
structure in which ψm(xi) = xmi for all m, then the assumptions from 3.1 are satisfied. Indeed,
we can choose SA » Srxi | i ∈ Is to be flat spherical polynomial ring. As explained in rBMS19,
Proposition 11.3s, this is a cyclotomic basis and for every prime p the Tate-valued Frobenius
satisfies ϕtCp(xi) = xpi = ψp(xi).

6.2. Example. — If A is a perfect Λ-ring, then the assumptions from 3.1 are also satisfied:
For every prime p, the spherical Witt vector ring SW(A/p) from rL-EllII, Example 5.2.7s yields
a p-complete lift of A. These can be glued with A b Q in a canonical way to yield SA. To
construct the structure of a cyclotomic base and check 3.1(tCp) for all primes p, we must equip
the Tate-valued Frobenius

ϕtCp : SA −! StCpA

with an S1-equivariant structure, where SA receives the trivial action and StCpA the residual
S1/Cp » S1-action. Equivalently, we must factor ϕtCp through an E∞-map

SA −!
`

StCpA

˘h(S1/Cp)
»
`

StS
1

A

˘∧
p
.

By the universal property of spherical Witt vectors, for all m ∈ N and all primes p the Adams
operation ψm : A! A lifts to an E∞-map ψm : SW(A/p) ! SW(A/p). These can be glued with
the rationalisation to obtain an E∞-map ψm : SA ! SA. From the trivial S1-action we also
obtain a map SA ! ShS1

A that splits the usual limit projection. The desired factorisation of
ϕtCp is then given by

SA
ψp
−! SA −! ShS

1

A −!
`

StS
1

A

˘∧
p
−! StCpA .

To see that the composition is really ϕtCp , we use the universal property of spherical Witt
vectors again: It’s enough to check that the map on π0(−)/p is the Frobenius on A/p, which is
clear from the construction.

6.3. Example. — We can also combine Examples 6.1 and 6.2 and consider A to be a
polynomial ring over a perfect Λ-ring, or even a localisation of such a ring, as long as it still
carries a Λ-structure.

The examples where A is a polynomial ring (over a perfect Λ-ring) are the most relevant
for us, since they are expected to show up in the connection with the work of Garoufalidis–
Scholze–Wheeler–Zagier (rGSWZ24s, but the relative case was only discussed in rSch24bs).
Nevertheless, there are examples that are not of this form, such as the following.

6.4. Example. — Recall that the polynomial ring Zrys admits one more Λ-structure besides
the toric one (rCla94s; see also rMan16s). This other Λ-structure is called the Chebyshev
Λ-structure, since ψm(y) is given by the Chebyshev polynomial Tm(y). If Zrx±1s is equipped
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with the toric Λ-structure, then the Chebyshev Λ-structure on Zrys can be identified with the
fixed points of the C2-action on Zrx±1s that sends x 7! x−1. Under this identification we have
y = x+ x−1.

We’ll show that A = Zr12 , ys still satisfies 4.18(A). Indeed, as soon as 2 is invertible, the
homotopy fixed points Sr12 , ys := Sr12 , x

±1shC2 define the desired E∞-lift. To verify that 3.1(tCp)
is satisfied for all primes p, there’s nothing to do for p = 2, as then Sr12 , ystC2 » 0. For p ̸= 2,
(−)tCp and (−)hC2 commute (see rKN17, Lemma 9.3s for example) and so 3.1(tCp) follows from
the corresponding assertions for Sr12 , x

±1s by applying (−)hC2 . The same argument shows that
the addendum from 5.43(A2) is satisfied as well.

6.5. Remark. — Recall that a cyclotomic spectrum X has Frobenius lifts in the sense of
rKN17, Definition 8.2s if for each prime p the cyclotomic Frobenius ϕp : X ! XtCp factors
S1-equivariantly through a map ψp : X ! XhCp such that the ψp commute for different primes.

In each of Examples 6.1–6.4 it’s clear that SA admits Frobenius lifts as a cyclotomic E∞-
algebra. Using Lemma 5.44, this implies that Assumption 5.43(A2) is satisfied. Indeed, since the
S1-action is trivial, we may equivalently regard ψp : SA ! ShCpA as an S1-equivariant E∞-algebra
map ψp : SA ! SA. The commutativity datum simply provides homotopies ψp ◦ψℓ » ψℓ ◦ψp for
all p ̸= ℓ. Inductively defining ψ1 := id, ψpm := ψm ◦ ψp, we obtain the necessary commutative
diagrams

SA SA

StCpA StCpA

ψpm

ϕp

(ψm)tCp

and thus the desired map ScyctA ! StrivA .

6.6. Non-example. — In the case where A = ZtxuΛ is a free Λ-ring, it’s not known whether
a spherical lift SA as in 3.1 exist.(6.1)

Let us now give several examples of A-algebras R that satisfy the assumptions of 4.18(R).

6.7. Example. — Suppose that S is a smooth A-algebra equipped with an étale map
□ : Arx1, . . . , xns ! S. By rL-HA, Theorem 7.5.4.3s, □ lifts uniquely to an étale map
SArx1, . . . , xns! SS,□ of E∞-ring spectra. Then R = S satisfies the assumptions of 4.18(R),
choosing 3.2(E2) for every prime p. We’ll continue to study this example in §6.2 below.

6.8. Example. — In the setting from Example 6.7, suppose that (y1, . . . , yr) is a regular
sequence in S. By Burklund’s theorem about multiplicative structures on quotients rBur22,
Theorem 1.5s, the spectrum

SR := SS,□/
`

yα1
1 , . . . , yαrr

˘

» SS,□/yα1
1 bSS,□ · · · bSS,□ SS,□/yαrr

admits an E2-structure in SA-modules (even in SS,□-modules) if all αi are even and ⩾ 6. If 2 is
invertible in S, it’s already enough to have all αi ⩾ 3, with no evenness assumption. In either
case, we see that R = S/(yα1

1 , . . . , yαrr ) satisfies the assumptions of 4.18(R), choosing 3.2(E2)
for every prime p.

(6.1)In fact, it is a conjecture of Thomas Nikolaus that such a spherical lift doesn’t exist.
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If we only assume that all αi are even and ⩾ 4, or 2 is invertible in S and all αi ⩾ 2, then SR
still admits an E1-structure in SS,□-modules. Provided that R is p-torsion free, condition 3.2(E1)
is satisfied for every prime p. Indeed, if we put

R̂p,∞ :=
´

Âp
〈
x
1/p∞

1 , . . . , x1/p
∞

n

〉
b
Âp⟨x1,...,xn⟩ R̂p

¯∧

p
.

then the p-completed Čech nerve of R̂p ! R̂p,∞ admits a spherical E1-lift, given by the p-
completed base change along SArx1, . . . , xns! SR of the Čech nerve of the E∞-algebra map
SArx1, . . . , xns! SArx

1/p∞

1 , . . . , x
1/p∞
n s.

6.9. Example. — The easiest way for 3.2(E1) to be satisfied is the case where R/p is already
relatively semiperfect over A, so that we can take the trivial descent diagram for the identity
on R̂p. Then the only condition is for R̂p to admit an E1-lift SR̂p in SA-modules.

Thanks to Burklund’s result again, it’s easy to write down rings for which this is satisfied for
all primes p. Here’s one possible construction: Let B be a relatively perfect Λ-A-algebra such
that A ! B is quasi-lci.(6.2) For example, we could take B = Arx1/n | n ⩾ 1s with the toric
Λ-structure or B = AbZ ZtxuΛ,perf , the free Λ-A-algebra on a perfect generator. Let B′ be an
étale B-algebra and let (y1, . . . , yr) be a regular sequence in B′. Then R „= B′/(yα1

1 , . . . , yαrr )
satisfies 3.2(E1) if all αi are even and ⩾ 4. If 2 is invertible in R, it’s already enough to have
all αi ⩾ 2 with no evenness assumption.

Indeed, since each p-completions B̂′
p is all p-completely formally étale over A, it lifts uniquely

to a p-complete connective E∞-SA-algebra SB̂′
p
. Our assumptions on the αi ensure that rBur22,

Theorem 1.5s applies, so that

SR̂p := SB̂′
p
/
`

yα1
1 , . . . , yαrr

˘

admits an E1-structure in SA-modules (even in SR̂p-modules), as desired.

§6.2. The case of a framed smooth algebra
In the situation of Example 6.7, the q-deformation of the Hodge filtration that we see has a
very nice explicit description. This result is due to Arpon Raksit; in fact, his result is what
motivated our investigation. To formulate the result, recall that in the situation at hand, the
(underived) q-de Rham complex q9ΩS/A can be represented by an explicit complex

q9Ω˚
S/A,□ =

´

SJq − 1K q9∇
−−! Ω1

S/AJq − 1K q9∇
−−! · · · q9∇

−−! ΩnS/AJq − 1K
¯

.

6.10. Theorem (Raksit, unpublished). — Let (S,□) be a framed smooth A-algebra as in
Example 6.7 and put kuS,□ := kub SS,□. For all integers i we let filiq9Hdg,□ q9Ω

˚
S/A,□ denote the

subcomplex
´

(q − 1)iSJq − 1K! (q − 1)i−1Ω1
S/AJq − 1K! · · ·! ΩiS/AJq − 1K! · · ·! ΩnS/AJq − 1K

¯

.

of the coordinate-dependent q-de Rham complex q9Ω˚
S/A,□ (which we regard as sitting in homo-

topical degrees r−n, 0s). Then

Σ−2˚ griev TC
−(kuS,□/kuA) » fil⋆q9Hdg,□ q9Ω

˚
S/A,□ .

(6.2)For every prime p, the relatively perfect map of δ-rings Âp ! B̂p will automatically be p-quasi-lci, so A ! B
being quasi-lci is a rational condition.
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While Raksit’s original proof uses geometric arguments, we’ll give a more algebraic proof of
Theorem 6.10. We first need a general fact about q-divided powers.

6.11. Lemma. — Fix a prime p. Consider Zprx, y, qs, equipped with the toric δ-structure,
and let

q9D := Zprx, y, qs

"

ϕ(x− y)

rpsq

*∧

(p,q−1)

.

Then q9D is the (p, q−1)-completion of the subalgebra of Qprx, ysJq−1K generated by Zprx, y, qs

as well as elements (q − 1)drγdq (x− y) for all d ⩾ 1, where we put

rγdq (x− y) :=
(x− y)(x− qy) · · · (x− qd−1y)

(q; q)d
.

Proof. It will be enough to show that q9D contains (q − 1)drγdq (x − y) for all d ⩾ 1, as then
the fact that these are generators as well as the claimed description of q9D can be checked
modulo (q − 1).

First observe that (p, q − 1) is a regular sequence in q9D. Indeed, q9D/(q − 1), where the
quotient is taken in the derived sense as usual, is the PD-envelope of (x− y) ⊆ Zprx, ys, which
is a p-torsion free ring. It follows that (p, (q; q)d) is a regular sequence for all d ⩾ 1. Indeed, up
to factors that are invertible in q9D, the Pochhammer symbol is a product of factors of the
form (1− qpα), and (1− qpα) ≡ (1− q)pα mod p. In particular, each (q; q)d is a non-zerodivisor
in q9D.

If we equip Zprx, y, qs with the toric Λ-structure, then the Adams operations ψℓ for ℓ ̸= p
are δ-ring maps. Using the universal property it is then straightforward to check that the ψℓ
extend to q9D, hence q9D carries a Λ-Zprx, y, qs-structure extending the given δ-structure. This
Λ-structure extends then uniquely to the localisation q9Dr(q; q)−1

d | d ⩾ 1s. In the localisation,
we have

λd
ˆ

x− y

q − 1

˙

= rγdq (x− y) ;

see rPri19, Lemma 1.3s. So we must show (q−1)dλd
`

x−y
q−1

˘

∈ q9D. To this end, first observe that
(q − 1)ψd

`

x−y
q−1

˘

∈ q9D for all d ⩾ 1. Indeed, it’s enough to check this if d = pα is a power of p.
So we must check that xpα − yp

α is divisible by rpαsq in q9D. Since q9D is (p, q− 1)-completely
flat over ZpJq − 1K by rBS19, Lemma 16.10s and thus flat on the nose over Zrqs, it will be
enough to check that xpα − yp

α is divisible by each cyclotomic polynomial in the factorisation
rpαsq = Φp(q)Φp2(q) · · ·Φpα(q). Since xpi − yp

i divides xpα − yp
α for i ⩽ α, it suffices to show

that xpα − yp
α is divisible by Φpα(q), which follows by applying ϕα−1 to ϕ(x− y)/rpsq.

Now let us put λt(−) :=
∑

d⩾0 λ
d(−)tn and ψt(−) :=

∑
d⩾1 ψ

d(−)td, where t is a formal
variable. Our observation above shows that ψ(q−1)t

`

x−y
q−1

˘

has coefficients in q9D. From the
general Λ-ring formula ψt = −t ddt log λ−t we deduce that λ(q−1)t

`

x−y
q−1

˘

has coefficients in
q9Drp−1s. Since (p, (q; q)d) is a regular sequence in q9D, the we get

q9D
“

p−1
‰

∩ q9D
“

(q; q)−1
d

‰

= q9D ,

where the intersection is taken in q9Drp−1, (q; q)−1
d s (and on the level of sets—nothing derived

is happening). This shows (q − 1)dλd
`

x−y
q−1

˘

∈ q9D, as desired.

6.12. A cosimplicial resolution. — To show Theorem 6.10, we’ll compute the even
filtration via an explicit resolution. To this end, let us fix the following notation:
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(a) Let P := Arx1, . . . , xns and SP := SArx1, . . . , xns. Let A! P • and SA ! SP • denote the
Čech nerves of A! P and SA ! SP and put kuP • := ku b SP • .

(b) Let x(r)i ∈ P • „= PbA(•+1) denote the element 1 b · · · b 1 b xi b 1 b · · · b 1 coming from
the rth tensor factor for any 1 ⩽ r ⩽ •+ 1.

(c) Let q9D• denote the (q − 1)-completion of the sub-algebra of (SbA(•+1) bZ Q)Jq − 1K
generated by SbA(•+1)Jq− 1K as well as the elements (q− 1)drγdq

`

x
(r)
i −x(s)i

˘

for all integers
d ⩾ 1, all tensor factors 1 ⩽ r, s ⩽ •+ 1, and all indices 1 ⩽ i ⩽ n.

(d) Let fil⋆q9Hdg q9D
• be the descending filtration of ideals generated by (q − 1) in filtration

degree 1 and the elements (q−1)drγdq
`

x
(r)
i −x(s)i

˘

in filtration degree d, and let fil⋆q9Hdg q9D̂
•

denote the completion of this filtration.

6.13. Lemma. — With notation as above, there exists a canonical isomorphism of graded
ZrβsJtK „= (q − 1)⋆ZJq − 1K-modules

π2˚ TC
−(kuS,□/kuP •) „= fil⋆q9Hdg q9D̂

• .

Proof. We know from Theorem 4.27 that π2⋆TC−(kuS,□/kuP •) is the completion of a filtration
fil⋆q9Hdg q9dRS/P • . Consider the arithmetic fracture square for the completed filtration:

fil⋆q9Hdg q9d̂RS/P •

∏
p

fil⋆q9Hdg

`

q9d̂RS/P •
˘∧
p

fil⋆(Hdg,q−1)

`

dRS/P • bZ Q
˘∧
Hdg

Jq − 1K fil⋆(Hdg,q−1)

ˆ∏
p

`

dRS/P •
˘∧
p

bZ Q
˙∧

Hdg

Jq − 1K

≒

Observe that all corners of this pullback square are static in every filtration degree. Indeed,
this can easily be checked modulo (q − 1). More precisely, if we identify the (q − 1)-adic
filtration (q−1)⋆ZJq−1K with the graded ring ZrβsJtK as in 4.26, then everything is β-complete;
modulo β, we’re then reduced to checking that fil⋆Hdg d̂RS/P • as well as its p-completions and
its Hodge-completed rationalisation are static, which is standard.

We conclude that this diagram is also a pullback of filtered abelian groups, which will make
it easy to construct a map fil⋆q9Hdg q9D̂

• ! fil⋆q9Hdg q9d̂RS/P • . To this end, let us now analyse
the factors of the pullback. Let us start with the p-completed q-de Rham complex (q9dRS/P •)∧p .
Since δ-structures extend uniquely along p-completely étale maps, the toric δ-A-algebra structure
on P̂ •

p extends uniquely to a δ-A-algebra structure on (SbA(•+1))∧p . Then (q9dRS/P •)∧p is the
q-PD-envelope in the sense of rBS19, Lemma 16.10s of the (p, q − 1)-completely regular ideal

Ĵ•
p := ker

´

`

SbA(•+1)
˘∧
p
↠ Ŝp

¯

Using Lemma 6.11 we see that (q9dRS/P •)∧p contains all the elements (q − 1)drγdq
`

x
(r)
i − x

(s)
i

˘

.
By Theorem 4.17, for any fixed d, these elements are contained in fildq9Hdg(q9dRS/P •)∧p .

The rational factor is similar: Since P ! S is étale, the Hodge-completed de Rham
complex satisfies d̂RS/P • » d̂RS/SbA(•+1) , and so (dRS/P • bZQ)∧HdgJq−1K is the (J•

Q, q−1)-adic
completion of (SbA(•+1) bZ Q)Jq − 1K, where

J•
Q := ker

´

`

SbA(•+1) bZ Q
˘

↠ (S bZ Q)
¯

.
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Since x
(r)
i − x

(s)
i is an element of J•

Q, it’s also clear that rγdq
`

x
(r)
i − x

(s)
i

˘

is contained in
fil⋆(Hdg,q−1)(dRS/P • bZ Q)∧HdgJq − 1K. Using the pullback above we get a filtered map

fil⋆q9Hdg q9D̂
• −! fil⋆q9Hdg q9d̂RS/P • .

Reducing modulo (q − 1), or more precisely modulo β, we see that this map is an isomorphism,
which finishes the proof.

Proof of Theorem 6.10. The even filtration in question can be computed via the cosimplicial
resolution

fil⋆ev TC
−(kuS,□/kuA) » lim

∆∆
τ⩾2⋆TC

−(kuS,□/kuP •) .

Using Lemma 6.13, it remains to show that the totalisation of the cosimplicial filtered ring
fil⋆q9Hdg q9D̂

• is quasi-isomorphic to the filtered complex fil⋆q9Hdg,□ q9Ω
˚
S/A,□. We’ll show this

using a similar argument as in the proof of rBS19, Theorem 16.22s.
To this end, first observe that the q-divided powers from Lemma 6.11 interact with the

q-derivatives as follows:

q9∂x
`

rγdq (x− y)
˘

= rγd−1
q (x− y) and q9∂y

`

rγdq (x− y)
˘

= −rγd−1
q (x− qy) .

It follows that the q-derivatives extend to q9D̂•. We can then consider the filtered cosimplicial
filtered complex fil⋆ q9M•,˚ given by

´

fil⋆q9Hdg q9D̂
• q9∇
−−! fil⋆−1

q9Hdg q9D̂
• bP • Ω1

P •/A
q9∇
−−! fil⋆−2

q9Hdg q9D̂
• bP • Ω2

P •/A
q9∇
−−! · · ·

¯

.

Then each column fil⋆ q9M i,˚ is quasi-isomorphic to fil⋆ q9M0,˚; indeed, this can be checked
modulo (q − 1), and then it follows from the Poincaré lemma for the completed Hodge-filtered
de Rham complex. On the other hand the rows fil⋆ q9M•,j for j > 0 are acyclic; this can be
seen e.g. by rStacks, Tag 07L7s applied to the cosimplicial filtered ring fil⋆q9Hdg q9D̂

•. It follows
formally that the 0th column fil⋆ q9M0,˚ is quasi-isomorphic to the totalisation of the 0th row
fil⋆ q9M•,0, which is exactly what we wanted to show.

6.14. Remark. — As a consequence of Theorem 6.10, the filtered complex filiq9Hdg,□ q9Ω
˚
S/A,□

can be promoted to a filtered E∞-algebra over the filtered ring (q − 1)⋆AJq − 1K. In fact, we
even get the structure of a filtered derived commutative algebra in the sense of rRak21,
Definition 4.3.4s.

§6.3. The Habiro ring of a number field, homotopically
As a final example, let us give a homotopical description of the Habiro ring of a number field
from rGSWZ24, Definition 1.1s.

6.15. Corollary. — Let F be a number field and let ∆ be divisible by 6 and by the discriminant
of F . Let SOF r1/∆s denote the unique lift of OF r1/∆s to an étale extension of S. Then

HOF r1/∆s
„= π0

´

lim
m∈N

`

THH(KU b SOF r1/∆s/KU)Cm
˘h(S1/Cm)

¯

.

Proof. By rWag25, Corollary 3.12s, q9HdgOF r1/∆s/Z » HOF r1/∆s. In particular, the Habiro–
Hodge complex must be static. By Theorem 5.63, limm∈N fil⋆ev,S1 TC

−(m)(KU b SOF r1/∆s/KU)
must be the double-speed Whitehead filtration τ⩾2⋆ and the result follows.
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Appendix A. The q-de Rham complex via TC−

In rBMS19, §11s and rBS19, §15.2s, it is explained how prismatic cohomology relative to a
Breuil–Kisin prism (W(k)JzK, E(z)) can be understood in terms of TC−(−/Srzs)∧p . In this
subsection, we’ll show how the p-complete q-de Rham complex can be understood in a completely
analogous way.

For this to work, we assume that A satisfies the conditions from 3.1, that is, A is a p-complete
and p-completely covered δ-ring with a flat spherical lift SA which admits the structure of a
p-cyclotomic base.

A.1. Lemma. — The p-completed colimit-perfection A∞ of A admits a unique lift to a
p-complete connective E∞-ring spectrum SA∞ and A ! A∞ can be lifted to an E∞-map
SA ! SA∞.

Proof. Since A∞ is a perfect δ-ring, the lift SA∞ exists uniquely; it is given by the spherical
Witt vectors SW(A♭∞) from Example rL-EllII, 5.2.7s.

To construct the map SA ! SA∞ , first observe that the canonical map SA ! StCpA is an
equivalence. Indeed, we can choose a two-term resolution 0 !

À

I Zp !
À

J Zp ! A ! 0
and lift it to a cofibre sequence

À

I Sp !
À

J Sp ! SA of spectra. By the Segal conjecture,
(
À

I Sp)tCp » (
À

I Sp)∧p and likewise for J , so the same will be true for SA. We can then form
the sequential colimit

colim

ˆ

SA
ϕtCp
−−−! StCpA » SA

ϕtCp
−−−! · · ·

˙∧

p

.

By our assumptions on A, the Tate-valued Frobenius ϕtCp agrees with ϕ on π0, and so this
colimit is a p-complete connective E∞-lift of A∞. By uniqueness, it must agree with SA∞ , and
so we get our desired map SA ! SA∞ .

A.2. Lemma. — There are generators u and v in π2 and π−2 of TC−(Zprζps/SpJq − 1K)∧p
such that

π˚ TC
−`Zprζps/SpJq − 1K

˘∧
p

» ZpJq − 1Kru, vs/
`

uv − rpsq
˘

.

Proof. This can be shown in the same way as rBMS19, Proposition 11.10s, using base change
along SJq − 1K! SJq1/p∞ − 1K.

A.3. Proposition. — Let S be a p-complete p-quasi-lci Arζps-algebra of bounded p∞-torsion.
Then there is an equivalence of graded E∞-ZpJq − 1Kru, vs/(uv − rpsq)-algebras

Σ−2˚ gr˚
HRW9ev,hS1 TC

−`S/SAJq − 1K
˘∧
p

» fil˚N ∆̂(p)
S/AJq−1K ,

where gr˚
HRW9ev,hS1 denotes the associated graded of the p-complete S1-equivariant Hahn–Raksit–

Wilson even filtration and (−)(p) (instead of (−)(1)) denotes the Frobenius twist of prismatic
cohomology. Moreover, after inverting u, we get an equivalence of graded E∞-Zpru±1sJq − 1K-
algebras

Σ−2˚ gr˚
HRW9ev,hS1

´

TC−`S/SAJq − 1K
˘“

1
u

‰∧
(p,q−1)

¯

» ∆S/AJq−1Kru
±1s ,

where now gr˚
HRW9ev refers to the p-complete S1-equivariant Hahn–Raksit–Wilson even filtration

on THH(S/SAJq − 1K)r1/us∧p .
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Proof sketch. First observe that S∞ := (S bL
AJq−1K A∞Jq1/p∞ − 1K)∧p will be static and of

bounded p∞-torsion, as ϕ : A ! A is p-completely flat. Moreover, S∞ will be p-quasi-lci
over A∞Jq1/p∞ − 1K, hence over Zp, as the cotangent complex LA∞Jq1/p∞−1K/Zp vanishes after
p-completion. Thus S∞ is p-quasi-syntomic.

If S is large in the sense that there exists a surjection A⟨x1/p
∞

i

∣∣ i ∈ I⟩ ↠ S, then
TC−(S/SAJq − 1K)∧p will be even. Indeed, evenness can be checked after base change along
SAJq − 1K! SA∞Jq1/p∞ − 1K. By an analogous argument as in rBMS19, Proposition 11.7s,

THH
`

SA∞Jq1/p
∞ − 1K

˘

! SA∞Jq1/p
∞ − 1K

is an equivalence after p-completion. This reduces the assertion to TC−(S∞)∧p being even,
which is shown in rBMS19, Theorem 7.2s.

Via quasi-syntomic descent from the large case, we can now construct a filtration on
TC−(S/SAJq − 1K)∧p . Arguing as in rBMS19, §11.2s and rBS19, §15.2s, we find that the
associated graded of this filtration yields the completion of the Nygaard filtration on the
Frobenius-twisted prismatic cohomology relative to the q-de Rham prism (AJq − 1K, rpsq). To
see that the filtration agrees with the p-complete S1-equivariant Hahn–Raksit–Wilson even
filtration, we argue as in the proof of rHRW22, Theorem 5.0.3s. Choose a surjection from a
polynomial ring Zrxi | i ∈ Is ↠ S. Both filtrations satisfy descent along the p-completely eff
map THH(Srxi | i ∈ Is)! THH(Srx

1/p∞

i | i ∈ Is). By descent, it will then be enough to check
that the filtrations agree when S is large, which is clear by evenness.

After inverting u, the argument is analogous: As in rBMS19, §11.3s, we use quasi-syntomic
descent again to construct a filtration

fil⋆BMS9ev

´

TC−`S/SAJq − 1K
˘“

1
u

‰∧
(p,q−1)

¯

and check via descent along THH(Srxi | i ∈ Is)! THH(Srx
1/p∞

i | i ∈ Is) that this filtration is
really the Hahn–Raksit–Wilson even filtration. To see gr˚

HRW9ev,hS1 » ∆S/AJq−1Kru
±1s, observe

that inverting the degree 2 class u amounts to adjoining rps−iq filiN for all i ⩾ 0 in the sense
of rWag25, Construction 3.42s. We must then show that the relative Frobenius induces an
equivalence

ϕ/AJq−1K : ∆̂(p)
S/AJq−1K

„

filiN
rpsiq

∣∣∣∣ i ⩾ 0

ȷ∧

(p,q−1)

»
−! ∆S/AJq−1K .

This is a general fact about the Nygaard filtration on prismatic cohomology; it follows,
for example, from rBS19, Theorem 15.2(2)s via quasi-syntomic descent. See also rWag25,
Lemma 3.44s.

A.4. Frobenii. — The same argument as in rBMS19, Proposition 11.10s shows that the
p-cyclotomic Frobenius

ϕhS
1

p : TC−`Zprζps/SJq − 1K
˘∧
p
−! TP

`

Zprζps/SJq − 1K
˘∧
p

inverts the generator u in degree 2. Moreover, the p-cyclotomic Frobenius on THH(−/SA,pJq−1K)
is semilinear with respect to the Tate-valued Frobenius ϕtCp : SA,prqs! SA,prqs, which on π0 is
given by ϕ : A! A and q 7! qp. It follows that the p-cyclotomic Frobenius induces a map

´

TC−`S/SAJq − 1K
˘“

1
u

‰

bSArqs,ϕtCp
SArqs

¯∧

(p,q−1)
−! TP

`

S/SAJq − 1K
˘∧
p
.
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On gr0HRW9ev, this map agrees with the Nygaard completion ∆(p)
S/AJq−1K ! ∆̂(p)

S/AJq−1K, as the proof
of Proposition A.3 shows. The relative Frobenius on prismatic cohomology,

ϕ/AJq−1K : ∆̂(p)
S/AJq−1K −! ∆S/AJq−1K ,

can then be identified as the composition of gr0HRW9ev TP » gr0HRW9ev TC
− with

gr0HRW9ev TC
−`S/SAJq − 1K

˘∧
p
−! gr0HRW9ev

´

TC−`S/SAJq − 1K
˘“

1
u

‰∧
(p,q−1)

¯

.

A.5. Recovering q-de Rham cohomology. — Let R be a p-torsion free p-quasi-lci
A-algebra and let R(p) := (R bL

A,ϕ A)
∧
p . Then rBS19, Theorem 16.18s shows

q9dRR/A » ∆R(p)rζps/AJq−1K .

Therefore Proposition A.3 and A.4 contain q-de Rham cohomology (which is implicitly p-
completed by our convention in 1.16) as a special case.

A.6. The Adams action. — In rBL22, §3.8s, Bhatt–Lurie describe an action of Z×
p on the

q-de Rham prism (AJq − 1K, rpsq), where u ∈ Z×
p acts by sending q 7! qu. Here qu denotes the

convergent power series

qu :=
∑
n⩾0

ˆ

u

n

˙

(q − 1)n .

By functoriality of prismatic cohomology, the action on the prism induces an action of Z×
p on

q9dRR/A, which is precisely the action predicted in rSch17, Conjecture 6.2s.
Under the identification

q9dRR/A » gr0HRW9ev

´

TC−`R(p)rζps/SAJq − 1K
˘“

1
u

‰∧
(p,q−1)

¯

,

this action comes from an action of Z×
p on SAJq − 1K. Indeed, following rDR25, Notation 3.3.3s,

we can write
SAJq − 1K » lim

α⩾0
SArqs/

`

qp
α − 1

˘

» lim
α⩾0

SArZ/pαs

and then let Z×
p act on Z/pα via multiplication (this is another way of making precise what qu

is supposed to mean). To see that this induces the same action on (q9dRR/A)
∧
p as above, we can

use quasi-syntomic descent as in the proof of Proposition A.3 to reduce to an even situation,
where the claim is straightforward to verify.

We call this action the Adams action, since it turns out to agree with the action of Z×
p on

ku∧p via Adams operations (see §4.1).
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Appendix B. Even E2-cell structures on flat polynomial rings
In this appendix we show the following technical result.

B.1. Lemma. — Let Srxi | i ∈ Is be the flat graded polynomial ring on generators xi in
graded degree 1 and homotopical degree 0. As a graded E2-ring, Srxi | i ∈ Is admits a cell
decomposition with all cells in even homotopical degree.

B.2. Remark. — For polynomial rings in one variable this is shown in rABM23, Proposi-
tion 3.11s. We believe the argument given there can be adapted to several variables as well.
The authors of that paper also remark that an alternative proof of the one-variable case is
given in the second (but not in the final) arXiv version of rHW22s; we’ll follow the proof given
therein.

Proof of Lemma B.1. To avoid issues with double duals of infinite direct sums, we work in
the ∞-category of graded solid condensed spectra Gr(Sp■). Usual graded spectra embed fully
faithfully as the full sub-∞-category of graded discrete solid condensed spectra. We let

D(2) := HomGr(Sp■)

`

Bar(2)(−), S
˘

: AlgE2

`

Gr(Sp■)
˘

−! AlgE2

`

Gr(Sp■)
˘

denote the E2-Koszul duality functor.
Let us first compute D := D(2)(Srxi | i ∈ Is). A standard computation shows that the

double Bar construction Bar(2)(Srxis) is given by
À

n⩾0Σ
2nS(n) as a graded spectrum. Thus,

if In := Symn I denotes the nth symmetric power of I as a set, then

D »
à

n⩾0

Σ−2n
∏
In

S(−n) .

If D⩾−n denotes the restriction of D to graded degrees ⩾ −n, then D is the limit of the tower of
square-zero extensions · · ·! D⩾−2 ! D⩾−1 ! D⩾0. For all n ⩾ 1, the square-zero extension
D⩾−n ! D⩾−(n−1) is determined by a pullback diagram

D⩾−n S

D⩾−(n−1) S ‘ Σ−2n+1
∏
In

S(−n)

≒

After applying the Koszul duality functor, this becomes a pushout diagram

FreeE2

ˆ

Σ2n+1
à

In

S(n)
˙

D(2)
`

D⩾−(n−1)

˘

S D(2)
`

D⩾−n
˘

≓

Here we use HomSp■
(
∏
In

S,S) »
À

In
S; this is the advantage of working in solid condensed

spectra. Taking the colimit, we see that D(2)(D) has an E2-cell decomposition with cells in
even homotopical degrees. Once again using that we’re working in the solid condensed world,
we find D(2)(D) » Srxi | i ∈ Is and so we’re done.
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Appendix C. On the equivariant Snaith theorem
For abelian compact Lie groups, Spitzweck and Østvær rSØ10s show a genuine equivariant form
of Snaith’s theorem. However, the equivalence they construct is only one of homotopy ring
spectra. In this short appendix, we explain how to make their equivalence E∞-algebras. We’ll
restrict to S1 for simplicity, but the argument would work for any abelian compact Lie group.

C.1. Construction. — In rSch18, (2.3.20)s Schwede introduces an orthogonal space PC that
sends an inner product space V to the infinite projective space P(Sym˚

C VC). We can construct
a morphism of orthogonal spaces

c : PC −! Ω•kugl

using a similar construction as in rSch18, Construction 6.3.24s: Namely, for any inner product
space V , the required map c(V ) : P(Sym˚

C VC)! Map˚(S
V , kugl(V )) is adjoint to the tautologi-

cal map P(Sym˚
C VC) ∧ SV ! kugl(V ) that sends (L, v) 7! rL; vs for any line L ⊆ Sym˚

C VC and
any point v ∈ SV .

Schwede equips PC with an ultracommutative monoid structure by sending a pair of lines
(L1 ⊆ Sym˚

C VC, L2 ⊆ Sym˚
CWC) to L1 bC L2 ⊆ Sym˚

C VC bC Sym˚
CWC „= Sym˚

C(V ‘W )C. It’s
clear from the construction that c is multiplicative. Thus, by adjunction, it induces a map of
ultracommutative global ring spectra

SglrPCs −! kugl .

Before we continue, let us deduce that the element q ∈ π0(ku
S1
) is strict.

C.2. Corollary. — Let q ∈ π0(ku
S1
) be the image of the standard representation of S1 under

RU(S1)! π0(ku
S1
). Then q is detected by an E∞-algebra map

SS1rqs −! kuS1

in SpS1. In particular, q is a strict element in (kuCm)h(S
1/Cm) for all m.

Proof. By rSch18, Proposition 4.1.8s (plus a simple argument to get rid of the telescope), the
restriction of SglrPCs to a genuine S1-equivariant ring spectrum is given by SS1rPCs, where U
is any complete complex S1-universe, that is, a direct sum of countably many copies of each
irreducible complex S1-representation. Choosing any copy of the standard representation q
inside U , we get a C-algebra map C ‘ q ‘ q2 ‘ · · ·! Sym˚ U , which induces an S1-equivariant
monoid map t1, q, q2, . . . u » P(C) ⊔ P(q) ⊔ P(q2) ⊔ · · ·! P(Sym˚ U) and thus the desired map
of E∞-algebras in SpS1

SS1rqs −! SS1rPCs −! kuS1 .

C.3. The Bott element. — Let U be a complete complex S1-universe as in the proof above.
Let ε denote any copy of the trivial representation inside U . The inclusion C ‘ ε ⊆ Sym˚

C U ,
where C denotes the unit component of the symmetric algebra, defines a map of genuine S1-
equivariant spectra ξ : SS1rP(C ‘ ε)s! SS1rP(Sym˚

C U)s. When we restrict to SS1 » SS1rP(C)s
in source and target, ξ is canonically the identity, and so we can construct the Bott map as the
factorisation

SS1 ‘ Σ2SS1 Σ2SS1

SS1

“

P(C ‘ ε)
‰

SS1

“

P(Sym˚
C U)

‰

» β

1−ξ
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It’s clear from the construction that the E∞-map SS1rP(Sym˚
C U)s! kuS1 , that was constructed

in the proof of Corollary C.2, sends β 7! β.
We also note that if ε′ is another copy of the trivial representation inside U , then the map

SS1rP(ε‘ ε′)s! SS1rP(Sym˚
C U)s is homotopic to β. Indeed, already the inclusions of P(C ‘ ε)

and P(ε‘ε′) into P(C‘ε‘ε′) are S1-equivariantly homotopic. It follows that β already factors
through the map SS1rP(U)s ! SS1rP(Sym˚

C U)s induced by U „= Sym1
C U ⊆ Sym˚

C U . Finally,
recall that Spitzweck and Østvær construct a homotopy ring spectrum structure on SS1rP(U)s,
so that we can consider the localisation SS1rP(U)srβ−1s.

C.4. Lemma. — The induced map of E∞-algebras in SpS1

SS1

“

P(Sym˚
C U)

‰

rβ−1s
»
−! KUS1

is an equivalence. Moreover, its precomposition with SS1rP(U)srβ−1s! SS1rP(Sym˚
C U)srβ−1s

is the equivalence constructed in rSØ10s.

Proof. Since SS1rP(U)s! SS1rP(Sym˚
C U)s is an equivalence as both U and Sym˚

C U are complete
complex S1-universes, it will be enough to show the second statement.

To this end, let GrC be the orthogonal space from rSch18, Example 2.3.16s that sends an
inner product space V to

∐
i⩾0GrCi (VC), where GrCi denotes the Grassmannian of i-dimensional

complex subspaces. Let GrC1 ! GrC be the component where i = 1. Using rSch18, Propo-
sition 4.1.8s (plus a simple argument to get rid of the telescope), we see that SS1rP(U)s is
the restriction of the global spectrum SglrGrC1 s to a genuine S1-equivariant spectrum. By
unravelling the proof of Corollary C.2, we immediately see that the diagram

SglrGrC1 s SglrPCs

SglrGrCs kugl

commutes, where the bottom map is the adjoint of rSch18, Construction 6.3.24s. By another
straightforward unravelling, the composition SglrGrC1 s! SglrGrCs! kugl restricts to the map
SS1rP(U)s! kuS1 constructed in rSØ10s.

C.5. Equivariant Adams operations — Let ρn denote the nth power map (−)n : S1 ! S1.
Writing the monoid operation multiplicatively, we also consider the monoid endomorphism
(−)n : P(Sym˚

C U)! P(Sym˚
C U). This is equivariant over ρn and therefore induces an endomor-

phism
ψn : ρ˚

nSS1

“

P(Sym˚
C U)

‰

−! SS1

“

P(Sym˚
C U)

‰

of E∞-algebras in S1-equivariant spectra. Clearly ψn(q) = qn. Moreover, ψn(β) = nβ holds
S1-equivariantly. Indeed, to see this, let Utriv ⊆ U be the direct summand consisting of all
copies of the trivial S1-representation. Then the usual non-equivariant argument can be applied
to SS1rP(Sym˚

C Utriv)s. Inverting β and passing to connected covers, we obtain maps

ψn : KUS1 −! KUS1

“

1
n

‰

and ψn : kuS1 −! kuS1

“

1
n

‰

of E∞-algebras in SpS1 . Here we also use ρ˚
nkuS1 » kuS1 and ρ˚

nkuS1 » kuS1 , since we’ve
modelled ku by an ultracommutative global ring spectrum kugl, where everything acts trivially.
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