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Classical polylogarithms

Definition (Polylogarithm)

The weight n polylogarithm is
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Introduction

Functional equations

Key feature

Polylogarithms satisfy interesting functional equations

Theorem (5-term relation, Abel, Spence, Kummer, . ..

For x| + |y| <1 we have Loyl
L Lis(y) — L L (% Lip (—%
[ iz(@) + Liz(y) - Liz %) 2\1- >+ 12((1—96)(1—y))
= )g R“JVV\*S = —log(1l — z)log(l —y)
m Proof on the level of power series m Or by differentiation

The arguments arise from cross-ratios cr(a, b, ¢, d) = Z:;/i:g from 5 points in P1(C)

LL‘Q(')() ZW)OJ\)Y)LJS

ﬁ— Al
m Does every Lis relation follows from the 5-term? L"’)( |~y )

m Simpler 2-term relation when y =1 — .

= (’b\mc\,(v,)
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Introduction

Multiple polylogarithms and iterated integrals

Definition (Multiple polylogarithm)
Depth d, weight ny + - - - + ng multiple polylogarithm is

k1 ka

z coco2Z
1 d

Lin,,...ng(21,..., 2¢) = E —k o |z;] <1
0<ky<ky<--<k, L d

m Multiple zeta values at zy =--- =24 =1
m Stuffle product structure

Definition (lterated integral)
dto dtn

dtq
I(xo --~,33N;SCN+1)=/ A Ao A — N
@ Co<t1<--<ty<zn41 b1 @ lo — T2 IN — TN
Ly (21 20) = (110 2 (0RD, o {017 L {0y

m Shuffle product structure



Introduction

Nielsen polylogarithms

[

K. S. Kélbig. Nielsen's generalized polylogarithms. SIAM J. Math. Anal., 17(5), pp.1232-1258, 1986.

Definition (Nielsen polylogarithm)
(-1
(n—1)!p!

dt

Sn,p(z) = ? .

1
/ log" " (£) log? (1 — 1)
0

Equivalently

S@’dz> = Li{l}p_l,n-i-l(la e L Z) = (_1)1)[(0; {1@{0}@ z)

m Extendston=0and p=0

m Sop(2) = % logP(1 —2) = i Lif(2), Sno(z) = 1 log"(2)

mForn>1 48, .(2) =18, 1,(2)

m Appear (alongside harmonic polylogarithms) in QED calculations

6

28



Introduction

Motivation: Zagier's polylogarithm conjecture

Let F' be a number field, O its ring of integers

Definition (Dedekind zeta function)

The Dedekind zeta function of F' is

)= Y N(II)S, Re(s) > 1

Fra ‘ I;e(i?j)egloF f@ (n} < S(n )
L nc Py

Conjecture (Zagier, 1991, Schematic)

Forn > 2, >

o e ( L 1) )
dn
Cr(n) = rational - w"%+1 \/|Ap| - det (Weight n polylogs){ -
)=
R N
where d,, = 71 + rg,@)dd, and d,, = 1o if n even.

)

Strategy/idea to tackle the conjecture involves reducing higher depth MPL's to depth 1 L.,
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Basic properties of Nielsen polylogarithms



Basic properties of Sy, p

Special values z = £1, &

At z = 1, Riemann zeta values

Snp(1) = C({1}"~,n+1) € QRZV]

At z = —1, alternating MZV's

Snp(=1) = C{1}*1,n+1)

m Appear to be irreducible (for n even)
m Sy2(—1) =¢(1,5) = h51 in MZV Datamine basis (irreducible)

m S33(—1) = %h51 + ﬁC(Q)S . ig(?))Q

™

At z = 3, also alternating MZV's

Apply transformation z — 1 — 2z: . v = j‘hﬁ\"rj m?\!&
Snp(3) = +1(0, {117, {0}"; 1) = +1(1, {~1}%, {1}";0)



Basic properties of Sy, p

Inversion

Proposition (§5.3, Kolbig)
For z € C\[0,00), and n,p > 1

p—1 k .
Sn,p(%) — (-1 Z kmz_:ol <n+k m 1> Senmpn(2)

k=0
1op¥ P (— g
+(—1)p( = + % \ M,),

Here C,, ,, is an explicit polynomial in S, (1) = (({1}*~1,b+1), of homogeneous weight n + p.

M

The depth p combination
1 n
Sun(Z) = (<1 Sup(2)

reduces to lower depth and products.

Parity

Compare with Panzer's general parity theorem

10/28



Basic properties of Sy, p
Reflection

Proposition (§5.1, Kolbig)
For z € C\ ((—00,0] U [1,00)), and n,p > 1

Snp1 = 2) = L o T 0g?(2)

n—1 j — % p—1 o k P
+y =t )<snj,p<1>—2( Do >spk,m<z>).
7=0 k=0

After neglecting products, one has

Spn(2) = —=Snp(l —2)+ S, (1) (mod products).

Path deconcatenation

Follows from path deconcatenation and shuffle product of iterated integrals

Tl -7 o, .. 9 T(3 )

1 -
) - Il )
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Basic properties of Sy, p
Simple consequences

Proposition (S22 reduction)

For z € C\ ((—00,0] U [1,00)), express S2 2(2) via Lis and products of lower weight.

& 1) — Liz(z) log(1 — 2)

z —

Sa2(z) = — Lig(1 — 2) + Lis(2) + Lis (
1 1
+ a log*(1 — 2) — 3 log(z) log®(1 — z)

+ 3:C(2)log? (1~ 2) + {(3) og(1 — 2) + ((4).

Proof.
Inversion of S 3 gives

S13(271) = —=S13(2) S3.1(2) (mod products, constants)
)

Then apply reflection.\) < Y L, q o

~) gg\ _%
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Basic properties o

n,p

Interlude: (r(4) after Goncharov-Ruden

Substituting (29) to the relation Qs we getthe 22-term relation for trilogarithm from [G:91
Therefore the map {a}; — {}3 induces an isomorphism

Bj(F) > Ly(F) (30)

Che relation (20) has the following geometric interpretation. Take five points (2:0,, 1,y)
where the last four points are ordered cyclically. Then

by = .
([0 0., 1y + {[20, 19, O]y + {[50, 9,0, ]y + {50, 2 Ly = {10, Lyl — {1

Definition 1.8. The Q-vector space Ly(F) is generated by elements
{5, where x,y € F*, obeying the following relations

{a},, where @ € PL(F), and
1. The generators {x}s satisfy the -logarithmic relations Ra(F);
2. Specialization relations®
{0k = Spep firs thyy = e a2
(2 )gy =~ {1-2"), — (L), + {a}, -
3. Qu: For any configuration (¢1,23, ...7) € Mo (F) the following cyclic sum is zero.
(,\(7(,{[,‘ w2, w3, 24], 4,06, 07, 21T}y
(e w2, 25,24 foa, s, o iy
(TR A | W
(e, 6l)y + (o2, 0, 71,25, 761),) =0

i
(33)

Conjecture 1.9. Relation Q and its specializations imply the tetralogarithm relations Ry(F).

Let us define the coproduct maps

§: Lo(F) — F* n F*

(34)

La(F) A La(F),

First, we define them on the generators: the coproduct 4 {z}, is given by formula (6), and!0

sty = {12} o2+ {2} 01t ek oy + oo,

Bk = {0k, ©3 + {2} @72+ tehw -y )6
~fh A (uhe
us give a motivic interpretation of elements {x, y},,—1,1 and their coproduct formula (35).

32) could bo deduced from relation Qy, but this would require long caleulations.
oincide with the map (z, y) given by formulas (5) and (6) in (91

10

2. Specialization relationé@

{z,0}3 1 == Spio {z. thy ) = —{z}as

ﬁ - —{1-a" 1}ﬁlf{lfr} + {z},
) * 7
Hgt

—3Lis(})

1R

{.’E, y}3,1
{x,1}31

13,1(x7 y)

13,1($7 1)
52,2 LE)

-3 Li4 (.’,C)
(mod products)

Therefore, understanding S, , is necessary

13/28



Basic properties of Sy, p
Simple consequences

Proposition (S5 2 two-term)

The following two-term functional equation holds

S39(1 — 2) + S39(2) = Li5(1 — 2) + Lis(1 — 27 ') + Li5(2) (mod products, constants)

e

Proof.
Inversion of S 4 gives “San 1 =2 )
231201
S1a(z7h) = —S1.4(2) + S2.3(2) — S32(2) + S41(2) (mod products, constants)
L,

Then apply reflection. \ (/ O
3

Li( v -2) LoC2) = (Cmv\ku\j.

14 /28



Interlude: Motivic framework



Motivic yoga

Hopf algebra of MPL's

Motivic iterated integrals (Goncharov, Brown, ...

Iterated integrals I(xo;1,...,%n; Zn+1) can be upgraded to framed mixed Tate motives, to

define
u . o
I (x(bxla ceo 3 Ty xn—i—l) 5

elements of a graded Hopf algebra # (grading is by weight)

AI <.’I;0,.’L‘1,.. :L'n7x’n+1

k
u u
I @ Tpt1) ®HI(
0= 20<l1< p=0

<zk<1k+1_n

3 Lip1y ey Lipyy = ;xip+1)

16 /28



Motivic yoga
Lie coalgebra

A graded Hopf algebra induces a Lie coalgebra £ = H/H~0o - Hso, with@: A — A°P
m 1Y (20321, ..., Tn; Tny1) becomes I¥(zo; 21, ..., Tp;Tpy1) (mod products)

Example

m 0L (z) = Lii_,(z) Alog®(z) € L1 ALy

~_—

ke § <
(= 02785(0) = - 3@ A CE®) + CDMLGE) <y,

The kernel of 622 is generated by classical polylogarithms Lifl(x)
Expectation

S§72(di|ogarithm relations) = ZLig's

Z/\/'J/l, )
Nl\\\l’\\ | N e \4 Q

Conjecture (Goncharov, Freeness)

17 /28



Motivic yoga

Symbols of MPL's

m Algebraic invariant of MPL'’s

m Captures structure of “main-terms” of identities

Iterated coproduct (A[™])

A(m—l,l)

Alm=2.1)giq Alm=3,1) 0 1®2 ALD gig®m—1
Hip, ———— Hino1 @ H1 ————— Hypo @ HY? R : HE™
Definition (Symbol)
Symbol of I"(zo;z1,...,ZN;TN+1) IS
N
SI'(zo; 21, .., an;n41) = AN (@o; 21, . 2N 2N 1) -

Identify I'(a;b;c) = log (E:Z) with rational function g:g and use multiplicative tensors.

m Dynkin operator also kills products (= mod-products symbol)

SLi'(2)=(1-2)®222°"2 w (1-2)Az@2%"2

18/28



Five-term relation for S35




Five-term relation for S

Five-term precursor

Recall (Inversion and One minus)

Recall we have:

S3.9(1 — 2) 4+ S32(2) = Lis(1 — 2) + Li5(1 — 27*) + Li5(2) (mod products, constants)
S39(271) + S32(2) = 3Lis(2) (mod products, constants)
Five term relation: N
5 (-1

BLiQ(Cr(xl, cesTiy...,25)) =0 (mod products)

i=1

Note
m 1 —cr(xy,x2,23,24) = cr(21, 23, T2,24), and Liz(1 — 2) + Lis(x) =0 (mod products)
m 1/ cr(xy, 22, 73,24) = cr(xg,x1,73,74), and  Liz(z7!) + Liz(z) =0 (mod products)

So antisymmetrise:

[:Alt5 { Lis(cr(z1, 2, z3, x4))} =0 (mod products)

20/28



Five-term relation for S

Five-term

Theorem (S5 2 of the five-term relation)
Following identity holds between the mod-products symbols of S35 and Lis
Alts {1153)2 ( CI‘(:I?l, T, T3, 334))
+ 15L15@x1,.. .’11‘5 —9Lis @ml, 5oo0odP +L15 ra\(x1, ,m5))} 2.

Here A e
cr(wy, va, T3, T4) 1= Exi — xz;gxz - a::,;

is the classical cross-ratio, and ry, 15,13 are the following ‘higher ratios’

(1 — x2)(z1 — 74) (23 — T5)

rl(xla""zfi) = (xl —.’E3>($1 —JJ5)(.’L’2—JJ4) )
I‘Q(Jfl . 1‘5) = — (.731 _ 1‘2)2(1'3 _ l‘4)($3 _ 1‘5)
T (z1 —23) (21 — 24) (22 — 23) (22 — @5)
_ (w1 —x)®(21 — w5) (w3 — w4) (23 — 5)
r3(z1,...,25) == —

(1 —23)3(x1 — 24) (T2 — 74)(T2 — T5)*

21/28



Five-term relation for S3 o

Proof strategy

Symbol captures differential properties of MPLs. Can be computed/manipulated
algorithmically, so can check using computer assistance.

S39(2) w —(1—2) A2z @ ((1 — 2) w 2%?)
Liz(2) w —(1 —2) Az ® 2®3 (o~

1N
Step 1 Show complicated irreducibles cancel /&S‘R’
¥

Step 2 Consider representation on /\2 V @ Sym? (V) = W, & W, C/\e/\
V' = spang, {cr(@, Tit1, Tit2, Tiys)}

Step 3 Show 6-dimensional part is trivial

Step 4 Check identity in 4-dimensional part by polynomial calculations

22/28



Five-term relation for S

Refinements and corollaries

Corollary (Radchenko 2016)

Alternating over 6 points gives a Lis functional equation

Altg {Li5(15[r1(:r:1, ooy x5)] = Ofra(@s ..., x5)] + [r3(1, .. ,335)])}

L

0

Numeri.cally check.able S3 o(five-term) ic.ientity holds QM T LL‘S = Q (LU\
m Using clean single-valued polylogarithms — 0 N Y~
— b e K
~—= m Directly by analysing the coproduct J GM) ) 9‘.2 + L:’ (‘Q,\S}\UL

)

Any “accessible” dilogarithm identity/functional equation lifts to an S3 o depth reduction
identity/functional equation



Five-term relation f

Evaluations for S3 2

Example (Dilogarithm evaluation)

For¢ = %5 the golden ratio, then
/

Liz(p™%) = 2¢(2) ~ log?(9)

m Avrises from specialising five-term relation at the start to x = ¢~ 1,y =1

m Simplify using =2 =1 — ¢!, and variants

Corresponding S3 o evaluation

S32(67%) = o5 Lis (19701 — 32097 + - [677] — 48[

+Lig (672) log(9) + 5¢(5) — 5C(4) og(9)

~ C(3) Lia (67%) — 350(2) 108(6)° + 5o og(9)".

24 /28



Extra: Results and expectations in higher weight



Higher weight
Expectations for Sy 2

0225} o(2) = — Liz(2) A ¢*(3)

m Expect S, satisfies trilog functional equations modulo Lig

So far, only know

Sy2(2) — Sy2(271) =4Lig(z) (mod products)

54,2(2) + 54’2(1 = Z) + 54’2(1 = .’E_l) =
2(Lig(2) + Lig(1 — 2) + Lig(1 — 27"))  (mod products)

m Can still investigate special values.
Lig(-1) = =§¢"(3) ~  §7251,(-1) =0
So S42(—1) = ¢(1,5) should be depth 1?

26 /28



Higher weight

Special values of Sy

Ssa(-1) =35 (3 Lis (~5) - 162Lin (~3) — 126Lis (5) ) - T56)
;

C(3)? + $:0(6) 108(2) — 52(1)10g?(2) + 7-C(2) log!(2) — 5= Tog’(2).

Analytic proof via identity Lis 1(—z,—1) =9 Sy o terms + 117 Lig terms (mod products)

Motivic structure

Key points
m A'STH(=1) = $¢M(3) ® ¢M(3) + 35 log™(2) ® ¢ (5)

n AGDLig(z) = Lif'(z) ® log"(z)

o Lif (1) ~ 162138 (~}) ~ 12613 (3) = 43¢7(5) + products.

27 /28



Higher weight
Summary

—~ :_,%;
Tanl Shm) gy 2) = Ty e

m Definitions and key properties of Nielsen polylogarithms :

Motivic yoga to determine which reductions occur ¥ L ’

m Connections to Zagier's polylogarithm conjecture, and

T
m Goncharov's freeness conjecture Igt‘(/_uz lj ) O%P j\]/\ ’2 . )
t/bé Pk) S"‘Z( ‘)’[\l,ha j

m Main result: five-term relation for S35

m Evaluations for S3 o at dilogarithm identities

m Extra: Evaluations in higher weight by motivic viewpoint
T

‘\’ /
iz})(g\ﬂ\m\/\)\j\ = L. '*&Q(&)
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