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Introduction

Classical polylogarithms

Definition (Polylogarithm)

The weight s polylogarithm is
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Introduction

Multiple polylogarithms

Natural multi-variable generalisation

Definition (Multiple polylogarithms)

A multiple polylogarithm (MPL) is
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Introduction

Multiple polylogarithms

Natural multi-variable generalisation

Definition (Multiple polylogarithms)

A multiple polylogarithm (MPL) is

Zfl ce zkr
Linl,...,nr (21, ey Z'r‘) = Z knl k:w
. ek
1<ko< - <kp
m The depth is r, and weightisny + --- + n,
N - ~
Expression by integrals ! M Ne)
X —N ) —~~ ) —A
Llnl,‘..,nT(Zl)“-azr) = (_1)7‘](07 Z12 0 ) » Yy sz--zr’o’ 707 a;707 7071)7
where dt, dt,,
I(@p; 21, .., Tp Tar1) =
Fo<t1 <<t <@ 11— T1  ln—Tn
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In

Appearances and applications of polylogarithms

m High-energy physics
m Computation of Feynman diagrams and scattering amplitudes )i)_
TS 4
/y)/)z

m Cross-fertilisation NT<«+HEP, to understand structure of results (b_ )
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Introduction

Appearances and applications of polylogarithms

m Hyperbolic geometry Ltz = )
m ldeal tetrahedron via Lio e

m Volumes of hyperbolic polytopes

= A, (cc(2,0,20))
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Introduction

Appearances and applications of polylogarithms

m Zeta values and zeta functions

m Multiple zeta values {(n1,...,n,) = Lin,,...n.(1,...,1) oo
m Values of Dedekind zeta function {#(n) <(S) = F _l_
: - nS
4
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Introduction

Appearances and applications of polylogarithms

m High-energy physics
m Computation of Feynman diagrams and scattering amplitudes

m Cross-fertilisation NT<+HEP, to understand structure of results

m Hyperbolic geometry
m |deal tetrahedron via Lia

m Volumes of hyperbolic polytopes

m Zeta values and zeta functions

m Multiple zeta values {(n1,...,nr) = Lin,,...n,.(1,...,1)

m Values of Dedekind zeta function (r(n)

Unifying viewpoint/property: identities, functional equations and functional relations

behston  MPLE



Zagier's conjecture on (p(n)



Dedekind zeta function

Let F' be a number field, O its ring of integers

Definition (Dedekind zeta function)

The Dedekind zeta function of F' is

1 [0‘ Con hrnre |7:)
Cr(s) = Z -, Re(s)>1
14(0)COr (1) € ““/ [\dx &)
S~

N) = #(0e/7 )
= T =(r) D N = wn

Example (F = Q(v/—2))

* 1 #e,y€Z| x> +22 =k
\ Ca(v=)(8) :E? t |ks )
>1




Analytic class number formula

Theorem (Analytic class number formula)

Residue of (r(s) at s =1 is ec\v\c\ “p Fo o reNerl Y N
- L Faarrg=Il S
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Zagier's conjecture

Zagier's polylogarithm conjecture

Conjecture (Zagier, 1991)
Forn > 2, there exists yi, ..., ya, € Z[F*] so that ¢ 7) r[:x') _ PC’V“c\ Corhye chn
I‘t S

dn

Gr(n) g 7 V/JA ] - det ( Za(oulw))),|_

=1

where d,, = r1 + 1o, n odd, and d,, = ry if n even
5€y\ = N r\<31< ~v<lno (VAN 6& Li,\ lonchea) hj \me

%l = e (L 2y v log(1 2 ) leg 121)
2T 0x)N = S Xn ()

A\'\" ? 72\/5
Co(v=2)(2) = T(i”z(l +2v-2) +6.L5(1+ 1 \/—2)) ~ 175141751 . ..



Zagier's conjecture

Status of ZPC

17
e L)
< \
n = 2: Zagier (weak version), Bloch-Suslin ~1981 ‘,/" EX“““ Vichen % U5 e
n = 3: ~1993 by Goncharov after introducing the triple-ratio of 6 points in P2(C), -

and a 22-term functional equation for Lig

—

n = 4: 2018 by Goncharov-Rudenko after introducing the new geometric identity Q4 for Lg{)

Also known for special classes of number fields: cyclotomic, abelian(?)
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Zagier's conjecture

Status of ZPC

n = 2: Zagier (weak version), Bloch-Suslin ~1981

n = 3: ~1993 by Goncharov after introducing the triple-ratio of 6 points in P2(C),
and a 22-term functional equation for Lig

n = 4: 2018 by Goncharov-Rudenko after introducing the new geometric identity Q4 for Lis ;

Also known for special classes of number fields: cyclotomic, abelian(?)

Goncharov has a strategy/program to prove the weight n case. Requires input from highly
non-trivial (currently unknown) identities for multiple polylogarithms.
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Functional equations for Li,,



Functional equations

Logarithm and dilogarithm

Key property of logs

log(zy) = log(z) + log(y) o~ )__,;)(\ —')(\/3\ =1, ;(l =Y ¥ L, l(I -y )

Theorem (5-term relation, Abel, Spence, Kummer,

For |z| + |y| <1 we have

i e\ A—I<)L«vx=:\)*5 WCS(Qﬂ)o(,)yJ‘j
hig(@) + Dig(y) — Dig (=

000 B 25) B (1) (=)
"%Lﬁc)\zw?;\\‘a\,l-

1—z)(1-y)
1 gB == =0
Cle,
— N\ {LS \f)ch Qe .
— o hg d%@w\%Q\—wrj N = Q
v = | — X N



Functional equations

Single-valued polylogs

Polylogs are multivalued, useful to introduce a single-valued version

Definition (Bloch-Wigner-Ramakrishnan- Zagier polylogarithm)

A single-valued polylogarithm is defined by

n—=1 jk é
Z0(2) = Re, (Z % Lin_(2) 10gk(z)> L > e,
k=0 /
ko li,(9) R

m Re,, = Re if n odd, = Im if n even. m Bj, the m-th Bernoulli number



Functional equations
Single-valued polylogs

Polylogs are multivalued, useful to introduce a single-valued version

Definition (Bloch-Wigner-Ramakrishnan-Zagier polylogarithm)

A single-valued polylogarithm is defined by

n—1 2kBk .
Zn(2) =Re, (Z T Li,,—x(2) log (z)) , n>2
k=0

m Re,, = Re if n odd, = Im if n even. m Bj, the m-th Bernoulli number

m Z1(2)=—log|l—z| (5 ACN 3
m Z5(z) = Im(Liz(2) 4 log(1 — 2) log |2|)
m Z5(z) = Re(Liz(z) — Lia(2) log |z| — %log(l — 2)log? |2|)

Srde wWead | red ealine o PO\ S0 s o Pl
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Functional equations

Functional equations of .Z,,

Key properties

m %, satisfies functional equations without products

m Functional equations characterised by algebraic criterion

If Z@(l — DA fi(2) @ (fi(2)2" "2 =0in (C(2)*)®" ®z Q, then

ﬂ\ (< b = ’Zl(—(: ) Z)\Z.Zn(]z(—z)) = constant. - ‘-;e 57"‘15;/0
[i-eyn () = E ' Iy s M
f (4\\11\0- — enleches ()QJ\VC\W\M C& Xv\ épL :

Il
|
—_
~—
3
|
i
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1-DArE)eE)?
L. 2
== 5
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Trilogarithms

_ _ £y () “"xz(\"}) =0
(Next) simplest functional equation

jg(z)"-fg(l —Z)'f‘gg(]. —2’71) :jg(l)
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Functional equations
Trilogarithms

(Next) simplest functional equation

gg(z)"-fg(l —Z) +$3(1 —Zil) :gg(l)

Theorem (9-term relation, Spence 1809, Kummer 1840)

§
;* )1‘\(1—1/)2 1-y 11—yt -y 1—y!
| 3([y(l—m)2} _2[1—93] _2[ l-z } _2[1—:3—1] _2[1—95—1}
Ltg +[my]+[§]—2[x]—2[]+2[1] 5
¥ chj\lc\g \\ Q)/\

There is a more fundamental 22-term relation in 3 variables (Goncharov 1993).

15/49



Trilogarithm - 22-term

Theorem (22-term relation, Goncharov 1993)
W6 N4

(o 1+ |2+ [ - R

tlaz—z+1]— [m_:Jrl} + [xz_x+1])+[—myz]> =3.25(1)

Tz
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Fui

Trilogarithm - 22-term

Theorem (22-term relation, Goncharov 1993)

S ~ .
L FA ey, yon S

2 ( Cye ( 2] + [— miy;__;il } + [ y(y;__zxill)] - [yj;_-z: +1 1)}

tlaz—z+1]— [m_:Jrl} + [xz_x+1])+[—myz]> =3.25(1)

xz
w-)
The arguments arise from a so-called triple-ratio of 6 points in P?(C) P Cg )
_ (124)(235)(316) l: - .
Cr3(U1,...,U6)—W J‘VIS w)\( |U\)V|‘\

— /)‘ “*‘qﬂ/\ ¥ § el
m Used to prove Zagier's conjecture oré(F(?)) %A’O Yeym

16 /49



Functional equations
Functional equation leaderboard

(

Lig:
L13

Li4:

Lisi

Liﬁ:
Li7:

Lig:

— .

Abel-Spence,  5-term, 2 variable - ‘fundamental’ Diskilrha, P

= o

Landen (1780), 3-term, 1 variable Li, (xP) =972 L;,\()x)

Spence-Kummer (1809/1840),  9-term, 2 variable A\
VGoncharov (1993),  22-term = 7 x Sg-orbit, 3 variable - ‘fundamental’

-

Kummer (1840), 20-term, 2 variable O~ keong - 4ol

Gangl (2012), 931-term = 9 x S5 X S5 X Z/2-orbit, 4 variable

C-Gangl-Radchenko (2019), 9 x 368 x Ss-orbit, 4 variable -  ‘fundamental’??

Kummer (1840), 33-term, 2 variable &= s

Radchenko (2016), 3 x Sg-orbit, 3-variable K3 CWTC‘J/\ 3’2{.;

Gangl iabl ™ \

angl (1990), 167-term, 2 variable Ndwche ~

e

Gangl (1990), 274-term, 2 variable

Unknown, except for ‘trivial relations’

CL—\(\%\’ () N I Shov ™ e

17 /49



Depth reduction and the Lie coalgebra

—



Simplicity in higher depth?

L‘A’o“ﬂﬁ) = ﬂ UQ

For|zy| < 1,|y| <1

Lij 1 (z,y) = Liy (z) Liy (y) + Liz (1__37:0) — Liy (x(ly_—ml)>

Ly l)lr\ec)l3 chedh N Oevd Gopeg

L D’wﬂ‘m)‘c}e - =) S < hepn velshan _
y < > §

L3y L (y) = L0y s Liglye) » LG (0w

n
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Depth reduction

Reducing Lis; to Lis

Goncharov-Rudenko give identity Q3 (of cluster-geometric nature): Ta) (7()\1)3 - ),L'Q | /‘Q L\
U

Cjcﬁ(1271(:!1’:[2’:[37:[4’ :[47:[57:[6’:[1) 13(:[17:[2?:!4’:[5) 213( :!1’:[3’:[47:[5)
RUY /)}‘
i (

4
- g[g([{l}'hl'g,l'g, x4,x5,x6])) =0 (mod products)

where
(x1 — 22) (23 — 24) :Ezk 1— xzk)

T, .., = (=1)k
[xl To fEQk] ( ) (LE2—$3 x‘q\ TQ:; $2k—l‘1

) = - ¢s(m, VYY)

20 /49



Reducing Lis; to Lis

Goncharov-Rudenko give identity Qs (of cluster-geometric nature):
Cycq <1271([1:1,m2,x3,x4], [€4, x5, 6, x1]) + I3([21, T2, T4, x5]) — 213([21, 3, T4, T5])
- %.[3([{1}171'2,1'3, x4,x5,x6])) =0 (mod products)
where

(1 — w2) (w3 — x4) - - (T2p—1 — Tox)

(w2 — %‘3)(334_— $§ o (rop — 1)

) (000 - )313<@>)0
< 'iLL”} \
fh(l:’)(s ——-——)\ :):2)(>(_)>/) <+ :):—)\M§ ¥ = :Cg/g

= 22 —dasm M §v\\xg¥}»~¥r3 ek 0!

[xl,l'z, N ,.’Egk] = (—].)k




Hopf algebra of MPL's

Motivic iterated integrals (Goncharov, Brown, ...)

Iterated integrals I(xg; 1, ... ,xn;.’l):n.l,_l) can be upgraded to framed mixed ate motives, to
define Us) € Hs , Ho s ® Y,

b‘j wr\&\ﬂ : I (20; 21, -+ oy T T 1) I~ S i’L,
elements of a graned Hopf algebra H :Va A, v N, dl

“"/J/( - / /\,\

p% "~

(cr%cc)\‘t\- AL (o321, T3 ) = . HVUMJJ/\\/)/“‘
/A

O?i0<i1 p=0
e N
-- \)’5\

21/49



Lie coalgebra

10
i =
A graded Hopf algebra induces a Lie coalgebra £ =H/H <o - Hso, with § = A — A°P

l@ (o; 1y, Tnj Tpt1) becomesxo; X1y.eeyTn;Tps1) (mod products)

Example

mologi(z) =0 £—— Ol = 18 \3’)1 volgn @l

m 0Tl (z) = —Lil_, (z )Alogﬂ(x) Y
o & L
),2131( y) = ng oLy () A Ltﬁ(ﬂ) #O

/r

Conjecture (Goncharov, Freeness)

The kernel of (5 IS generated by classical polylogarithms L1

Expectatlor%’r's\( C’Q C‘Dl\\ +C /) C-y/g \7“__,”] 12) = O
1A

I3 1 (5-term relation, z)

22 /49



Reductions of I3

% md  picdnds vy e S\J‘Akbl\

Theorem (Gangl, 2012)

I3 1 (5-term relation, z) is a sum of 122 Liy terms

Corollary

There exists a 931-term, 4 variable functional equation for Li,

e —— ST

To, (St (2 o dn (30)
h W

= 20—k (v N + D 4er ()~ ) X

= Lia pyv\m:\ @(vy\\gj\ X

23 /49



Depth reduction
Reductions of I3

Theorem (Gangl, 2012)

I3 1 (5-term relation, z) is a sum of 122 Liy terms

Corollary

There exists a 931-term, 4 variable functional equation for Li,

Goncharov-Rudenko give a conceptual derivation of the 122-term relation from Qg4:

7

o~ | ia\(@)m-y]ﬂa — Tak
T (S-ten, )7 = Tac . s



Expectation in weight 5

L
L L . L
® 0> >0041(2,y) = — Lia(x) A Liz(y) + Llé—(l") A Liz(y)

—41(10“)\ T4y + Ty, \‘—3)

%3_2 >) /—T—A_\’n(%\)) = -QLLQ()’)ALI:/%(\J)

Hopeful conjecture

m I (5-term,z) = 3" Lis's

] IIl(x,22—term) =3 Lis's

Some identity Q5 exists, and implies this?



Results in weight 5 - Q5

5 4 5 4 5 4 5 4 ) N
6 3 6 3 6 3 6 3 T =7T
C (‘215,1,1[ @ ]+212,1,1[ ] ‘ZIg,l,ll @ ] —4I§,2[ @ ] _‘S \—S
L_')(% 7 2 7 2 7 2 7 2
1 g 1 1
N
-
4 4 4 4
@) ) () e T
+41) +41) +41) -321Y% o
7 2 7 2 7 2 7 2 = \ \
1 1 1 1 -3 (7 — ——\
7
4 4 4 4 :L,
6 3 6 3 6 6 3 tq ( L
+21§,1[ ] +2I!1,1[ @ ] +2I§_1[ @] -16I§[ @ ] 1 —-——’) 2
7< ; jz 7 2 7 2 7 2 Vot )<,
3 1 g1 g1 ?)
5 4 5 4 5 4 5 4 —_
o (G o [ = (G =[] T4 )
- 4,1 - 4,1 - 4,1 + 5 B
7 2 7 2 7 2 7 2
1 1 1 1 =
5 4 5 4 5 4
- 6 3 " 6 3 1578 6 3 o <) ; ‘7
I 2 e 2 |7 2 ) "4//\. Lj)
1 1 1




Depth reduction

Consequences of Qj

Degenerating Qs to 1 = 23 = x5 isolates a single I3 1 1 term

Proposition (CGR, 2019-7)

I3 1,1 can be expressed via I3 2, 141 and I

Further degenerating to x5 = x7 isolates a single I3 5 term
Proposition (C 2016, CGR 2019-7)
I5 o can be expressed via 141 and I5 (>— (—;\J {d\;d‘ \,\) Mk mone

Substituting back into Q% Ta ;r = }"@}h L‘;'g /'7 ) @P\‘Qw Ig @AS\
Pre-Theorem (CGR 2019-7, 22-term)
I (2,22-term) can be expressed via a sum of I, (5-term, z;), and I5's
<(\ K\\h/“ )‘Zj ), 2 5
o " |

Of v -

26
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Reduction of I3

Is2(z,y) =

—laa ( 4) + I (305) — T (552 w)—fu(w -5*)

L (P 5ty) — R (55 1) — T (55 - ) + I (552 - 5Y)
—lan (5:3) ~aa (L k5) + L (0 h5) — faa (1- 9. —52)

s (25 30 (55) 1o (452 05 (+152) =05 (5)

+305 (—q=dy) +4Is (- 52) + 615 (725) + 15 (3) + I ()

— 415 (75) — 415 (5) (mod products)

27 /49



Reduction of I3 4

Iia(z,y,2) = I32(w,y)

(U2 (8 ) ~ Taa (3 2) s (5 422) T (125

ly’ (= y)Z)JrI‘“( )+I41( = Z))+I41(1 v’ (ly yz) )

—Laa (s -y (—y)z

I (1= v 5r5) — L (552 ) — I (552 - 528) + I (5 505
(5 )~ B (12 ) — s (1 2.5+ (052, 22)

—141(’”5 z’v )+f41(’“$7§)7§j2x1’l§)—141(y o) (L)
+lan (=52 W) L (855 - 5)

—Is(v) — (o) + 2 (050) + 20 (3) + 15 (- %)

+15(322) + 15 (322) — 405 (F22) — s (— (5565) + 5(522)

15 (2) — 1o(2) = 13— 1) 415 252) 4 1 () 41 (1152
*415(2(,1;2) (*x Z)Jr ( = z>z)+15(y<z Z))+315( )

+ I5( - (f’:y)z) +I5( (( _))) (mod products)

28 /49



Depth reduction

Further results for I,

With computer search

Proposition (CGR 2019-?)

Certain degenerate versions of 5-term can be reduced

l\'lL‘Sf/\ Y'\G\ﬁ\'-sS_ IL([HC] — [yl + [2] - [1 —y] + [L(U(l —y)}z) = ZLig, 's N?OG#MT‘
N

T 1—=x

1—ax)y

— — _ 1=y
when z=1orz=yorz==—*.

Older results
Proposition (C 2016)
Explicit reductions for the 2-term relations in Lis, or the 3-term relation in Lig as follows:

L (] + (3 w) I (@] + [ = 2l ), and I (2, [y] + [1 =y + [1 = 5] = [1])

Still trying to find Iifl (5-term, z).

—_—

29 /49



Strategy to prove Zagier's conjecture



Strategy to prove ZPC

Strategy to prove ZPC - K-Theory background

4
/s 3 :7.
= Quillen defines algebraic K-theory of a field K,,(F) = m,,(BGLTF) j y/’We .

Theorem (Borel, 1974/1977)

m For each n > 2, there is a canonical class ¢z, 1 € H*"~'(GL,(C),R)

——

m The canonical class induces a regulator
RP°: Ky, 1(F) = R%

identifying K,,_1(F) /torsion with a lattice in R (", 06 {v\l\ Vel ‘]
P »

Cr(n) ~gk wtdntt y/ \AFH covol(RP)
"

m One has

So try to express RP° via .Z,,.




Strategy to prove ZPC

Strategy to prove ZPC - Grassmannian polylogs

Key tool

Definition (Grassmannian polylog)

Grassmannian polylog Gr,, is a multivalued analytic function defined by

dGrm(vlv 000 ,'U2m) = A1t2m A('U17 ooy Um ‘ vm+17 soo ,'U2m) :
e
U Wy n g™ dlog(mtl....2m)
where A(vy, ...,V | wi,...,wy) is geometrically defined Aomoto polylogarithm.

Theorem (Goncharov)

A single-valued version of Gr,, represents @  Cp_y

So try to reduce Gr,, (up to a cohomological coboundary) to £,

%&S‘,\ + o . %(;ﬂ‘,\ Y orechon | O



Aomoto polylogs

33/49



Construction of ¢g,._1




Construction of g, _ 1

Construction of ¢

Represent ¢ € H™.'(G,R) via cochain ¢: G™ — R.

cts

#1 ‘GL1(C)?> =R
¢1(g1, 92) = log(det(g; 'g2))

defines 1-cocycle, and represents c;. S, ,g \
- 2y ‘: (| )

Cocycle condition corresponds to log functional equation.

log(z) — log(y) = log (g)



Construction of g, _ 1

Construction of c3

Introduce coordinates

Confyp(n) = {(v1 ..., v0)|v; € Cm}/GLm

Write
(i1, i) = det(vi, -+ -v5,,)
Classical cross-ratio is a function on Conf4(2) \,“'{7 \ vadl !
vy )
cr(v vg) = (13)(24) &
17"'7 4 - <14><23>

—t1
Z1 — 23 22 — 24

Z1 — 24 29 —Z3

where z; € P1(C) «+» v; € C?

36 /49



Construction of g, _ 1

Construction of c3

Theorem (Bloch)

$2 : GLy(C)* = R
$2(g1,- - ,94) = La(cr(grv, ..., gav)))

defines 3-cocycle, and represents cs.

Get Zagier's Conjecture for n = 2 via Borel.
Cocycle condition corresponds to non-trivial .Z5 functional equation

11__;2} -yl [ll:zyy]) =0

) 25 ([e) + [yl + |

Famous five-term relation.



Construction of g, _ 1

Construction of c5

Goncharov defines a (pre-)triple-ratio by

24235 316
_ )(316)
Cr3(1}1,...,v6)—m \2S ,2%6 ’S)A

Theorem (Goncharov)

¢3: GL3(C)°* - R

#3(91,- -, 96) = Altg L3(cr3(g1v, . .., gev))
defines 5-cocycle, and represents cs. (.

Get Zagier's Conjecture for n = 3 via Borel.

Cocycle condition corresponds to 840-term Liz functional equation. Related 22-term functional
equation.






Naive generalisations of cr

How to generalise the cross-ratio and triple-ratio?

or(v, - va) = (14)(23) L
cxg(v1, ... vg) = L2 (285)(316) ¢ s n
BV B0 195)(236) (314) ( <)
Naive guesses like i Y Y /-Qj/) 22 @)(®
~ (1235)(2346) (3457) (4518) X4
era(V1,- V) = RS 5315) (3456) (1517) >’
fail.
m Not Liy functional equations, or \
4 q N}%?eu//(fa(\/) \1§ n

m Don't define cocycles
B e . Lﬁ qul/\l CQ/DHW\ (L\lfi
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Higher-ratios

m-ratio

Despite failure of naive generalisation, Goncharov conjectures some generalisation exists

Conjecture

For m > 2, there exists

Z Ai[ri]l, i € Q(Confy,,(m)) (1)

such that
Om(g1s- -5 92m) = Altap, E Xi ZLm(ri(g1v, ..., g2mv))
i _

is a (2m — 1)-cocycle and represents cop,—1.
Formal linear combination (1) is called an m-ratio

Goncharov-Rudenko show 4-ratio exists, but do not construct it.

[
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Higher-ratios

Reduction of Gr,,

Goal: Rewrite Gr,, in terms of .%,,
Problem: An obstruction exists, meaning this is impossible

Fix: Can modify Gr,, by trivial coboundary terms depending on < 2m — 1
points. Find trivial coboundary correction which kills obstruction.

Goncharov-Rudenko already do this in weight 4. %(/f
B vahy) <0

L) n~oaan

42/49



Explicit reduction of Gry and a 4-ratio



Explicit reduction

I51 and p-coordinates

Definition (I3.1)
I3 1 multiple polylog is defined by

Definition (p-coordinates)
Coordinates on Confg(4)
_ {04+ 1,i42,7)
(@%4{1) P = Pl = T 1,0+ 2, 8)

mod 6
Shorthand p; ; = p; — p;
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Explicit reduction

Reduction of Gry

Theorem (CGR, 2019)
Modulo products

7
= Gry = Altg [Ip (22084 PLY oy, (212 22

144 P3,201,4 P1,4 PL P34
soriy (282)].
£1,203,4
Found with computer assistance. Explicit calculation of the symbol by hand. O
Note: some structure in this reduction. + _ fi 7
Makes explicit first step of Goncharov-Rudenko. - T 3 ~ ¢

Grqg = Z]i%)g bj adas ety
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Explicit reduction

Gry coboundary

Goncharov gives Gry coboundary as
Altg I3 1 (cr(34 | 2567), cr(67 | 1345)),

with projected cross-ratio

Symmetrise I3 1 for convenience using

I (z,y) + I31(z7 ", y) = Lis's,
I3 (z,y) + I31(1 —x,y) = Liy's.

Write Symgg(x, y) for these extra Liy terms.
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Explicit reduction

Gry to Liy's

Theorem (Explicit 4-ratio, CGR, 2019)
7
i G)+2 Altcr(34|2567),cr(67|1345)) =

P41’ p4,3

Alte { V(5 [ 251  [or(43]2685); cr(48[7653)]

+ 1[cr(43[1256); cr(43|1268)] — 1—12[cr(43|1256);cr(42|1365)])

O E Y | V(88 —fon(4512685;cr(48[765)] -+ er(48]72353cx(48]7263)]
+ 1[er(46]5238; 43]2568)])
= St

+Sym36(91,203,4 p_1)+28ym36(01,2 p3'2)+6Li4( P1P3,2 )} .

P1,4P3,27 P1,4 P17 P34 P1,2P3,4

Corollary

Symmetrising over 9 points gives a new Liy functional equation with 1775 Sg-orbits. Compute
assistance gives 368 Sg-orbits.

4-&%\6\‘
0= Ma (37 Sy Groo= Alig AB8) (e fsese) - ymc?)




Explicit reduction

Status of ZPC on (r(5)

Theorem (CGR, 2019)

Expression for Grs in terms of four I, ; terms and 2 L15, under Alty1g. Coboundary correction
term expressed via two I4 1 terms.

Together with reductions for 14)1, have a starting point for the combinatorial step in weight 5.

Missing ingredient

‘

Still searching for the reduction of Gy — - Z\
: Cely £4J (§lem X \
141 (5-term, z) ZL155 N s
Y -
' ;‘14,(&} 2.,
Generally /\H—H f\'> L’S ~Je — )

Theorem (CGR, 2019)

For any m > 2, have
2m — 1
0/ T\ Grm - Alt2m (Oa Ovpl,p% <o Pm—1; Pm) )
ml(m —1)!

with generalised p-coordinates. /\QV"c\ \*Q)c%d |r~)'€ﬁ o
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Explicit reduction

Summary

2

m Definitions and key properties of multiple polylogarithms .
y prop ple polylog The Mﬂqb\c\,k J\\\ N
m Motivation for studying: Zagier's polylogarithm conjecture on (r(n) L
W(WG):¢2
m Functional equations of Li,, T,q_“ (g . Le,w\ 9 E
m Directly ) )7) F
7
m Through depth reduction to Li, —_ JQ“)\L‘ 3 /- j’é
- . [ 5
T Y1) He?)
m ‘Key identity’ Qs for weight 5 MPL's =3) ( )5 ) < L-X ) /
L
4
m Reductions of I3 11, I32 in weight 5 y) o j
m Partial reductions of Izl under dilog/trilog identities l ) R
Ly ¥ !
m Strategy to prove Zagier's conjecture on (g (n) S'Q( . ) l 2 'j
T < ‘
. . . : ~4, (Y9 \
m Explicit construction of the 4-ratio (re-proving (z(4)) ~_ e / ) qu@ ?)
=

m Small progress towards (z(5) ~ Sr& 2 (g <L) L)m%)
o~



