Challenge

Find as many solutions as possible to
Xty =xmy

with x,y € Z.



Solutions with Given Number of Digits

Assume y has k digits. Then

XX+y =xdy=10"x+y

Rearranging and solving for x

x?—10kx+y?—y =0

And

X =

<1ok 102k — 4(y2 — y)>
<1ok + \/102k +1—(2y —1)2 )

l\)\l—\ l\)\l—‘



Generating Solutions

Solution needs 102 + 1 — (2y — 1)? to be square.

So decompose as
10% +1=(2y —1)2+ T2

If y has k digits, get a solution.



Example: kK =2

Factorization 1022 + 1 = 10001 = 73 x 137.
Factors decompose as 73 = 32482, and 137 = 112 4 42,

Get all decompositions:

10* +1 =100% + 12
= 76° + 65°



Decomposition 10* + 1 = 1002 + 12

Get
y = 2 -

which has 1 digit. Don't get solution.

Would find

x = = (10 £ 100) = 0, 100

N~

giving ‘solutions’
1002 + 12 = 10001 = 100 @ 01

0°+1°=1=01



Decomposition 10* 4+ 1 = 762 + 652

Get 1465
=—=33
Y=
which has 2 digits.
Then
1

x=3 (10> £76) = 12,88

Solutions (x,y) = (12,33),(88, 33).



Patterns

A solution is

x = 88321167 88321167 88321167 88321167 88321167 883212

y = 32116788 32116788 32116788 32116788 32116788 321168



An Infinite Family?

Having n repeating blocks

x = 88321167 - -- 88321167 883212

n blocks

n—1 )

= 88321167 »  109%° + 883212
i=0

10°(10%" — 1)

— 883211 212
88321167 T 883
88321167 88321167
= — "7~ 108"+6 4 883212 — ——————"10°
108 — 1 + 108 — 1

R

137 137



An Infinite Family?

So
x = 88321167 ---88321167 883212
n blocks
121 44
S — | 8n+6 Tt
137 0 + 137
Similarly

y = 32116788 ---32116788 321168

n blocks

16
8n+6 b
137 * 137

44

Does x2 + y2 = x @ y?



An Infinite Family?

»2 +y2
121 44\* [ 44 16 \°
08n+6 ot 08n+6 Hahel
(137 + 137 + 137 + 137
1372 1372 1372
121 88 16
=71 16n+12 221 8n+6 4o
137 0 + 137 0 + 137
XDy

121 44 44 16
—(2=21 3n+6 1 8n+6 1 8n+6 Y
(137 o 137) T Y T

121 eni12 , 44 +44. 506 16
13710 137 10 137

121 88 16
%2 qplen+12 8n+6
137 0 t 137 137 10 137



Infinitely Many Solutions

So
x = 88321167 - - - 88321167 883212
n blocks
y = 32116788 ---32116788 321168
n blocks
is a solution.

There are infinitely many solutions!



