Primes - Problem Sheet 8

Genus theory revisited

Q1) Let p =1 (mod 8) be prime.
i) Let C(—4p) be the class group of discriminant D = —4p < 0. Use genus
theory to prove that

C(—4p) = (2/2°2) x G,

where #G is odd, and @ > 1. And hence 2 | h(—4p). Hint: recall the funda-
mental theorem for finitely generated abelian groups. How many elements
of order 2 are in C(—4p)?

ii) Use Gauss’s definition of genus to show that
207 + 2zy + ((p+ 1)/2)y°
is in the principal genus. Hint: it is easier to use the Jacobi symbol, not

the Legendre symbol.

iii) Use Theorem 8.4 to show C(—4p) has en element of order 4, hence conclude
4| h(—4p).
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