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Modular forms relations
Double shuffle, revisited

Double-zeta double shuffle relations are

kal o kal
Z(X+Y,Y)+Z(X+Y,X)-Z(X,)Y)-Z(Y,X) — CUC)W =0
Can construct general solutions (realisations, with ((k) — 0) to these relations via
Z(X,)Y)=AX,Y)-AX, X -Y)+ A(Y,Y — X)

for A(X,Y) any polynomial even with respect to Y. Can use ideas like this to connect
to period polynomials.

Theorem (Gangl-Kaneko-Zagier, 2006)

Let f € Sy12(SLa(Z)), with (even part) of period polynomial P¢(X,Y), and define a,
by w
ZG'TXTYU]—T — Pf(X —|—Y,X)

r=0
Then

w—2
Z ar(w—r)i{(r+Lw+1—7r) € Ql(w +2)
=0

even
19/22

Modular forms relations
Examples

Weight 12, have one degree 10 period polynomial

Pi(X,Y)=-X%Y? +3X°%Y* - 3X*Y% + xX?Y8
Py (X +Y,X) = =8X7° - 28X%Y* - 38%°7° — 25XVS — 837" — Xx?Y8
5197

Relation:  — 28 - 4161((7,5) — 25 - 4161¢(5, 7) — 2181((3,9) = —415! -~

(12)



