Primes - Problem Sheet 7

Composition of quadratic forms

Q1) Let f = (a,b,c) be a primitive form, and M any integer. Show that f repre-
sents some integer coprime to M. Show also that we can assume f properly
represents some integer coprime to M.

Q2) Suppose that F' is (a) direct composition of f and g. If f ~ f" and g ~ ¢/,
and F" ~ F, show that F’ is a direct composition of " and ¢’. So we can use
the Dirichlet composition to find the direct composition with explicit bilinear
forms.

Q3) Suppose that pg = X? + 14Y? and ¢ = 2a® + 7b*. By considering the compo-
sition
p(2a* + T6*)(2a* + 7b%) = (X? + 14Y?)(2a* + 7b*)
= 2(aX + 7bY)* + 7(=bX + 2aY)*.

By reducing 2a? + 7b?, and X? + 14Y2 modulo ¢, show that we may choose
the sign 4a,+b, £ X, 1Y, so that

q|aX + 7Y, -bX + 2aY,
hence conclude that p is represented by 222 + 732
Q4) Suppose that F' = (A, B,C) is the composition of f = (a,b,c) and g =
(@', b, ) via
f(x,y)g(z,w) = Flaizz + bizw + c1yz + dyyw,
asxz + boxw + coyz + dayw) .

Suppose all 3 forms have the same discriminant D # 0.
i) By specialising variables z,y, w, z prove that

aa' = Ad? + Bayay + Cal

ac’ = Ab} + Bbiby + Cb;

ab' = 2Aa1b; + B(aibs + ashy) + 2Casbs .
Hint: try x = 2 = 1,y = w = 0 for the first.

ii) Prove that a?(0? — 4a'd) = (a1by — ashy)*(B?* — 4AC'), hence conclude
f(]_, 0) =a= j:(albg - agbl) .

iii) Prove that
g(1,0) = d' = +(ajco — asey)

Q5) Recall that a group of order 4 is is isomorphic to either Z/27Z x Z/2Z, or to
Z/AZ. Determine the class group C(D) for D = =56, D = —68, D = —84,
D = —96. Do you see any connection between C(D) and when genus theory

works? Hint: to distinguish between Z /72 x 7. /27 and Z/4Z you only need to
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check whether some form is not properly equivalent to its inverse. Why? This
is easy to do using reduced forms.

Q6) It is known that any ternary quadratic form f(x,y, z) of determinant det(f) =
1 is properly equivalent to z?+y?*+2%. (See Corollary 2 [Cassels 2008, p. 138].)
Assuming this, show that there is no (nice!) notion of composition of integral
ternary quadratic forms of fixed determinant. Hint: we would (want to) have

(2 +y*+2%) (u*+v'+w?) = (Bi(z,y, 23w, v,w))*+(Ba(2,y, 2w, 0,w) ) +(Bs (@, y, 20,0, 0))?

where B;(x,y,z;u,v,w) = aj2u + -+ - + agzzw are integral bilinear forms.
Consider representations of 15 = 3 x 5 by x? + 3% + 2%

Q7) Suppose D < 0 is a discriminant, and that ¢ is a prime such that (%) =1.
Show that

D) 2 10g (300D ) /1020

Hint: some g(z,y) of discriminant D represents ¢q. If g has order M in the
class group, then ¢ is represented by the principal form. Put a bound on ¢M.
Remark: With slightly stronger analysis, one can prove the bound

(D)~ 12 1og (101 +1)) /lonta).

For this, see the paper “Uber die Klassenzahl imaginar-quadratischer Zahlkorper”,
Nagel 1922.
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