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Multiple Zeta Values

The multiple zeta value (MZV) (a1, ag, ..., a;) is defined by
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m For convergence a; > 1
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Definitions

Integral Representation

Can write MZV as a Chen iterated integral

g = & (d) de <d)
U -ees Gk) = pyl—z\z 1l—z \ z

= 1(0;10~ ... 10% 1 1)

m Encode ((a1,...,ax) as binary word 1041 ... 10%1

m Also write ((yz®@ ! .. yg®%—1)
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2n repetitions of 2
——
(2n+1)¢(1,3,...,1,3) = ((2,...,2) =
N————’

n repetitions of 1,3

7.‘.471

(4n 4+ 1)!

28¢(3,9) + 150¢(5,7) + 168((7,5) = %917«12)

m Can we describe all relations?

m Are they weight graded?
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Duality

Substitute z — 1 — z in integral representation
((al, ey ak)

(0;10% 71 - 10%7 15 1)

(0;1%710 - 1%710;1)

I
I
m Effect — reverse word and interchange 0 < 1

Clye™ e yp ™) = C(y™ ey )

¢(1,2) = 1(0;110; 1) = I(0;100; 1) = ¢(3)
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Motivic MZVs

Motivic MZVs

Purely algebraic objects (™ (ay, ..., ar) and I™(0;...;1)

Automatic weight grading of relations

m Form a Hopf algebra, with a coproduct A

Map back to MZVs (™(ay, ..., ax) — ((a1,..., ag)
Motivic MZV relations imply classical MZV relations
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Motivic MZVs

‘Transcendental’ Galois Theory

DiI™(w) = > I%(S)® I™(w/int S)

S subword
of length k& + 2

Mnemonic

_an—|—1

B W= qayayq ... anan4+1

mS=0y - Oprpr1, w/intS=ap--apGpirpy1- Gt
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‘Transcendental’ Galois Theory

Theorem (Brown, 2011)
If Z™ has weight N and D Z™ =0 for 3 < k < N odd, then

Z™ e (™(N)Q
¢™(2,...,2) = I™(0;1010---10;1)
Hf—/ %,_/

n repetitions of 2 n repetitions of 10

m Can show all Dx¢(™(2,...,2) =0

m S0 ¢(2,...,2) € ((2n)Q = 12"Q
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Cyclic Insertion

Conjecture (BBBL)

Given ag, a1, . .., agp, with sum m we get
Z ? 7T4n+2m
C(2%,1,293,... 1,201 3 g0y L T
|
cyclic shifts (4m +2n + 1).
of a;
o 70
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Symmetric Insertion

Cyclic Insertion

Conjecture (BBBL)

Given ay, ai, ..., ag, With sum m we get

. . . 2 7T4n+2m
Z C(2%717213 22n1322n):

cyclic shifts
of a;

? 7o

€(2:1,3) +¢(1,2,3) +¢(1,3,2) = —

(4m 4+ 2n + 1)!

€(2,2,1,3,2,1,3) +¢(1,2,2,3,1,2,3) + ((1,3,2,2,1,3,2)

7 it

+¢(2,1,3,1,2,2,3) +((2,1,3,1,3,2,2) = 7

15 /17
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Symmetric Insertion

Given ay, ai,. .., az, With sum m we get

> ¢(2%,1,2,3,...,1,2%1,3,2%n) € piHNQ

all permutations
of a;
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Symmetric Insertion

Symmetric Insertion

Given ag, ai, . .., a2, With sum m we get
> ¢(2%,1,2,3,...,1,2%1,3,2%n) € piHNQ

all permutations
of a;

Sketch of Proof

m Lift to motivic MZVs

m Write the iterated integral nicely as
I™ (1)@ (10) 1 - (o))

m Compute Doy

m Pairwise cancel using symmetry [

16
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Summary

Definition of multiple zeta values

Irrationality and transcendence?
Relations between MZVs

m Shuffle and stuffle product

m Double shuffle generates all?

m Motivic MZVs

m Combinatorial tools
m Transcendental Galois theory

Symmetric insertion
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