
Warmup Q2‘ii)’ and Q3i)

Let R = (Z/2)[x] and I = (x2 + 1)R. In R/I, check
(1 + I) + ((x + 1) + I) = x + I

(x + I) · (x + I) = 1 + I

In R = Z[
√

5] show (2, 3
√

5)R = (1)R.
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Ideals

Ideal is a subset I ⊆ R such that

1 I is closed under addition,

2 For all x ∈ I and r ∈ R, we have xr, rx ∈ I,

3 I is non-empty

Can replace 1 and 3 by
(I, +) is a subgroup of (R, +)
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Quotient rings

Define a ∼ b iff a− b ∈ I

Get equivalent classes

r = r + I := { r + x | x ∈ I }

Quotient ring is R/I := { r + I | r ∈ R }

Operations
(a + I) + (b + I) := (a + b) + I

(a + I) · (b + I) := (a · b) + I
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Q2‘ii)’

Let R = (Z/2)[x] and I = (x2 + 1)R. In R/I, check

(1 + I) + ((x + 1) + I) = x + I

Use (a + I) + (b + I) := (a + b) + I

a = 1, b = x + 1 ∈ (Z/2)[x]

a + b = 1 + (x + 1) = x

So calculation is correct
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Q2‘ii)’

Let R = (Z/2)[x] and I = (x2 + 1)R. In R/I, check

(x + I) · (x + I) = 1 + I

Use (a + I) · (b + I) := (a · b) + I

a = x, b = x ∈ (Z/2)[x]

a · b = x2

Is x2 + I = 1 + I?
Yes, since x2 − 1 = x2 + 1 ∈ I
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C, a familiar quotient ring

R[x]/(x2 + 1)R[x] C

∈ ↔ ∈

(a + bx) + J a + bi

(2 + 3x) + J =
{
2 + 3x, 4 + 3x + 2x2, 1 + 3x− x2,

3 + 4x + x2 + x3, . . .
}

= (4 + 3x + 2x2) + J = · · ·

↔ 2 + 3i = 4 + 3i + 2i2 = 1 + 3i− i2

= 3 + 4i + i2 + i3 = · · ·
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C, a familiar quotient ring

((1 + 2x) + J) + ((3− x) + J)
= (4 + x) + J

↔ (1 + 2i) + (3− i) = 4 + i
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C, a familiar quotient ring

((1 + 2x) + J) · ((3− x) + J)
= (3 + 5x− 2x2) + J

= (5 + 5x) + J

↔ (1 + 2i) · (3− i) = 3 + 5i− 2i2

= 5 + 5i

C is R[x]/(x2 + 1)R[x] after writing i = x + J .

8 / 11



Generating ideals

Elements r1, . . . , rn ∈ R generate the ideal

(r1, . . . , rn)R

Is the ‘smallest’ ideal containing r1, . . . , rn:
If r1, . . . , rn ∈ I then (r1, . . . , rn)R ⊆ I

If R commutative

(r1, . . . , rn)R =


n∑
i=1

airi

∣∣∣∣∣∣ ai ∈ R
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Equality of ideals

Ideals I = (r1, . . . , rn)R and J = (s1, . . . , sm)R.

Want to show I = J . Show I ⊆ J and J ⊆ I.

For I ⊆ J :
Show ri ∈ J , for all i

For J ⊆ I:
Show sj ∈ I, for all j

Conclude I = J .
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Q3i)

In R = Z[
√

5], show I = (2, 3
√

5)R equals J = (1)R

For I ⊆ J :
2 = 2 · 1 ∈ J

3
√

5 = 3
√

5 · 1 ∈ J

For J ⊆ I:
1 = −7 · 2 +

√
5 · 3
√

5 ∈ I

So I = J .
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