
The Thom spectrum Mo Kin>

Goal of this block :

Study the first half
I See 4-Su lo , Appendix B ) of

Burkland - Kahn
- Senger ; go through the proof of

Them I-4 IT him i - D

Recall the Kenaire - lhtnor exact Gef
. J - homomorphism

O → bPm
+ a
→ Q m

→ Coker(J )m = TimSky I
htpyeguiv .

J
'

L'
group of

closed
,
smooth , ori . manifolds

€ Em

m
-homotopy spheres that are
-

boundaries of parallelsZahle anti
-manifolds .

m - homotopy spheres

Then I - I Let k> 232 and of d s 3 be integers . Suppose M is a(Kt)
-connected

,

almost closed 12k* d) -manifold .

Then the boundary 2M C- Oak+d-t

has trial image
o = [am] E Coker

(J ) 2ktd-1

In part . 2M
bounds a para

Reliable manifold .

An important ingredient of proof of
Thul . K is the following ,

which is

interesting
onits own .

:

Think4 let MO Lkn) denote the Thom spectrum of
the canonical map

734nB
O → BO

For all h> 31 ,
the unit map

L* :
Tsn-1 $
→

Ign-1
MO (4h)

is surjective ,

and

im un
=
im ( Tsn-e O Toon ..

$ )



Plan for this block :

-

Today . : Study Mo L4n7 ,
the
map
i*

,

i

- 15.02 . : Redwing proof of 1.4 to
theToda track w in Tenay's talk

and
prove

Them 1.4
using

some black box lik Thu lo f

- 22.02 : Prove the blackboy thus ,
e.

g .

Then 10.8

§1 .

The Thom spectrum Molten)

Def. ( Thom sp
. for a vector bundle) Let f : E→ X be a vector bundle frank n .

The Thom spectrum Mg
associated to § is the susp

. spectrum Foth leg) .

In
part

.

Meg n =
[nth leg)

= Th IRI ⑦f )

Rd . Let fix → boon)
be a wrap classifying B ,

i e .

EFF
'

EI
"

with Enxocn,
R
"

→ X iso
-

b f .

X -7 BO
(n)

f n

Then ThMg) L Ent
"

oh,

S

.

Furthermore he have

Entm
- EO (htm)

-

t
' t

X
f
BO In) →

- -

- → BO Intm)
-F - - .

with Emm tow,
R
"m

→ X E f ⑦ HIM

→ Mf n = (Emm) : now,
S
"



Def .

Given a
.map X

ft Bo configBoln) of spares ,

f is equivalent
to the data of maps fn

:X→BOLD

for n> o S-t '

Y \¥ commutes
.

fn A

£01
n)
→ BO Intr)

We define
the Than spectrum

Mf associated to f

as a sequential spectrum
with

Mfn
Th (Ln ④ oh,

RH X)

= (En) + now,
S
"

where En →X is he primped an) -bundle

classified by
f n

Det . Let MO Lin) denote the Thom spectrum
associated to the canonical map

T>↳
n' BO → BO

.

Important remark
• Given a map f

: X → BO
,
Mf is

equivalently the
Tho- spectrum of

get E nm
:E.Ye!:*.si ,

×→ BO
III.here;o

's



• we can
extend the above pullback diagram

to

be→ EO
→ Eblis

d
'

t
'

t
X
f-> BO→ BG is =

colinBAut BV )

#
V E IRD
W

classifies Stahle equivalence
class of

f. d
. Space of pointed self

rebar bundles on X .

egmvdeme ofd)
t

'

no Mf =
-20Th th

→M = -2
- (Et " bus,

Kmt )

± -29 E
"

sq GL n 's
$

Thus
is

Moten) I JE P A-25648

where P is defined via the pullback
p
-
-E64$

j L
t

734NBO
→ BO- B648

§§ Molten) as a particular
Bar construction

consider the
map T

,
anBO → BO → Baliol defwg MO Kin)

Note that this is a map of infinite loop spaces ,
an'd thus equivalent

to a map

Y : Tan ko -s ko
→ bugle

$) of connective spectra

consider the following diagram ,

denote agents)
I
-'

beylik)



I
-
'

Tsunko → right
18)= eye, CS)

t i t t
*
- og → egh et

j

III.ko → lengths)
By definition ,

we know Mo Kin> fits in the

Eisinger
is)

EINE'T>un
ko →IFGWS)

→ 8

he d
Ef i _¥p -smokin>

see -2+79 *
→

"

II roof

→
Mohn) = Sl Nz; own⇒y

$ where

• Ohn- t) :
= To -2-1 an ko

• IF 04in-17
outs on the left 8 component

via the
ang

.

map

E : I-704in
-t) → IF *= is

• IF04in-17 outs on
the night

$ component
via the map

Jt : IFOHN
-t) → IF 6418)

→ IS

Def /Prop. Mohn) is the geometric realisation

/ Bar (Si II 04in -17,8
) /

Il

/ i

.
- II
,

IFownes
"

Eto#⇒ II. is /



Recall that we want to
prove

Think4 let MO Likn) denote the Thom spectrum of
the canonical map

734nBO
→ BO

For all h> 31 ,
the unit map

L* :
Tsn-1 $
→

Ign-1
MO (4h)

isswrjutive.am#
im hit)

=
im ( Tsn-e O Toon -n

$ )

§ Replace ix. by another map

Net
.

Denote byJ the non
-unital too-

ringmap
-20014n -H → Si indued by Jt

.

We have the following diagram of ring spectra up
to homotopy

I
-

Ohn-t)
TO Hn-t)

Ijiiiii
" ¥1 f g

Ha andeconomically

from the ring
structure

Id 014N - t)-
Jes 8 of the maps.

Rink.
We

can
view Ha as a mdlhomotopy of Jo ( i④J - m) .

Not
.

Denote P : = cofib ( -504in -s) I
-

o un -t ) )

By
universal property of P,

we
have

I
-

Ohn- i.y
'

Em
, I
-

o ten-a ) → p

f J ,

.

.

'

'

-

-

$
←

Not
.

Denote C : = nfib ( P
-
-

- ssi )



Them 5.2 There is an equivalence Tenn-z
C E Tenn-z

MD ten) of spectra .

The unit
map Tenn -2$ → Tern -2 Molten) agrees with

the natural
map teams

→ Tern-2C from the cofibae

sequence
. Bar

! ;D , IF 014N-t) , 8)
ez

Recall that #

Mohn)=/ . .

.
. IFownes

" IFoan⇒I is /

Lemma 5.3 Let Xi
-

-
ColinBarts , IF Ohn- t) , 8) ez .

Then

Tk Rn-z X
Z Teen -z MO

14h)

Pt : we have a tower

$ --Baro → Barea→ Bars,
→ -

- - → Barsh→
-
- . → Moan)

coffees 5th
Otani
)
I!Tkm¥ Eh

#
km. Jk

and for k>3 ,

Ik I
-

Olin-t)
k
is kn
- connective

.

I

proofof
Thntsid It suffices if we proved tern-2X

= Tern-2C !

We can

present
X in the following courtesan

cube :

⑤2
I ⑦Jt

IF 04in-t)- [Follin -17

a.own
.io
.

sea.-5¥'s'

4s+
, is

#

IeIF Ohn-H

t -

E) II own-17 - !
$

✓ Je L

s-



f.-bleat
- fible)

einen
#iii.If
IF Ohn-if pollen -17

tiles
,
¥' leEF Ohn-H

t -

e! je
own-⇒ - !

s'

e

s-

X
is the cofibne of the map

Colin → is

The ¥7 diagram simplifies to

I Oken-t y
550km-1)

④2 [
• 0km- t)

"" t
-

ai
!!'zoo 0km-M

#

Thus Colin is equivalent
to the cofibve of the map

Joo Kin-t >
④2 I

-

O Lun-t)
,

whrh is P
.

Thus X = oof-b ( P → 8) = C

As for the unit mop
$ → moving

,

which is

$ → Bars a →
- - - . → Molten)

factors through X
whimBarz

and fits well in the cube
.

a



Summarised ; from the dragon
I
-

Ogun
-t)
s TO Hn-t)

jinni
"→ Is

55014n - t)
J- is

We obtain another diagram :

I
-

Ohn-t)
I
-

Ohn-t) → p
€9

sit . term c
=

,

⇐→ moan,
\

,

gf
lwfseg .

Tennis → Tern→Molten) aged
with

f
Tern-2$ → Tien-L

C

C

Consider the t.es. of tix of P →
is → c

and
"

replace
"

C by MOHD

TyneLP) T.sn-its)
→ Tsn (Molin))

→

Tgnz
(P) t Tyne 1$ )

.



§ Homotopy of I
- 04in -t)

Not Denote by x c- Time (
I
-

O ten -H) a generator .

Sime Ito Kin- t) is non-unital Eas -

ring ,

we
have

hit Tina ( I
-

O Kin- t))

Also
,

denote by Jlx)
t Fans

($) - the composite

54nA Is I
-

O Kin-t) Is $

Grief is Tina
04in -t) = 74221×4

'il
Type
TO 14h17 E Tin ko

C 7L)

Im The element x Jex) E Rgm,
550 Kin -t)

is Zero

Them4.11 For 4h-l E l E 8nA ,

the
image of

te(
Io Ohn-17 ) Es Re 18 )

is Je
-

-
im ( te loA tels) )

key ingredient for the proofs :
Goodman calculus of the id

of augmented
to-

wing spectra
.



Lemma 4.5 . R Ees-ring spectra
- with

any
. E : R→ $

.

Sit .

f.ble)
is o - connected .

The Gwdnilhe tower of id evaluated

at R gies
a convergent

tower of Eco
-

ring spectra
:

Dutiful
Rish) Ditto

jib
) TAQI

Rist)

§,
R-s .

. . → Pn LR) →
-
-

. → Ps CR) → Pr IR)
→PolR)

Sit . R
→ Po IR) is the augmentation

E
.

Here

Dn (TAQLR
.

$)) i= (TAQ(R,
St

⑤ n

)
hIn

Grillo
.

We have convergent
tower of spectra

Dn(E
'

Tunko) Ds L-
-
-
-) Dat ' -) I

'

Tsunko

t
t t"

t
CH

JOO Kin-t) →
in →Qp

→ - - - → Q
,

→ Qz
→ Qe

Pfe
.

Take R
-

- II 04in -I) Weh augmentation
E in the

dragon
in ten 4.5

Fact : T
AQ (R

,
S) =
I
"

Tsan
ko

tNote that I
-

O Kin-t) = f-ble)
and set

Q
n
i = fits ( Pn LR) t Pms (Rt )



banket
-

Tigh,
D. ( I

-'

Tsan ko) = The

Tsn.±Dz (
E
'

Tryin ko) Io

- The generator of Tsn ,
D.DE'Bien -ko) shrines in the SS

associated to H) and detects X E Tyne-2004in-17 .

Grief is Tin,
04in -t) = 74221×4

'il
Type
TO 14h17 I Tgnko I 7L)

sketch . -

Tegna Dk (E
't
>#o) = A fork

>2

my
* a
he

-

s . on Tix from Clt) :
The

211

O →
Tina (-20014-17)

→ Time
(I
-^5
, 4h
ko) →Tyne(DIET>↳ko

))
-

t
O

l l

tea,LE
'T>ynko) ← Tyne (I

- Ohn-H)

claim
Tj
(Ed Olin -17) → Tj

II
-'

Gunto) are surjective

sketch -200Line) →
I
'
Ts
,*ko is adjoint to

e'd : O (kn -t ) → Rott Fxynko

a

→ Rott
-

↳↳nko
→ Do -200km-17 → root

't
>↳n

ko

-
= id E'T>unto Ichi

-

n Gr . follows by exon'sng the
- t.es

.



tenth The element x Jex) E Rgn-z
IA O Kin -t)

is Zero

sketch
Assume xJk) to .

,

then XJ txt =P ,

under

the identification Tigre
-20014n- t ) = 2424×21

Rukia :
HR has HE

- adams filtration 1 .

Recall that ex is a generator of Tyne
I' O'kin-17

,

and thus the suspension of
an
unstable class

in Tien -e OLkn - 17 .

So Jan is
in the image Time

of J
.

→ As n >3
,

Jha has HE -Adams filtration
3

and xJk) hes at least HE
- Adams filtration

of J Ix) f a

Thin4.11 For 4h-l E l E 8nA ,

the
image of

te(
Io Ohn-17 ) Es Re 18 )

is Je
-

-
im ( te loA tels) )

← It suffixes
to show that in this

range ,every

y
t te (
I 024nA) ) is thesuspension of an unstable class .

Take a look at the Goodricke tower H) for I Lahey



Dn(Ikawko)
Dsl-

-
-
-) Dat ' -) I

'

Tsanko

t
t t"

t
CH

JOO Kin-t) →
in →Qp

→ - - - → Q
,

→ Qz
→ Qe

-

for 4h - A El E Sn -3 , Tle (Dp (
E
-
'

Eglinko t) E o ,

k32

→

Tie (5814N
-17) Tse l

Z
-'
Ts
,#n

ko ) ✓

- for l
-

- fn-t.br#Tgn.aCIoo0lkn-H)=Rgnko ✓

- for f- for -2 , Tyne (
Tt Oken-A) =%fx2)

Bop.IT#Jlxz)=Jlxl2--o A


