Primes - Problem Sheet 7 - Solutions

Composition of quadratic forms

Q1) Let f = (a,b,c) be a primitive form, and M any integer. Show that f repre-
sents some integer coprime to M. Show also that we can assume f properly
represents some integer coprime to M.

Solution: Pick a prime p dividing M. There are 3 (overlapping) cases to
consider:

If p t a, then we can pick x,y such that p { z and p | y. Then f(x,y) =
ax? + bxy + cy? is not divisible by p, so is prime to p.

Similarly if p 1 c.

Otherwise p | a,c, so p1b. Then pick x,y such that p{x,y. And f(z,y) is
coprime to p.

Do this for every prime, and choose compatible =, y. Then f(x,y) is coprime
to M.

Q2) Suppose that F'is (a) direct composition of f and g. If f ~ f" and g ~ ¢/,
and I ~ I, show that F’ is a direct composition of " and ¢’. So we can use
the Dirichlet composition to find the direct composition with explicit bilinear
forms.

Solution: We sketch the details only. If f(px + qy,rz + sy) = f'(z,y), and

f(x,y)g(z,w) = F(Bi(x,y; z,w), Ba(w, y; 2, w))
then

f(z,y)g(z,w) = f(px + qy,rz + sy)g(z, w)
= F(Bi(pz + qy,rz + sy; z,w), Ba(px + qy, re + sy; z,w))

where

Bi(px + qy. vz + sy; z,w) = ay(px + qy)z + bi(px + qy)w + c1(rx + sy)z + di(rz + sy)w
= (amp+ ar)rz + (bip + dir)zw + (a1q + ¢18)yz + (b1g + dir)yw

is another integral bilinear form.
This show that F'is the composition of f” and g. To be direct, we need that

f/(1,0) = +(a}by — ayb)) .
But f/(1,0) = f(p,r) = ap® + bpr + cr?, and

ayby — ayb| = (arp + c17)(bap + dar) — (agp + cor)(bip + di7)
= (albg — agbl)pQ + (aldg + Clbg — a2d1 — Czb1)p7“ + ( Cldg - 62d1 )7“2
N———— —_———

=a ¢, see next exercise

= f/(lv())'
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For g, we have ¢(1,0) = ajcs — ascy, and
aycy — ayey = (arp + crr)(agq + ca8) — (a1q + c18)(azp + cor)
(arc2 — azer)(ps —qr)

since ps — gr = 1 as the equivalence is proper.
Finally, if F(z,y) = F'(ax + by, cx + dy), then

fz,y)g(z,w) = F'(aBy(z,y; z,w) + bBa(x, y; 2, w), cBi(x,y; z,w) + dBs(x,y; 2, w)) .

But a linear combination of two bilinear forms, is bilinear. Hence F’ is a
composition of f and g. For directness, we have

aB; + bBy = (aay + bag)xz + (aby + bby)xw + (acy + beg)yz + (ady + bdy)yw
cBi + dBy = (a1c + asd)zz + (bic + bad)zw + (ccy + cod)yz + (cdy + dds)yw .
And
aybly — aghy = (aay + bay)(bic + bad) — (arc + axd)(aby + bby)
= (a1by — bras)(ad — be)
= ar1by —asby = f(1,0)
since the transformation (¢ %) has determinant ad — bc = 1. Similary for g.
Q3) Suppose that pg = X? + 14Y? and ¢ = 2a® + 7b*. By considering the compo-
sition
p(2a® + 76%)(2a? + TV?) = (X? + 14Y?)(2a® + TV?)
=2(aX 4+ 7bY)* + 7(=bX + 2aY)>.

By reducing 2a% + 7%, and X2 + 14Y? modulo ¢, show that we may choose
the sign 4a,+b, +X, +Y, so that

q|aX + 7Y, -bX 4 2aY,

hence conclude that p is represented by 222 + 732
Solution: We can assume q # 2,7. If g = 2, and 2p = X%+ 14Y? then 2 | X,
meaning X = 2X’, and so we get

2p =4(X')? +14Y? = p=2(X')?+7Y?.

Similarly for ¢ = 7.
Let us reduce 2a? + 7b* and X? + 14Y2 modulo q. We have

X% +14Y?% = 2a* + 70* = 0 (mod q) ,

14 = —(X/Y)? (mod q)

7/2 = —(a/b)* (mod q)

14 = —(2a/b)* (mod q)

14 = —(7b/a)* (mod q)
and we get

XY =42a/b = Xb+2aY =0
XY =47b/a = Xa+TbY =0.
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Q4)

We have
2a/b=+Tb/a = 2a* = £7b°,

so the sign must be —. (If also 2a® — 7b* = 0, then we obtain 4a* = 0 (mod g),
which means ¢ | a, which then leads to ¢ | b, and a contradiction.)
Overall, we have

Xb+t2aY =0
XaF 7Y =0

Changing the sign of Y swaps the 4 signs, so we can assume the first sign is
— and the second is 4+. Hence we get the required divisibility conditions.
Then

¢’p = 2(aX + TbY)* + 7(=bX + 2aY)?
implies

aX + 7Y —bX + 2aY
p= 2(7)2 + 7(7)2

so p is represented by 222 + 742, as claimed.
Suppose that F' = (A, B,C) is the composition of f = (a,b,c) and g =
(V) via
flz,y)g(z,w) = F(a1xz + bizw + c1yz + dyyw,
asrz + bozw + coyz + dayw) .

Suppose all 3 forms have the same discriminant D # 0.
i) By specialising variables ., y, w, z prove that

aa' = Adi + Bayay + Ca;

ac’ = Ab? + Bbyby + Cb}

ab' = 2Aa by + B(aiby + azby) + 2Cagh, .
Hint: try x = 2 = 1,y = w = 0 for the first.

ii) Prove that a?(b'* — 4a'c’) = (a1by — agby)*(B? — 4AC'), hence conclude
f(1,0) = a = £(arby — asby).
iii) Prove that
g(1,0) = d' = +(ajco — ascy)
Solution: a) With x =z =1,y = w = 0, we get
f(1,0)9(1,0) = F(ay,az) = ad’ = Aa} + Bayay + Caj .
For the second use x =1,y = 0,2 = 0,w = 1. For the third, use x =1,y =0,
and z =1 = w, to get
a(d +V + )= F(a; + by, as + by)
= A(a; + b1)* + Blay + b)) (ag + by) + C(by + by)?

then subtract the first two results.
b) Then follows directly by taking (ab’)? — 4(aa’)(ac’) from above. Then
take square roots.
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c) We also have
ca' = Ac + Beiey + Ccy (3,y, z,w) = (0,1,1,0)
ba' = 2Aayca + (cra9 + aje) B + 2a2¢eB - (1,1,1,0) — (1,0,1,0) — (0,1,1,0) .

Then forming
(a'b)? — 4(d'a)(d'c)
gives the result after taking square roots.
Extra) We also obtain, by similar means

Cc = i(ngl — CldQ)
= +(bod; — b1dy)

Q5) Recall that a group of order 4 is is isomorphic to either Z/27Z x Z/2Z, or to
Z/AZ. Determine the class group C(D) for D = =56, D = —68, D = —84,
D = —96. Do you see any connection between C(D) and when genus theory
works? Hint: to distinguish between Z /72 x 7 /27 and Z/4Z you only need to
check whether some form is not properly equivalent to its inverse. Why? This
is easy to do using reduced forms.

Solution: To distinguish between Z /27 x Z,/27. and Z/AZ, we need to find an
element of order 4. This means an element whose square is not the identity. An
element which squares to the identity is its own inverse, which means the form
and its inverse will be properly equivalent. The inverse of (a, b, ¢) is (a, —b, ¢).
Assume (a,b,c) is a reduce form, then (a,b,c) ~ (a,—b,c) iff (a,—b,c) is not
reduced.

For D = —56, the reduced forms are x? + 1432, 222 + 7y?, 32% & 2zy + 5y%.
We see that (3,+2,5) are non-equivalent as they are both reduced. Hence

C(—56) 2 Z/4.

For D = —68, the reduced forms are (1,0,17), (2,2,9), (3,-2,6), (3,2, —6).
Again (3, +2, —6) are inverses but are not properly equlvalence Hence (—68) =
7,/AL.

For D = —84, the reduced forms are (1,0,21),(2,2,11),(3,0,7),(5,4,5).
Every form is properly equivalent to its inverse since (a, —b, ¢) and (a, b, ¢) do
not appear together on the list. Hence C(—84) = (Z/2Z) x (Z/2Z).

For D—96, the reduced forms are (1,0, 24), (3,0,8), (4,4,7), (5,2,5), so again
C(—96) = (Z/27) x (Z,)27).

Once can observe that genus theory works when C = (Z/27Z) x (Z/2Z), and
does not work when C = Z/47. Generally it is true that genus theory works
when C = (Z/27)".

Q6) It is known that any ternary quadratic form f(x,y, z) of determinant det(f) =
1 is properly equivalent to z?+y?+2%. (See Corollary 2 [Cassels 2008, p. 138].)
Assuming this, show that there is no (nice!) notion of composition of integral
ternary quadratic forms of fixed determinant. Hint: we would (want to) have

(2*4+y°+2%) (v’ +v*+w?) = (Bi(z,y, 25 u, v, w))*+(Ba(z, y, 24, v, w) ) *+(Bs (2, y, 2 u, v, w))?

where B;(x,y,z;u,v,w) = a112u + --- + agzzw are integral bilinear forms.
Consider representations of 15 = 3 x 5 by z? + y? + 2%

Solution: If such a composition existed, then we would have a way of writing
15 = 3 x 5 as a sum of 3 squares: we take the representations 3 = 12 + 11 + 12
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and 5 = 22412+ 02, and run them through the composition. But 15is not the
sum of 3 squares: 15 = x? + y? + 22 implies z,y, 2 < 3. A brute force check
shows that this is not possible.

Q7) Suppose D < 0 is a discriminant, and that ¢ is a prime such that (%) = 1.
Show that

D) 2 10g (300D ) /1080

Hint: some g(z,y) of discriminant D represents ¢q. If g has order M in the
class group, then ¢ is represented by the principal form. Put a bound on ¢*.
Remark: With slightly stronger analysis, one can prove the bound

WD) —1 > log (iqm n 1>) /1og(q)

For this, see the paper “Uber die Klassenzahl imaginar-quadratischer Zahlkérper”,
Nagel 1922.
Solution: We have g(z,y) = ¢q. Let g have order M, so ¢™ = 2? + zy + (1 —
D) /4y?* or 2° — D /4y?. (Represented by the principal form as ¢™ = principal.)
Since ¢ is prime, y = 0 cannot be a solution. So we get

¢" = 22+ ay+(1- D) /Ay = (x+y/2)*— D(y/2) > 0-D-(1/2)> = —D/4 = | D|/4

(Same bound holds if we have the form z? — D/4y?.)
Now m divides h(D), which means h(D) > m. We find that

h(D) > m = log(—D/4)/log(q) .
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