\ ok V2 i‘g{ (Mnloc -‘runq\e.\:j , | noticed sowe -\-Uvos on the

— ® BPlaMbeord i this \eckure. | i\ Comment ow
L\ose in bhis clouce  (purple) in the notes oelow.

§ S.2 Tovrus de.c.omp o SvHion

MotYo: CuMing 3-w~fds olong Spheres wos Successfal

(—w \av-ime_ o\ec.omp,\ ; \ek s cuk &\6“3 ok\her Surfaces
('[-_\na nexk Simple Closed ones are Lovw ).

To e able *o stare £he torus Jdecomposition tLheoremn due to

'lg.cm Shalen and jo\'\mhnS‘Qh. we WiV need a few delinitions,

Fisk, lek’'s Aeline Seifert Qivered spaces.

Se.'\ge\"c. Qi\nueo\ Spaces (.Q'\rgk skudied % classiled oy

Oel. A __Q't\omcl so\id  Lorus ol *UP"— (2,m) s

Ti= 0V*>x(-\V] SHA VR
/(re.z'“'ie;\) o~ (ve-z“-i (9"'%) ,—I)
where wa€ NV QOX, 2e N (cCoprime)

wl  Kihers Cetd > T\, \l/. & core {0y~ r—"‘-\]]...

(g

Lo
{
NU‘I

|denkGy cisks 02> {-1\ & D281} obler o "twist?,
PAN¢

|

-t‘o-‘cq-‘fim.

|3

nore pre cA 39.\3 o

La
| ~ T isa soliid Lorus wf o gi\orac\'foh |‘P°“-+"'H0h

ko _d_'céoin-h civcles

| |
L
1|l
Al .

| 'Jl!'-ls' {0\*‘[:*\:‘]4 i one Siver ; €he core , ok V.
"1

.ﬁ The okher Kbersof ¥V o wade Qromm

Core

¢ Se.aw-\enks {xih €.\ (u\nic\\ wwd around  the
Ccore L Limes)

I_%,=: vl p Nicidy_ ol khe cenbn\ QLbre| core oF T
(= % intersechions of central Siver w| Swia\ AiSU  transvesse (-_pi-l'.)_(




\€ 24>\, T i8S coled on excepkiomally_ Kioeved Solid  Lonus

twhosSe Core S an  exceplima)  Qilber ( or wulbble |singulor
Qb er)

& a\l other Sikess ore requar
\€ 2=\, T it coled regularly Qibeced .
[\v\ the cose khwat 2=\ T is dikLeo ‘o khe produckt Libration \()’&xsf]
[See ea. Schulens, Vel 2.7.3-33. L o Natcher 0. \3-\K.7
A §_€_’-_';§€A"G Libered  space (§E§) s an o, c\d M? wheh s

)(.\\e. wnion of 'po\i\rooise. Q\:S\Saink s.c.c. caled g‘.\ae‘g S.k. eac\w
Cler n ™M has oo Lubedler hei’%\n‘om\'\oods that (§ Whomeo-

worypwc to a Seeed  solid  korws  via o Qilser - preserving Vomeo.
(Sioess ¥ Qivecs)
[Sze__ Qe_Q.g.?-g J Schuw\rens QO‘" E‘._pc_i Case. . ™ QM = u (Si,‘g)

~) Ekc‘ep\'\"bha\ Ql:\aers '\So\u.\‘eé\ & wn iwt (H.j']

Le,l-. R.= M/ide.n\‘i@:l . (quol\-ie.n'c Svpacej, coVled oase Spoce.

Giker ¥o o pt
(4090\::31(:11\\3) .
chc’c.'. RisYa c.ampasc.’c Surlace ond the C\ua*‘tehk Whap

P Mo R is a KSiker oundle on dwe complement
ol Lwe exceptional  Kilkers.

% g MR  Siber bundle in wsua\ Sense .

« For o Qileed sold kous Twl € >, we skll obtain

5 ‘ q\;o’r\enk-oﬁ
T/ =02, but now bhis disk loows \ike a Cone | 0% by 2Je -ack

T . Horleildd unde" .  cobadion
= Tl 8§ veally an or :
identily a5t ¥ ’ ] (" circre owndle T ” by 2w
Q:Lr-sh ovesr ovbi LA R )
wts

See *Morkel, v\'op 16.8.%
e Schultens, Reem. 3.7.0

e P. Scott, The Geometries of 3-Manifolds, 1983, p. 430
https://doi.org/10.1112/blms/15.5.401

Sece Sechion 6.2.4, Morteli, Qo wore ow orbilelds i



v Gbr 7 base Space

E___g_:_ Ahj S'-bundle over a Surface, e.q. S&xS‘,
(driial S'-boundle over the c\d suel. of genus q)
s o Seifert Cibered space (W) no excephioa\ {ilkers).
U folows Krom dabln of sucn Sber lowndles. |

Ex: The \ens Spaces L\o,q are JSFS. (See Schulrens, p. 39
‘«Jl dﬂ“"Q&(‘Qm’t C_emve,h{'l'CMS)

Recall khat Leq= Hive Wy Whee ook W= 3'%Q7 i=\2,
omd €  Coccespamds ko QY. € Auk (w (T = GL.(2) awd

ks o vodvix (0}‘. g (see \eck. 7).
\n @O.F'\"CM\Q" L \WaupS o \o asis (‘u\\ : '}\‘) O&' w, (PR) Lo

(Qm*e X, Fpes )

ond\ M= qets dentifed Wl  qm+p A & Cure Lthab  wheelhs

My wopopts & N woq et

Toke a i brakion on H, ¥ Wy bhat  wmokches on W, T N,

Owe way Yo do twis:  ToMe scc.  ow QRN ENL Lhak intersecks pm,
Ohce, €.9. & s.c.C. £\l wxergechks M. w %20 ¥ N\, S

(equivatestly o) p¥s. Give Wi dwe Struckure sba Qibered solid

-Euﬂ.s c.k. k\is Cutve \$ o '(‘eﬂu\.ov Q'\\ge‘-_ =D qu‘ SES.

€ x: St Lq 5 oo SFS W] exceph  Sikess @
(\‘\b.eQ Q't\ava\'ihv\)



Eu_‘- E xteriors of  torus Mweks Ty,q ove SES.
why? S¥T= B, oW, , W =3'%xQ%. Lek y.q be Coprime ond give
‘H, the Shructure of a Cisered  solidh korus of  bype  (pea)
ond V¥, I\ (-qipl
Vil I 3\“& AW, ko M3 ko Lorwn ST khe Cibers on She
boundovies oxe identilGed, so S3 i o SFS.

No\.), o Te_au\m— g{{\pex on ’3\-\. iS o Lovus Uneok TP!'-'-\ (,C\v\e.cu.‘),
So ifwe remove o Kiloered sold Lous v o f LWis vegulas

Ciher, Lhe results S @ SFS |homeomorphic Lo  bhe exiterior of
o Lkorus \MUnet, e Sg\VTp.q'

. J. S. Purcell. Hyperbolic Knot Theory.
[So.o_ Ex ®.20 & R2Z| wn  aus o000, 7 ry]

Rew: Thece's o c\assikicakion ok Seifect Kikeved Syaces,
sSee €.9. e Wokcher, ¥Pmp. 2.\ & The 2.3

@ qu &-Q,\\;, SQ—C-JC"QW\S \0-32- \ 0-3-3-




\ Compressible. Surfaces

R&QQ\’QV\CGS QO\" k\\\s _S‘Q_c_\-{'o\f\-‘ » SC‘-\AU\.\‘\'EG\.S' SQ_Q.\‘ 3'1-“ 3'5
- Macteli, Sect. a.3, A.u

- \-‘\o\-\c\v\u‘, SQ. C.“c.. \2

:&CLC.O ] (.\De.sihnins O‘Q ) C\/\up'\'er' BA\W

= \'—\C\N\p%\ . C\\Q&p)fer &

T\'\tbu%m:‘c, let M2 \ve a cypck, or. Sl pe&si\o\j w| IM o
& Surface

Sugpese thab SZCM iS o progec Submid, e S IMANJ,

ond S is cvc-l-,, or., Conn. (*)

DQQ? M.S as o\ ove . S iS colled Compressib\e "'Q

() S ES5% ond S bounds o ball w M

o
(2) Tsce < WS sbc bowds o disk Dl Ve M\S
(Simp\e c\d cucve)
but ¢ does wek e a Adisk 0O w/ B‘CS\Q.
Such o s D is called o E_Q_thpre&?l'hﬂ iU Qo S

\& S is not compressible;,  dhen it is MCompressible .

Note bwak D' as in (2) olways exichs (£ ST 2 Some authors exclude case (V).
We LoWow Qaco’s del'n (See Wis e.3\)

wl QeM\S

S# $* mcomvre:s‘\o\g_ (¢ Vdisus O cM
w!l 0=0nS=c¢ JddisunQ'cs
wl QAV'=c

. ... SETT  Cowmyressible ble ¢ vas Adush in T3,

Yvul vek in T,
T3 (quot.of cuve ) °
see Sheet 2,Exer3a



Defl [ Conshanckiont Lek QM e o Comvpressing disk Gor ScM.

Then Suraery_ of S olong 0 (w] 20 = 0N 8)

\S <= S\vém VI o T S F . 79 & add two pavallel
Coyp ies ok Q, ro

’) - o
/ whece ND,= B, = 0. A
(hot SV'2D, vux S120Q v 0,v0, ') \odry  Comp.

v \‘E\nm\\ \Sc\.ld Lhis C.‘o(fe_c.*‘\:] in Yhe \echxure and drew +\e cocrect
picture (see below)s buk didn 't wele khe dek'n entively corract

W

on the board — SOFTY 1 N
: 0
= 20 ~ 0O 4
S S!

&"_g\pi (\] . \Q Sc,_\”\ 'S ihCMPr.‘ ‘L\'\Qn Shr&@rj QQ S Q\M&Q

(S‘ as a\oav?_)) where. OCcM is Sk 90=0n8, \']us’c,

S2 (owd Wes o AikLeom. ey of S as the

\its o£ £
s\P * O‘Q o oblhes Q;QCE. Y‘QSU\“DV\S QWM Lh\e S‘urs-)

(2)e Let Sce™M bve as in (3&), but nok wecessarily Cownecked.
(So prop. ewb., Cpek, oc.)
A Kler  Compressing.  (Surgecy olong Qempe ditk) S a
Linde viumber of  Limes ; we obkain o digjelnt  uUniowm
ok spheres, Aishs nd  incCompr. SurLaces.

P of (2): se Euler chavackers¥c ' Show bLhat  bLhe process

0-(: C.omp\’essinj S s wmuch as we Can  wausk ,ﬂ-bp.

See Coe. 432 [ Pwe. Q3.l, Markeli



Thece are  thwee importont vrelated vwesalks \a R-wmld -L\neovd Lhek
were a\l  prord by  the Greek ok hevnatician po“Po‘\Adﬁ“uop"“‘“

in the 1aS0's: *Vehn's lemma (khought © be proven oy
Dehn wuch earlier )
* Lhe Loop theoren

= Lhe  Sphere btheovem
The Common theme of Lhese & heorems 'S Lo promeote ol cont.
wiop  Srom o ANisU [ sphere  Wwio M (o (M2MY) Lo an
emloedding . Espectally  the \oker Ywo bLhms welate Vromotopy

proper ies. We will only shate Lhe \agtof Ehese 3 theorems.

S phece Then  ( PoparyriaUopsules \aS 3, Whitehead \asR)

Lg_h M?’ \31, an or. ; Conn. 2w LA ] W, (M) = COE

Then L\ere esasts owm ew e 6\6&“5 %: ST M s.t. ESI#-O € T (M).

The ypflidea i35 Yo use o Lower of Covering Spaces.

P : C.D. Papakyriakopoulos. ON DEHN'S LEMMA
O - ol  Sources AND THE ASPHERICITY OF KNOTS (1957).
Proceedings of the National Academy of Sciences
of the United States of America, 43(1), 169—172.

J.H.C. Whitehead. “On 2-spheres in 3-manifolds.” Bulletin of
the American Mathematical Society 64 (1958): 161-166.

SQQ- Q\So Sc\-\w\:\'&f\g 3.5. f-\, \"\Q.vae.\ QS g W .

e

The Qo\\ow'\ha \ewina 1§ a C-OV\SQ.C\U\Cr\QQ, ol +Lhe L°°'P Ly,

Lew: S<M os oboe, S# e S% 1S ncompressible & Lhe moayp

—

1 (S) = v, (M) wmduced by  khe inclusion (8 inyechie,

[ Note Ahak w,(S2)= T\ s m(M) VS=52eM, egq. for compressivle
il H;gz; So we Should Eexclude L\e case S = S-“.]

S»\QJ{C\A QQ "é": Suwose. 'r.\ne_ wop is \v\q ond O ta C""“‘P“‘- dhfk
Coe 5. Then 3D S o scc in S which doernct bd o disk D' in S

\t can ba Shown that Such a §Sc.c Connot be nu\\homohec , V€ 20
represents & won-tivial element in ™ (9). Buk it deem't inm(M). 2




+ Hokcher, Coc. 3.3  or

For Ehe gl of "=, sea eq,
- Marteli, Tha R & \4

s N B T iV\C‘.o'm?Tt.SS.l\)\& (Qo\\OwS Q’t"ow\ twe

— Le.\'nma\)

T 3
. 3 3
Ex- 4 ond S do net  have ony ewmb.  WMCompr. Surfaces

(no incompe. S*  Lle iweducible; '
(RQ’ Lerchtfe‘.\)\e, e ofher WM COnnpr. surl, \nj L\ﬁe_ \eMmm)

Lem ’F&c{'.‘. For any ewds. -Lon,,@ By W an wred, S-m M, we

Wave owe of khe Qo\\owina:
e T is incompressidble

* T Yowds o solid Lous

e T S contamed in o ball in M.

[E‘S. See ¢ (3) on Y,.\q w §$1.2 in Foakcher or

- Prop. qQ.3. ¢ in Mace e \\ij see al\so F-’a. A.\F L \ece. —:l

Ay emb. T2 S% bounds a solld  torus.

(wWhich con e Unotted')
(B TETY" & cowntained in aball G,

Ex.[ Consequence:

(Jc.\'\e. g“"C‘aSQ coan be excluded in S3.

Llaw {k bowdso SoMd kumus “on the ouiside” using  the Comple-

MQ\A‘\‘QT‘j oall Ss\@.]

Unos extecior
E)(: o
@ Xy:*= SN0l , K VUnet
g T:=9Xu= U = S'>§

€L L% unknet .

T S ncomprestible i Xy 3
[»]
(.L doesw't bound a so\id
‘EQWS n X\A\

Y_SQQ. e.Q. Thwr 4B 2 in Ro\?&ex\]



Ah on.mp\e. ch ke sSecomd case ol Lthe oboe \'?.m/;12£. \§ easy

ko Qind. Mere!s an exomple  Qor ke LWird cose:

TecS?

Lsee eg. *Re\lsen, p. L06
- Mardelli, Fig. Q7|

Re.vn‘. L\ka,\nou\Jc, Ma“?ﬂs 'k,\r\is p\"e,c'\SQ, . \Q.\: wae v e O ‘L\nu.E
w SFS can e classified into

WeOwpr.  Surf{aces

"orizowto\! cnd "vertical ! ones , Ske e.g. « Prop. 112, Hakeher
¢ Then 3.7.16, Schuhens.

LQ-MI Fack. Lek SeM e '\ht‘.Ompw_ssi\o\z. T hen

M is wwredoucible & M\S s ivteducible.

i
M cut along S (see Leck. \O)

P‘Q? SQ.Q, e.q. . (Ll) on p. WY iw §\7_ in Fotcher o
¢« Prop. LA w Moavtell:.

Def. M3 Sc™M  as abave. JScSMiS  ooundary Compressible

(-a"‘CUW\pT_..\ \c 3 oV e,gge“"n'a\ Simp\e, orc ol \n S 2. Gn 88, Si\mp\e

acc (3 M st odvp is o A\ \- mEA £hak bds a Aitw O

w M w/ SSM\S, bk B dik 0SS wl  2'=av@
\

1
anch (3' M. forget o worite LWr pork o
Lhe YLoord | thinu, S‘mr:)l. 5

(Compare wl Sel'n of "compressible ")

O theruise, D is \oowo\arj ~ WnCompressible .




yd
1

S D
= e ,'_(\ __..{ & D isa 3 = Cumpvemnj
« —\ disk
oM

\C Sis - W COmpc- / then 3 ©'<cS as Qo\\MSZ

DQ_-Q". A Surface ScM™M s \aou'nd&tj__‘qu\\e.l ik is .Sevpavov\'l'nﬂ ane\

o COV\'\po“e“% o Q H\ 5 \-S gco S kI :

Fack: SeM is \ao\mo\mj poralel & S s {Sctopic (ce\3d) 4o a

Subswlace of M. (B4 Wotopy extensitn Llhm. )

Vel Asuface ScM s esgedial if ik is Wcompressible ,

’a—\'ncmr. & I‘_?.t bowdacj pol‘ro.“e,‘.

Oef: An  iveducible, com, cpck, o M3 (W) pessily AM ¢ ) s

O.Jtoru\'da\ iC it Contains Yo essesial Lorus.

Ek' e An wred. , Coan,, c\d, or. M3 w/ “"R"‘(HH £ o2 | S

odlowsidal  ble ™ (Tz) £ B2x@g P 'W\[“) n WS case,

- — = —

SO  Spherical 3-m0ds , eq. \ews Spoces, ol adosoidal.

N See Wwore ‘oelow

- ane\—\oo\oic BFMQdS (\rc Yo \/(noug what khese are)
are Qk*o'roidcx\ ( See e.q. ‘Pt‘o‘o. q L{\? 4 Mar +Q,\\l)



Then ( Torus decome. ; JST_ decomp.; Jaco ~Shalen ‘76, Johannson '77)

Any osed, or., com. , ired. M3 comdains o intke collectnn of
disjoint  ewmb.  Wcompresible  kori T s.4.each Component of

MmlT ( M| Tu..oTe where J = {T\,_._,T‘-k) i§ either atoroidal
o & SES

Moceovec, G  wminimol such collechm IS dnique  up o isotoey -

We call Lhe Lov in T :(S] Lovi.

See ey. = Martel, Seck ioms 0.5\ & WS.2

™ \_\Ql;c,\\er, T\"\E.O'f'ew\ \ C\
e« SchulWens, Theorewn 3.%.2

O\-{sina\ Sources:

W. H. Jaco and P. B. Shalen, Seifert fibered spaces in 3-manifolds.
Mem. Amer. Math. Soc. 21 (1979), no. 220, viii+192 pp.

K. Johannson, Homotopy equivalences of 3-manifolds with boundaries,
Lecture Notes in Mathematics, 761, Springer, Berlin, 1979

T hn (‘Pero_\w\aw\ 2003):

ﬁ irre.d\hcl\:\?. ) otoroidal -l = M is S\P\‘""\ca\ oY \Ajp@f\go\\c

Fcn' more preciie V‘Q-Qerev\c.es, See e.q. Sec,k.'gh .32 W

M. Aschenbrenner, S. Friedl and H. Wilton. 3-Manifold Groups.
Ziirich: European Mathematical Society, 2015.



oc g\\ekic
S‘P\Mﬁ_ 3-wonifolds are closed, ovieviable 3w onifolds that
oxife  aS g\\m’ﬁem‘c of 5% oy o Kintte Map_ﬂjgmajwwc\\
acks  Sreely, Smosthly and progesly ow S (e Sheek ).

Ex: - Lens spaces Lp,c\
- Poincard homdegy SPhee ?  (see Leckure 10)
* For wore e,kamp\esf See e-y. Ex .UW3

HoXches's ”A\Se\ar PRI To,(m\uaj "y

Rem: \) Spherical  d-vnowifolds Yove Sintle Scndamental Qe o

omd o  sphevical gv_o“ng,j-«_:'_fé, t.e. they adwik o

Comelete  ymeTvce ok Congtont Sechional cucvature + L

Sj Thurston's EWprration Covy (proven oy Pecelnan in 2003)

o\l khree characted 2akiwms

g'weu hee oave ©equivalent.
ESQQ. eq. Cong \2.0.3 Mo.r'\-e_.“i.-]

2) A list of oVl Kinile qps  that  or¥e a3 ™, (M) o8
S?\\Brim\ M con be th& e.q. ot the \038;\'\“;:\3 Y

Seckiom |- F iwn  M.Aschenbrenner, S. Friedl and H. Wilton. 3-Manifold Groups.
Ziirich: European Mathematical Society, 2015.

See olse ¢ Seckiom V2.2, Martely or

e Seckion L, l_" W. P. Thurston and S. Levy, Three-Dimensional Geometry and Topology,

Volume 1, Princeton University Press, 1997. ; Section 4.4
Bj Y er\no\\'c. -tmani Q—o\ds be

S'\W\'\\nr\j s -Qw S'\p\'\ef‘;f-'ﬂ\ S Q—ds, ‘LWC. are Se.\mra\ e.q.uiva\eh’c.
corackerizaXions of \ﬂ:jper\oo\ic 3-mLds, e.q.0 Ad. 3-wlad 18 \nape\-\oa\\'c

ifitis kLhe quotent M3 o of yperbolic 3-space W3 by

Q Su\o%-p P of Wowmetries of H?  that oacks Qrﬁa\J,s\-nocE\\J & properly.

A \)ﬁ&c W Aduckivmm Can be Qownck e...s_ W
Schulkens ; Seekhons T.1 & 2.2,

M\M‘.\\ w oce Y"\q'\-en'a.\ Con be Qc.wmc\ e-g w
e Marte\

e J.S. Purcell. Hyperbolic Knot Theory.
AMS, 2020.

o W.P. Thurston and S. Levy, Three-Dimensional Geometry and Topology,
Volume 1, Princeton University Press, 1997. ; Section 4.4



